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Abstract. Galloping is an aeroelastic phenomenon typical of slender structures that can
produce large-amplitude oscillations in cross-flow direction. Several structures typical of civil
and mechanical engineering applications, e.g. cables and bracings exposed to a flow, may be
prone to galloping and their reliability depends on the correct estimation of the critical condi-
tions for which this instability can occur. Usually, the instability condition is characterized in
terms of critical flow velocity, which depends on the aerodynamic behavior of the structure, as
well as on its mechanical properties.

The critical velocity can be estimated, indirectly, from aerodynamic tests involving force or
pressure measurements on static bodies or on rigid structures oscillating according to a pre-
scribed motion. This gives rise to large uncertainties due to the experimental conditions that
are not perfectly controllable, the observation time that is necessarily limited and the models
used to fit the data that do not reproduce perfectly the physics of the problem. These uncertain-
ties reflects into inaccuracies in the evaluation of the critical instability condition.

In order to investigate the technical problem described above, an experimental campaign
involving pressure measurements on a square cylinder with controlled harmonic motion in a
bi-dimensional flow has been carried out. Motion excited forces have been modeled as random
variables and characterized by statistical analysis of the experimental data. Finally, the prob-
ability of occurrence of the instability condition has been evaluated by propagating the exper-
imental uncertainties through the traditional quasi-steady galloping approach, as well as
through an unsteady formulation.
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1 INTRODUCTION

Galloping is a well-known aeroelastic instability involving large amplitudes in the cross-
flow direction. Several civil engineering structures with particular compact cross-section with
non-circular shape, as iced power line cables and slender bodies like bracing, are particular
sensitive to this phenomenon. A correct determination of the instability conditions is then a
crucial aspects in the design process in order to avoid instable motions which can easily lead to
the collapse of the structure.

The instability conditions are generally defined by a critical flow velocity, which depends
on the aerodynamic properties of the cross section of the body, as well as on its mechanical
properties. Many cross section shapes have been deeply investigated in the last years. In partic-
ular, the square cross section has received great attention in the aerodynamic field since the
pioneering work by Parkinson and Smith [1], due to its particular susceptibility to galloping
and its large use in many mechanical and civil engineering applications.

Even for the square cross section, the critical galloping conditions cannot be easily deter-
mined in an analytical way, requiring an experimental investigation. Through wind tunnel tests
on static bodies in a smooth or turbulent flow the static aerodynamic properties as lift and drag
coefficients, for different angles of attack, can be evaluated. A galloping coefficients function
of lift and drag coefficients can be adopted in the quasi-steady theory proposed by Den Hartog
([2]) to estimate indirectly the critical velocity. This approach is the most popular due to its
simplicity, but is based upon some fundamental hypotheses that are not always rigorously ful-
filled. Moreover, the evaluation of static aerodynamic coefficients is affect by large uncertain-
ties, and this is testified by the great variability in the results proposed by different experimental
campaigns in different wind tunnels, even if carried out in the same flow conditions (Reynolds
number, turbulence, blockage) ([5]).

Another practicable way is testing rigid bodies oscillating according to an imposed motion
with pressure measurements. The motion-excited forces can be determined directly from the
measurements, and an estimation of the critical flow velocity can be carried out through an
unsteady formulation of the motion-induced forces. The difficulty in controlling all the experi-
mental conditions, the necessarily finite length of the measurements and the inadequacy of the
models used to fit the data in reproducing perfectly the physics of the problem are all sources
of uncertainties, which obviously reflect into a correct estimation of the critical velocity.

The main purpose of this work is to investigate the uncertainty in the assessment of galloping
instability by comparing the two described approaches. The uncertainty related to the quasi
steady theory has been studied collecting different documented experimental results obtained
in different wind tunnel tests. On the other hand, an experimental campaign involving pressure
measurements on a rigid square prism in controlled motion has been carried out in the wind
tunnel at the University of Genova. The uncertainties in the identification of aeroelastic forces
are related to a single experimentation developed in only one facility and have been character-
ized by a statistical analysis. Therefore, the uncertainties in the assessment of galloping insta-
bility have a different nature. Nevertheless, focusing on a simple case study reproducing a
slender structure with aerodynamic properties estimated by experimental tests, a qualitative and
comparative analysis can be carried out. The results have been compared and critically dis-
cussed in term of reliability of the mechanical system in respect to galloping instability.
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2  GALLOPING LINEAR INSTABILITY ANALYSIS

The present section provides some theoretical background to analyze the linear stability of a
generic 2-dimensional bluff body with respect to plunge galloping. This aeroelastic phenome-
non, referred to as classical galloping, is maybe the simplest one since involves only the dis-
placement in the transverse direction with respect to the incoming flow velocity. Nevertheless,
the problem can be formulated in different ways and in all cases substantial uncertainties may
undermine a correct characterization of the phenomenon as well as the estimation of the insta-
bility conditions.

2.1 Quasi-Steady Linear Formulation

Let us consider a prismatic bluff body exposed to a uniform and constant cross-flow with
velocity U . The prism is elastically constrained and can move only along the cross-flow direc-
tion. Let assume that only transverse motion y(¢) is possible and that the oscillation is about
the static equilibrium position (i.e. y(¢) is zero mean).
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Figure 1: Mechanical system subjected to cross-flow velocity U.

The equation of motion of the prism can be written as:
my(t) +cy(t) + ky(1) = f,(2) (1

where y(¢) 1s body displacement about the static equilibrium position, m is the mass, c is a
damping factor, & is the stiffness and f| (¢) is the projection of the acrodynamic forces (lift and
drag) on the transverse direction.

The quasi-steady formulation is based upon the hypothesis that the characteristic time scale
of the oscillating body is much slower than the characteristic fluid-dynamic time scale of the
velocity fluctuation around the body. An explicit expression of this physical condition may be
stated by comparing the frequency of oscillation n_ of the prism with the Vortex-Shedding (VS)
frequency n,, assuming that the following condition is fulfilled:

Ll @

n,<n, =

being St the Strohual number and b a characteristic dimension of the prism. As a conse-
quence of the time-scale separation, the aerodynamic forces acting on the prism oscillating with
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the instantaneous velocity y(¢) are equated to the forces acting on a fictitious fixed prism ex-
posed to the flow-structure relative velocity U obtained by the composition of U and y(r)
(Figure 1).

Operating in this way, the aerodynamic force remain expressed as a memory-less transfor-
mation of the effective angle of incidence «, or of the response velocity y(¢) . The linearization
of this transformation about =0 leads to the equation of motion [e.g. 7]:

mj}+[c+%pUb(C'L+CD)}>+ky:O (3)

where p is the air density, Cp the drag coefficient for =0 and Ci.' the prime derivative with
respect to « of the lift coefficient, estimated for a=0. The term 0.5pUb(C, +C,,) assumes the
mechanical meaning of an aerodynamic damping factor. Galloping instability appears when the
total damping goes to zero and an exponentially growing motion arises. This threshold is usu-
ally characterized by defining a critical velocity U, for which the aerodynamic damping term
is equal to the structural damping term ¢, with opposite sign.

Following the quasi-steady formulation, the occurrence of a dynamic instability is estimated
on the bases of experimental parameters assessed through static tests, namely drag and lift co-
efficients. For the square cross section at zero angle of incidence, Cr' is the most important term
in the aerodynamic damping and can be estimated by fitting C.(«) in the neighborhood of o=0
by a polynomial function ([1]).

Reference ag Reference dg
[9] 3.11 [18] 2.70
3.00
[10] 2.69 [19] 3.50
2.50 3.86
2.72 4.10
2.60 3.70
2.40
2.30
[11][12] 3.80 [20] 4.00
[13] 1.50 [21] 3.73
3.60
[14] 4.00 [22] 2.05
4.00
4.30
[15] 3.85 [23] 2.69
3.70
2.88
[16] 2.20 [24] 1.2
1.97
[17] 5.40 [25] 1.13
4.30
[6] 3.42 [26] 1.78
Ela,] 3.16 o, 1.02

Table 1: Aerodynamic parameters and relative test conditions for the square cylinder (after [5]).
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In spite of the apparent simplicity of the experiment employed to estimate the parameter
a, =C,+C, ', a wide dispersion of this parameter is documented ([4], [5]). Table 1 summa-
rizes some of the values of ag presented in the literature for the case of square prisms with sharp
corners in smooth flow.

Even if the experimental results reported in Table 1 have been filtered by considering only
low-turbulence flow cases, the dispersion of the values appears very big (the coefficient of var-
1ation is about 0.3). This uncertainty reflects differences in the experimental setup used in dif-
ferent wind tunnels, blockage rate, Reynolds number, as well as the flow quality (intensity and
scale of turbulence). On the other hand, the uncertainty is emphasized by the extremely high
variations of the aerodynamic behavior that can be observed by applying even small variations
of the angle of incidence. For this reason, an important role can be attributed to the positioning
of the prism within the wind tunnel, the correct alignment and uniformity of the incoming flow,
the correct geometric shape, surface finishing and corner shaping of the model.

2.2 Unsteady Linear Formulation

In the previous section, the acrodynamic forces have been modeled as a linear memory-less
transformation of the body velocity. This assumption has two implications. First, the flow field
around the body is modified instantaneously (without delay) by the body motion. Second, the
instantaneous flow configuration appearing around the moving body can be reproduced in a
static test by choosing an appropriate angle of incidence. While the first condition may be ef-
fectively reached when the body motion is slow enough, the fulfillment of the second condition
depends on a large number of factors including the flow condition, the amplitude of the motion,
the Reynolds number.

An unsteady linear model for the system described in the previous section can be formulated
as:

mi(0) +cp(0) +ky(t) = £, (1) = # [ y(0)] 4

where # [-] represents a linear operator (in general with memory) providing the aerodynamic
forces, given the prism motion (this choice is purely conventional, since also a linear operator
involving body velocity or acceleration could have been adopted). Equation (4) can be trans-
lated into the Laplace domain (assuming homogeneous initial conditions) as:

s'mY(s)+scY(s)+kY(s) zépUzH(s)Y(s) (35)
where Y (s) is the Laplace transform of y(¢) and:
H(5) =2 (6)
5 pUY ()

where F| (s) is the Laplace transform of f,(¢). H(s) can be interpreted as the transfer function
of the linear system mapping the non-dimensional aerodynamic force f (¢)/(0.5poU ’b) into
the non-dimensional response y(7)/b.

If the motion of the prism is harmonic, with circular frequency @, Eq.(5) can be rewritten
in the time domain as:

mﬂt){c—zipuzl(w)}y(tﬂ{k—lpuzmm}y(r) ~0 )
10) 2
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where R(w)=real(H (iw)) and I(w) =imag(H (iw)) . The functions R(w) and /(@) can be
estimated through a controlled-motion test in which the prism is moved according to a sinus-
oidal motion with prescribed frequency.

In analogy with the quasi-steady formulation, the term —0.5pU*I(®)/ @ can be interpreted
as an aerodynamic damping. Analogously, the term —0.5pU”R(®) can be interpreted as an aer-
odynamic stiffness.

It is well-known that for pitch-plunge aeroelastic systems, the aerodynamic stiffness has an
important role. On the contrary, for the case of plunge single-dof system it is usually disre-
garded. This choice can be motivated through a simple dimensional analysis.

To this purpose, it is useful to introduce a scaled version of Eq.(7):

(0 +2£0, {l—éuﬁsﬁuw)}y‘(m@z {1—%ﬂﬁszR(a’)}y(0=0 ®)

N

in which the following non-dimensional quantities are introduced:

2 o~ ~
S LA PR A ©)
2mo, m m bw b,

N

N

where & is the structural damping and @, is the natural frequency of the mechanical system;
M 1s a mass ratio, U is the reduced velocity and U, is the reduced velocity corresponding to
the resonance frequency.

From inspection of Eq.(8), it can be observed that the presence of the motion-excited forces
reflects into corrective terms for the damping ratio and the natural frequency. A dimensional
analysis suggests that, if R(w) and /(@) have the same order of magnitude, the corrective term
of the natural frequency is at least two orders of magnitude smaller than the corrective term of
damping, indeed:

1 ~ ~
—uUUl(w) ~

o] % o 522 (10
Eﬂﬁmeﬁ 2E UsR(w)

in which & is typically of order 10 or 10~ . This means that if the instability condition is

reached, i.e. 0.25 ,ul7 Ul(w)/ & =1, the corrective term of the stiffness is a small number.
Under the assumption of negligible aerodynamic stiffness and comparing Eq.(3) with Eq.(7)

it is easy to demonstrate that the quasi-steady model corresponds to Eq.(8) with R(w) = 0 and

I(0)=-iwa, (11)
® being the reduced circular frequency defined as w=wb/U .

3 EXPERIMENTAL ESTIMATION OF MOTION-EXCITED FORCES

As explained in the previous sections, the galloping coefficient ae adopted in quasi-steady
theory can be estimated by wind tunnel tests on static models. On the other hand, the charac-
terization of a linear relationship between the body motion and the aeroelastic forces is more
complicated. One of the practicable way is to impose a controlled motion to the prism and
measure the forces induced by the fluid.
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Figure 2: Experimental Setup

The experimental setup is constituted by a square prism moving in cross-flow direction ac-
cording to a controlled harmonic motion. The size of the prism cross-section is b = 50mm and
its length is L =500mm . The angle of incidence investigated is o =0°. The aerodynamic
forces are estimated from the measurement of the pressure along an instrumented ring with 20
pressure taps located at the mid span of the model and connected to a pressure scanner mounted
on-board. The harmonic motion is generated by a crankshaft driven by an electric motor regu-
lated in velocity by a closed-loop controller. The model is connected to the shaft by a long rod
pinned on a flywheel. The investigated motion frequency is in the interval of n, =1-17.5Hz .
Three motion amplitudes are considered, namely Y = 5, 10, 15 mm, corresponding to the ratio
b/Y = 10%, 20% and 30%. The mean wind velocity is U = 5Sm/s, corresponding to a Reynolds
number Re=1.6-10* and Reduced Frequency (RF) n,b/U =0.01-0.16 or, equivalently, Re-
duced Velocity (RV) U /n, b =6.25-100 .The linear filter between imposed motion and aero-
elastic forces can be defined as:

H(iw,)= 1; E ﬁ F, (t)e”’””’dt} (12)
5 pYU’T Lo

where £ [-] represents the statistic average of the quantities evaluated for all the time inter-
vals of length 7' in which the motion frequency is equal to n, = @, /27 . The integral in Eq.(12)
1s a measure of the time correlation between the measured forces and the harmonics of the prism
motion. Figure 3 shows the function H (iw,) in terms of amplitude and phase. The prediction
given by the quasi-steady formulation is represented through a gray dashed line.

347



L. Banfi, L. Carassale

25 L J
. w2
o’y
20 :’ o.
~ 15} ‘ 3
‘3" .‘ﬂ“ E« 0 A
o f ul .
T 10 1< . \*
¢ S . Yb =10% ’
5t _71-/2 - hd Y/b =20% \
= _ _CD+C'*342 . Y/b =30%
0 L 1 1 L L
0 0.05 ) 0.1 0.15 0 0.05 0.1 0.15
W Wy, b
2nl 2rl7

Figure 3: Amplitude and phase of the synchronous lift force for different motion amplitude. Stable region
(green), unstable region (red). Quasi-steady prediction (black dashed line).

4 UNCERTAINTITES IN AEROELASTIC FORCES IDENTIFICATION

The imaginary and real parts of function H (iw, ) are the cosine and sine transforms of the
lift force respectively:

IA(a)m)ZI;J.F (t)cos(w, t)dt

—pYU’T 0

2 (13)
Ro, )_— j F,(1)sin(w, H)dt

EPYU To

In practice, the measurement time 7'is finite due to experimental limitations, thus I (w,) and
R(a) ) can be computed rehmng only on a finite number of cycles N =Tw, /2 ; these esti-
mations are denoted as /") and R,

For small RFs the lift force F(t), measured for each different motion frequency, is an er-
godic and stationary process, since the VS has a characteristic time scales much faster than the
harmonic motion of the prism which is electronically controlled. Besides, for the same reason,
the estimations of /) and R calculated on non-overlapping time intervals are statistically
independent. The consequence is that the statistic mean of / ™) and R") coincides with the
exact values /(w) and R(w), while their standard deviations scale inversely with the square
root of V, i.e.:

1 1
O, = Wo}m ) O = WGR(I) (14)
where /") and R" are the estimation of 7 (®w) and R(w) obtained for N = 1.

Figure 4 shows the uncertainties in the estimation of /(w, ) and R(w, ) as a function of the
RF and for different values of N. Black squares represents the sample averages of / /") and
R™), while the errorbars represent their standard deviation as defined in Eq.(14).

Given mean and standard deviation, both the functions 1™ and R") can be modeled as
random variables with Gaussian Probability Density Functions (PDF), accordingly with the
Maximum Information Entropy principle [27].
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Figure 4: Errorbars of /(w,,) and R(w, ) , for Y /b =10% and for different values of N.

S PROBABILISTIC MODELLING OF GALLOPING INSTABILITY: A SIMPLE
CASE STUDY

The experimental results previously explained furnish a probabilistic model of the aeroelas-
tic forces of a sharp edge square section in a smooth cross-flow. In order to investigate how
these uncertainties, and the ones related to the evaluation of parameter ag, reflect on the estima-
tion of the galloping instability of a real structure a simple case study has been developed.

The structural system is a slender prismatic beam representative of a long bracing exposed
to a steady flow with mechanical properties gathered in Table 2:
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L b |
) 1
, Parameter Value
L 10m
b 0.2m
U L s 0.01m
m 60kg/m
(7S n, 6.31Hz
&, 0.5%

Table 2: Case study.

5.1 Quasi-steady prediction
The critical velocity is defined by the quasi-steady theory as:

8n&nm
Uy =—2——

15
e (15)

Considering the aerodynamic parameter ag as a random variable, the PDF of the critical
velocity can be easily obtained as:
8rn&nm
P, (—] (16)

pbu

8 nm
pbu’

p(UQS) :‘_

where p_ 1is the PDF of a; assumed according to the Gaussian model, with mean and standard
deviation estimated from the data reported in Table 1. In this case the PDF of the critical veloc-
ity does not depend on the flow velocity, but only on the aerodynamic properties of the body,
namely on ag.

0.025

0.02
~

% 0.015
Q

X 0.01

0.005

0 .
0 50 100 150 200
UOS
Figure 5: p(U,)
5.2 Unsteady prediction

If the unsteady formulation is considered, the vertical oscillatory motion becomes unstable
as soon as the total damping factor becomes negative, i.e. when the following identity holds:

1~ ~ 1~
C,=—uU,Ul(w,)=—uU; I(w,) =1 17
= U U0 = U 1@,) a7

N s
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The oscillation frequency is equal to the natural frequency of the mechanical system since,
as it has been discussed above, the modification of the stiffness due to the motion-induced
forces is negligible. This implies that U; =U and o, = o, .

The critical velocity predicted by the unsteady formulation is given by:

U, = \/4;132@1 _ \/4§Sma)zs a8)
pl(a;) pl(a;)

C0n51der1ng all the variables as deterministic and assuming /(®,) as equal to the mean
value of ") , (the black squares in Figure 4) the critical velocity U us can be estlmated directly
from Eq.(18). On the other hand, if the uncertainty in the estimation of /") is taken into ac-
count, the critical velocity Uus becomes a random variable whose PDF is expressed as:

4¢E may?
pI(N)(a)S)( buZ j (19)

8E ma’
3

p(UUS |a)s): - o

The PDF of U, is then a function of the motion frequency, assumed to be equal to the
circular natural frequency of the mechanical system @, and can be evaluated by fixing the
reduced oscillation frequency n, =@, /27 =wb /27U or, equivalently, the reduced velocity
U =2zU/wnb .1t is more convenient to rewrite the conditional probability function in (19) as:

4 2
o [%} (20)

8 ma;
3

p(UUS |U): - ou

04l 7/ | B Deterministic Prediction

0.5 1 1.5 2 2.5
(8
B

Figure 6: Map of p(U,,,U) for N=50. Critical threshold (black dashed line).
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in order to emphasize the conditioning on the flow velocity U . This conditional PDF furnishes
the probability that, given a certain velocity of the flow, the system is stable or unstable, i.e. the
probability that U is below or above the instability threshold defined by U, . Observe that here,
as first instance, the flow velocity U is assumed to be a deterministic quantity. Figure 6 shows
a map of the conditional PDF p (U us |U ) . Both axes have been normalized with respect to the
deterministic prediction U, . The black dashed line represents the stability threshold U =U,,
while the dash-dotted lines represent the 5%, 50% and 95% fractiles (conditioned on U), re-
spectively. The intersection of the dashed line with the 50% fractile line coincides with the
deterministic prediction. It should be noted that the mean value of Uus cannot be defined as it
gets to infinity when no instability occurs.

When U <U , the higher probability region is above the stability threshold while, on the
contrary, when U > U the higher probability region is below the stability threshold.

Figure 7 shows the influence of N on the conditional PDF p (U, |U). For each value of N
(1, 10, 50, 100, 10000) a confidence range of 80%, centered on the median, is displayed. As
expected, the galloping velocity prediction tends to narrow around its median as the statistical
information grows.

1.8
L
14
1.2 [
SheE
1
0 I
I 10 cycls
y I 50 cycles
1 100 cyeles
g 110000 cycles
‘ | 50% Fractile
0.5 1 1.5 2 2.5

U

Uus

Figure 7: Influence of the number of cycles Non p(U, |U).

6 QUASI-STEADY VS. UNSTEADY PREDICTION
Using Bayes Theorem, the joint PDF of U, and U is given by:

p(UUS’U):p(UUS |U)p(U) (21)

where p(U) is the PDF of the wind velocity, where the corresponding cumulate density function
(CDF) is assumed as [29]:

F,(u)= exp{—VN}LAg(%j exp[—(%) H (22)
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where 4=0.8428, K =1.559, C=5.258 and A =14959 are numerical coefficients tuned
with respect to the statistical analysis provided by [30] referring to Genova Expo area, V), is
the nominal life of the structure and is assumed equal to 100 years and p(U)=0F, (U)/0u .
Figure 8 shows the joint PDFs of (U us U ) for both unsteady (a) and quasi-steady (b) formula-
tions. Both axes have been normalized with respect to U, . The dashed line represents the
stability threshold. It appears that quasi-steady formulation tends to overestimate the critical
velocity with respect to unsteady formulation. Moreover, the high-probability region is very
wide, and consequently the prediction is more uncertain. This is not due to the modelling accu-
racy, but is a direct consequence of the great variability of the galloping parameter ag. On the
other hand, the smaller dispersion of the unsteady prediction is due to statistical uncertainties,
due to the finite measurement length and to the experimental conditions.

1.5 1.5

R
U,

Figure 8: Map of p(U,,U) for N=50 (a) and p(U,,U) (b). Critical threshold (gray dashed line).

s>

Defining a failure margin M as:
Uu,-U (
U

cr

M = U, =Upys,Upys) (23)

the same comparison can be made in terms of the failure PDF p,, defined as [28]:

PM(m|VN)— _U (U,,.U)du,du (24)

cr?

where AD,, is the region of the plane (U,,,U) such that m <M <m+dm .

Figure 9 shows the p,, evaluated for both unsteady and quasi-steady predictions. It can be
observed that the function M, as defined in (23), may assume values in the range (—oo; l] , Where
M =0 corresponds to U =U,, . It appears again clear that the quasi-steady formulation tends to
overestimate the critical velocity and that this value is affected by large uncertainties.

The uncertainty of the prediction obtained using the unsteady formulation is relatively lower

and obviously depends on the length of the measurements.
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s () S Prediction

e [JS Prediction, 100 cycles
e [ J S Prediction, 50 cycles
s [JS Prediction, 10 cycles

O =
-0.25 0 0.25 0.

Figure 9: P, (m|V,) for quasi-steady and unsteady predictions. Safety region (green) and failure region
(red).

7 CONCLUSIONS

The estimation of the galloping critical velocity is heavily uncertain due to errors related
to several sources. Statistical errors depends on the finite sample available from experi-
ments; modelling errors may derive from assumptions like in the quasi-steady formulation;
other errors comes from experimental imperfections and reflect into a laboratory-to-labor-
atory variation of the measurements.

If the quasi-steady formulation is applied, measurement uncertainties can be easily propa-
gated to assess the uncertainty of the critical instability velocity. On the other hand, this
operation is not trivial in case the unsteady formulation is adopted.

The effect of the statistical error in the unsteady critical velocity can be estimated adopting
some statistical assumptions that are reasonable in the low reduced-velocity range.

The comparison between quasi-steady and unsteady prediction reveals systematic discrep-
ancies, as well as a substantially different statistical variability. However, on the latter issue
it must be observed that the data used in the present analysis include the laboratory-to-
laboratory variation only for the quasi-steady formulation. This point may, at least partially,
justify the larger dispersion of the results obtained by the quasi-steady formulation.
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