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Abstract. We study hyperbolic problems with uncertain stochastically varying geometries. Our
aim is to investigate how the stochastically varying uncertainty in the geometry affects the
solution of the partial differential equation in terms of the mean and variance of the solution.

The problem considered is the two dimensional advection equation on a general domain,
which is transformed using curvilinear coordinates to a unit square. The numerical solu-
tion is computed using a high order finite difference formulation on summation-by-parts form
with weakly imposed boundary conditions. The statistics of the solution are computed non-
intrusively using quadrature rules given by the probability density function of the random vari-
able.

We prove that the continuous problem is strongly well-posed and that the semi-discrete prob-
lem is strongly stable. Numerical calculations using the method of manufactured solution verify
the accuracy of the scheme and the statistical properties of the solution are discussed.
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1 INTRODUCTION

When solving partial differential equations, uncertainty of where the boundaries of the do-
main are located may arise for many reasons. Examples include bad materials, imprecise man-
ufacturing machines and non-perfect mesh generators. In this paper we study the effects of
imposing the boundary condition at stochastically varying positions in space.

We start by transforming the stochastically varying domain into a fixed domain. The continu-
ous formulation is analyzed using the energy method, and strong well-posedness is proved. The
continuous problem is discretized using high order finite differences on summation-by-parts
form with weakly imposed boundary conditions, and strong stability is proved. The statistics
of the solution such as the mean, variance, confidence intervals are computed non-intrusively
using quadrature rules for the given stochastic distributions [1, 2].

The paper will proceed as follows. In section 2 we define the continuous problem in two
dimensions, transform it using curvilinear coordinates to the unit square and derive energy es-
timates that lead to well-posedness. Next, in section 3, we formulate a finite difference scheme
for the continuous problem and prove stability. Moreover, in section 4 we compute various
statistics of the problem for different stochastic settings. Finally, in section 5 we draw conclu-
sions.

2 THE CONTINUOUS PROBLEM
Consider the advection equation in two space dimensions
w +auy +bu, = F(z,y,t), (z,y) €Q0), t>0
Lu(x,y,t,0) = g(x,y,t), (x,y)eT(@), t>0 (1)
w(z,y,0,0) = flz,y), (z,y) €Q0), t=0,
where @ and b are scalars, u = (z,y,t, ) represents the solution to the problem where, 6 is

a random variable. F'(z,y,t), g(z,y,t) and f(x,y) are data to the problem. The goal of this
study is to investigate the effects of placing the data at (x,y) € I'(0).

2.1 Transformation

We transform the domain (2 to the unit square by introducing,
z=ux(mn), {=E,y,0)
y=y(&n), n=nzy,0),

where 0 < ¢ < 1and 0 <7 < 1. By applying the chain rule to (1), multiplying by the Jacobian
matrix J, using the metric relations and the Geometric Conservation Law (GCL), see [3], gives

2)

Juy + [(J€a + JEb)ule + [(Jnza + Jnyb)ul, = 0. (3)
The Jacobian matrix of the transformation given above is,
_ |Te e
J=|"¢ ] @)
o [xn Yns

where the determinant of [J] = J = w¢y, — x,ye > 0.
The final formulation of the transformed problem including initial and boundary conditions
is ~
Juy + (au)e + (bu), = 0, &n e t>0
Lu(&,n,t,0) = g(&nt), (&n)€d, t=0 (5)
u<§7 77’ O? 9) - f(g’ 77)7 (57 T’) E Q7 t - 07
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Figure 1: The transformed domain including normal vectors ng, ny , ny and ng.

where 3
a = Yna — Tpb, b= —zca+ yeb, (6)

and 2 = [0, 1] x [0, 1]. The transformed domain is presented in figure 1. We note that the wave

speeds a/.J and b/.J depend on the stochastic variable 6.

2.2 The energy method

We multiply the transformed problem (5), with » and integrate over the domain (2. By using
(3), (6), and the Green-Gauss theorem, we obtain

d -
St enls == § a2l(@5)-n)ds, Q
o0

where n is the outward pointing normal vector. The definition ||u|| = / u®.J dédn has been
Q

used in (7). The right hand side (RHS) in (7) can be evaluated as

1

d 9 L B - -
7 Ju(t, &)y = _/o au2|£:1 - au2‘§:o dn — /0 buz‘n:1 - bu2]n:0 dg. (8)
We note that the first boundary term in (8) can be rewritten as

f()l auz}g:l d?’] - fol u2‘£:1 (a7 b) ' (y777 _xn) dT]
1 2,
= fO u2‘§:1<a, b) ) %\/ y% + 333; dn 9)

- fm u2‘§:1 (a,b) -ngds,,

where ds = ds, = /y; + x; dn since § is constant. Further, the outward pointing normal
vector at this boundary is denoted np = (\y/”% where E denotes the east boundary, see Figure
Yn Ty
1. By using similar arguments for the remaining boundaries, we obtain
d 2 2 2
dt ||u(t7§777)||J - = §U |§:1(a’7 b) ‘ng + U |£:0(CL, b) s Nw dSq7

10
_ 5€u2|n:1(a,b).n]\, + U2|n:0(a,b)-n5d85. (10)
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To bound the energy, we impose boundary conditions when (a, b) - ngw.n.s < 0, see Figure
1. Due to the fact that a and b can vary, we can, using the indicator function 1, impose boundary
data in the following general way,

alut el = = $ab)-nely((a,b)-ne)(W?|,_, — 9(0,n,0)*)ds
- flab) nel(@h) ne)ll, — gLnpBds
— $la,b) - nyli((ab) -ny) (W] — g(&1.t)*)ds
- f(a’ b) : nN1+((a7 b) : nN)(uz‘nzo - g<5707t)2) ds?
where
1 if M >0 1 if M <O
L+ (M) = {O else 1-(M) = {O else , (12

In (11), to ease the notation, ny and ng are replaced by —n g and —ny respectively.
We can now prove

Proposition 1. The problem (5) with non-homogeneous boundary conditions is strongly stable.

Proof. Time integration of (11) in time results in

(T &ml5 = =y $a,b)-npli((ab) ne)(@?]_,  — g(0,n,t)?)dsdt
— Jy $(ab) nwli((ab) - nw) @, — g(1,n,1)?) dsdt
— Jo $(ab) nni((a,b) ) (?] = g(& 1,02 dsdt (13)
= Jo $ab) nsli((a) mo)(w?], L, — 9(&,0,)%) dsdt
+ 15

In (13), the boundary terms without data give a non-positive contribution, hence the solution is
bounded by data and strongly stable. 0

3 THE NUMERICAL SCHEME

In this section we consider the numerical approximation of (5) formulated using the summation-
by-parts operators with simultaneous approximation terms (SBP-SAT) technique. First, we
rewrite our transformed continuous problem (5) using the splitting technique described in [4],
to obtain, . ) )

Juy + 3[(au)e + aue + acu] + 3[(bw), + buy, + byu] = 0. (14)
The corresponding semi-discrete version of (14) including penalty terms for the boundary con-
ditions is _

JUt

+

(P Qe ® L) AU + A(P'Qe @ 1)U + AcU]
e ® P, 'Q,)BU + B(I; ® P,'Q,)U + B,U]
o P{ Eon ® In)<U — (Eon ® In)g)

B Eyy 1)U ~ (Exy ® 1,)9) (15)

I+ 4+ + 1+
S

U(0)

In (15), P~1Q) is the finite difference operator, P is a positive definite matrix, ( is an almost
skew-symmetric matrix satisfying Q + QT = B = diag[—1,0,...,0,1]. Eyy and Ey), are zero
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matrices with the exception of the first element which is equal to one, the corresponding sizes
of the matricesare N +1x N +1and M + 1 x M + 1. The ngtagions Ié, I,, corresponds to the
identity matrices of sizes N +1 x N+ 1, M +1 x M + 1. A, B and J are diagonal matrices
approximating a, b and J point wise. 04,05,03 and o4 are chosen such that the numerical
scheme (15) is stable. U is a vector containing the numerical solution where, U; ; approximates
u(&;,m;) ordered as,

Uo Uio
Uy Ui
Un Ui,

where 7 = 0, 1,..., N corresponds to the grid points in { and ¢ = 0, 1, ..., M to the grid points
in 7). For more details on the SBP-SAT techniques, see [5].
For stability, the following lemma is required.

Lemma 1. The Numerical Geometric Conservation Law (NGCL):
Ac+ B, =0, (17)
holds.

Proof. The matrices flg and Bn approximating a¢ and b:7 are defined in the following way

A& = (Un)ea — (T)eb, B, = —(Je)na + (Te)nD, (18)

where the matrices ()¢, (2)e, (Ue), and (£¢),, approximates (yy)e, (z5)¢, (ye)n and (x¢ ), point
wise respectively. The matrices are defined as

(@7)5 = dzag[Dg(Dny)], (fn)f = dzag[Dg(an)], (19)
(Ye)y = diaglDy(Dey)l, (2¢)y = diag|D,(Dex)].

In (19), D¢ and D,, denotes finite difference operators of the form D¢ = (Pngg ® I,) and
D, = (I ® Pn_lQn) respectively. x and y are discrete Cartesian coordinates in the domain €2.
Next, by using the definitions (18) and (19) in (17) we obtain,

Af + Bn = a[D¢(Dyy) — Dy(Dey)] + b[—De(Dyx) + Dy(De)]. (20

The RHS of (20) is zero if the differential operators commute, that is DD, = D, D¢. This
property follows directly from the properties of the Kronecker product, since

DD, = (P7'Qe® 1)L ® P'Qy) = (PL'Qe ® P Qy)

— (e P'Q)(PT'Qc ® I,) = D,D. .

The use of (21) in (20) proves the lemma. ]
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3.1 Stability

To prove stability we multlply (15) from the left with U” (P: ® P,), add the transpose and
define the discrete norm ||U||? J(Pe@Py) = UTJ(P: ® P,)U to obtain

_|_

HUT(Qe + QF @ P AU + AU (Q¢ + QF ® P,)U]
IUT (P @ Qy+ QF)BU + BUT(P: @ Qy + QF)U]
AgUT(Pg ® P)U + B,U* (P ® P,)U

UM (Eony @ P))(U — (Eoy @ 1)) (22)
O'QU (ENN X Pn)(U — (ENN &® [77)9)
03U (Pe @ Eon)(U — (I ® Eour)g)
04U (Pe @ Expn)(U — (Ie @ Enrn)g).

2
% HUHJ(P§®PU)

++ 4+ I+ +

By observing that Q)¢ + Qg = Exn — Eon, @y + Q; = Euy — Eopr and using the notation
G1 = (Eon®1,)g, G2 = (ENnn®1,))9, §3 = (Ie @ Eom) g, §a = (Le@ Ey)g and I, = (1 ® 1)
we can rewrite (22) as

(A4 2011, ) UT (Eoy @ P)U

(A — 2051, )\UT (Exyn @ P)U

(B + 2031, )U" (Pe @ Eour)U

- (B - 2U4I£n)UT<P£ X EMM)U (23)
— 200U (Eon ® Py) g1 — 202U (Enn @ P,)go

— 203U (P, @ Eoar)gs — 204U (Py ® Enar)da

— U™(ag + by)(Pe @ P,)U.

2
i 10 eer,)

By adding and subtracting the terms

(A + 20—1]&)) (EON ® P, )gl, (A 20'2[57,) (ENN ® P, )92,
03(B + 2031cy) "33 (Pc ® Eoar)ga, 03(B — 204ley) '35 (Pe @ Eagar)ga,

in (23) gives
& ‘|U’|3(P§®Pn) = U%({l + 2011¢,) "' 91 (Eon ® Py
- a%({l — 2021¢y) 'G5 (Enn ® Py)go
+ 03(B + 2031) g5 (Pe ® Eour)Gs
— 01(B = 2041¢y) 791 (Pe ® Enin)da

(A—|—20'1]€,7)(U— 0'1<~A+20'1]§n>_1§1>T
(EN®P)( —01(A+201[§n)_1§1> (24)
(A — 2021¢,) (U — 02( - 202]€n)71§2)T
(Enn @ Py)(U — 02(A — 2021¢) ™' G2)
+ (B +2031¢,)) (U — 03(B + 2031¢,) 1gs)"
(Pe ® Eout)(U — 05(B + 2031c,) ™' 33)
(B — 2041ey)(U — 04(B — 204]§n)71§4)T
(Pe ® Exa)(U = 04(B = 2041) ™' Ga).

To mimic the continuous estimate (11), the following choices of penalty parameters are
made,

: oy =24, (25)

2

a—lal _ _ bt
2 03 = —

gx

+lal
2 Y

o1 — — 09 =

w‘
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Note again that we obtain stochastically varying penalty parameters.
By using the penalty parameters (25) in (24) we obtain

~T(EON ® P, )§1

AL (A)( U (Eny @ P)U)
— UT(Eon @ P,)U)
(Pg@EoM)g3 UT(P§®EMM)U)
(P @ Exi)ga — UM (Pe @ Eon)U)
— 1) (Eon ® Py)(U — 1)
— 32)" (Enn @ Py)(U — ga)
3)(U — G3)" (Pe ® Eom)(U — §3)
B)(U = §a)" (Pe ® Exinr) (U — ga),

where 1 denotes the indicator function defined above. By (26) we obtain a discrete estimate.
We can now prove

2
% ||UHJ(P§®P7,)

(26)

Proposition 2. The numerical approximation (15) using the penalty coefficients

is strongly stable.
Proof. By integrating (26) in time using the penalty parameters in (27) leads to
100sery = Jo ALs fp(gl (Box ® Py)gi — UT(Exy @ P,)U)dt

— o, A1 (A)(35 (Enn © Py)ga — UT (Eoy ® P,)U)dt
+ foTl?h( )(95 (Pe ® Eom)gs — UM (Pe ® En)U)dt
- foTBil—( ~)( i (Pe ® Exra)ga — U (Pe ® Eour)U)dt
= Jo AL (AU = 3)" (Bow ® F)(U ~ gu)dt (28)
+ foT AL_(A)(U = 32)" (Enny @ Py)(U — go)dt
- fo Bl+( B)(U = g3)" (Pe ® Eoar)(U — ga)dt
+ [} BL(B)(U — Ga)"(Pe ® Eya)(U — ga)dt
+ ||f||J (Pe@Py) *

As in the continuous energy estimate, the negative boundary terms not involving data in (28)
results in a strongly stable numerical approximation. [

Remark 1. Note the resemblence between the discrete energy estimate (26) and its continuous
counterpart (11).

4 NUMERICAL AND STATISTICAL RESULTS

In this section we will compute various statistics for the given model problem (1) using the
parameters a = b = —1. We use the method of manufactured solution [6] to compute the
accuracy of the scheme.

4.1 Rate of convergence

The rate of convergence is verified by computing the order of accuracy p defined as,

lenll p

p = logy ‘ o lenll = llua = unll - (29)

€h
2

P
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SBP operator | N, = Ny=15| N, =Ny=20 | N, = Ny =25
2nd order 1.318 1.669 1.818
3rd order 2.831 3.025 3.074

Table 1: The order of accuracy for the 2nd and 3rd order SBP-SAT schemes for different number
of grid points in space.

N r Q(0)

— — —9(0)
\ — — — r coordinate
— — — ¢ coordinate

Figure 2: A schematic of the computational domain in a polar coordinate system including
definitions of g, 71, ¢ and ¢;.

In (29), e, and u;, are the error and numerical solution using the grid spacing h. The corre-
sponding manufactured analytical solution is denoted u,. The order of accuracy computed for
different number of grid points and SBP-operators is shown in Table 1.

In the calculations below, the 3rd order SBP-operators are used on a grid with 40 grid points
in both space directions and 1000 grid points in time.

4.1.1 Normally distributed stochastic data

As in the previous section we assume a normally distributed stochastic variable § ~ N (0, 1).
The stochastic dependence is enforced on the boundaries as

ro(d) = 1—0.050sin(4¢ — ),

ri(#) = 2—0.050sin(4¢p — ), (30)
¢o(0) = 7§ +0.050sin(2m(r — 1)),

¢1(0) = 2 +0.050sin(2m(r — 1))

The quantities 7¢, 71, ¢y and ¢, with the computational domain are depicted in figure (2). The
boundary and initial data are chosen as,

g(x,y,t) = sin(2nw(x —t)) +sin(2n(y — 1)),

f(z,y) = sin(2rz) + sin(27y). (31)
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Figure 3: The mean and 95% confidence interval of the integral of the solution.
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Figure 4: The Li-norm of the variance of the solution.

In Figure 3, the mean and 95% confidence interval of the integral of the solution as a function
of time is illustrated. The integral of the solution is given by

// u(z,y,t,0)dedy. (32)
Q

The L;-norm of the variance of the solution is depicted in Figure 4. As can be seen, both the
confidence interval and the variance grows with time.

S CONCLUSIONS

We have studied how the solution to a partial differential equation is affected by impos-
ing boundary data on a stochastically varying geometry. The problem was transformed to the
unit square resulting in a partial differential equation with stochastically varying wave speeds.
Strong well-posedness and strong stability was proven. It was shown that the stochastically
varying domain lead to a numerical scheme with stochastically varying penalty parameters.
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Next, the model problem was studied numerically with a small normally distributed stochas-
tically varying geometry. It was shown that the correct convergence rates were obtained. The
mean, variance and confidence intervals were computed. It was shown that the variance in the
solution as well as the confidence level grows in time.

The numerical results regarding the variance and confidence intervals show that a stochasti-
cally varying geometry description affect the solution in a non-negligible way. To conclude what
effects the choice of random distribution has on the solution, further investigation is needed.
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