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Abstract. This paper aims to conduct seismic reliability analysis of systems using stochastic 
ground motion model coherent with the codes. This is achieved by developing a Power Spec-
tral Density (PSD) which is compatible with the response spectrum, for assigned valued of 
seismic zone, soil category and limit state. The seismic reliability analysis is developed inside 
the most general framework of Performance Based Earthquake Engineering (PBEE) and 
adopts the tools of the Stochastic Dynamic Analysis. It has been adopted the FORM approxi-
mation because of its computational simplicity and effectiveness. FORM allows also to define 
the Tail Equivalent Linearization System (TELS), which is an equivalent linear system having 
for each threshold the same design point of the original nonlinear system. The application of 
the linear theory of the random vibrations to the TELS allows to determine the first-passage 
probability of the seismic demand, without requiring no further dynamic computations with 
respect to FORM. 
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1 INTRODUCTION 
The response spectrum is the most used tool by practical engineers for a basic representa-

tions of the seismic action. The ordinary structures are designed to behave inelastically for the 
seismic intensity prescribed by the design codes. This is obtained in the framework of the re-
sponse-spectrum based analysis through the adoption of the behavior factor. However, a real-
istic evaluation of the structural response should be dynamic and related to the damage that 
occurs under repeated and usually inelastic cycling. This because the philosophy of earth-
quake-resistant design is not to prevent the occurrence of the damage, but to limit its occur-
rence under the design earthquake [1]. Starting from these considerations, damage-based limit 
states along with sophisticated inelastic structural models are needed. 

Moreover it is largely recognized that the natural hazards and the strengths of the materials 
are subjected to several sources of uncertainty. Typically the existing codes take into account 
the uncertainties through the introduction of suitable partial safety factors. It is however well 
known that they are valid only for the most general case and moreover they are usually overly 
conservative. Therefore, a probabilistic analysis is essential in predicting the most likely be-
havior of the building. These tasks can be accomplished by using the general probabilistic 
framework of Performance Based Earthquake Engineering (PBEE), originally proposed by 
Cornell and Krawinkler [2] whose main steps are: (i) characterization and assessment of the 
seismic hazard, (ii) probabilistic assessment of the seismic demand on the structure, (iii) prob-
abilistic assessment of the resulting physical damage, (iv) assessment of expected economic 
and other losses resulting from damage [3-5]. The present paper only addresses steps (i) and 
(ii) of this framework.  

In the current PBEE practice, the seismic hazard is characterized in terms of one or more 
intensity measures ( IM ), for which annual probabilities of exceedance are developed. For 
each IM  level corresponding to a specified annual rate of exceedance, the seismic demand is 
determined through the conditional probability distribution of the Engineering Demand Pa-
rameter ( EDP ) on the structure (e.g. interstory drift). This is usually done by nonlinear time-
history analyses with a selected suite of recorded ground motions which are individually 
scaled to the specified IM  level [6]. The computed sample of the maximum responses is then 
used to estimate the median and logarithmic standard deviation of the seismic demand, to 
which a lognormal distribution is fitted. Denoting maxX  the maximum response of the EDP  
for the given intensity level IM im≡ , the result of the analysis is the Probability Of Exceed-
ance (POE) maxProbP x im X x IM im  =  > =     , also known in literature as fragility curve. 

In the existing codes the seismic hazard is defined by suitable response spectra, whose pa-
rameters take into account of the site conditions, while the intensity measure IM  is given by 
the Peak Ground Acceleration gA , defined for each site and for different limit states. When 
the behavior of the system is highly nonlinear, the technique of the response spectrum cannot 
be applied. In these cases the codes allow to model the seismic action through ground-
acceleration time-history analyses, to which is required to match the elastic response spectra 
for a viscous damping 0 5%ζ = . 

In this paper, following Der Kiureghian and Fujimura [7] the seismic reliability analysis is 
developed following a fully stochastic approach: (i) the ground motion is defined as a stochas-
tic process instead of a suite of scaled, recorded ground motions, (ii) the conditional POE 

maxProbg gP x a X x IM a   = > =     is determined through the tools of stochastic dynamic 
analysis, instead of a set of nonlinear time-history analyses. This approach has several ad-
vantages. First, the codes typically require the adoption of a reduced number of sets of accel-
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erograms, which generally do not allow to develop a significant statistical analysis. Second, 
the codes require that the accelerograms are scaled to match the elastic response spectrum, 
which remains a controversial step. Conversely, in this paper the stochastic input is defined as 
a Power Spectral Density ( PSD ) compatible with the response spectrum [8, 9]. In this way, at 
least for an SDOF linear system, results in terms of maximum response peak by stochastic 
analysis and using the Response Spectrum are almost identical. It is underlined that the PSD 
is related only to the ground acceleration and not to the superimposed structure, so that it is 
independent of the damping ratio either by yielding or by inherent nonlinearities of the super-
imposed structure [9]. 

It is here noted that the application of Stochastic Dynamic Analysis to evaluate the condi-
tional POE gP x a    is equivalent to develop a statistical analysis where infinite accelero-
grams are taken into account. On the other hand, the application of stochastic dynamic to a 
general nonlinear MDOF system is very challenging. Some methods of simulations have been 
developed to reduce the computational effort [10], but in any case they require several thou-
sands of analyses for each threshold. Here the stochastic analysis is developed by using the 
recently presented Tail Equivalent Linearization Method (TELM) [11], which is based on the 
well-known First-Order Reliability Method (FORM) applied to the random vibration prob-
lems [12]. Once the PSD compatible with the response spectrum has been evaluated, the sto-
chastic ground motion is discretized into a set of normal standard random variables [13, 14], 
collected in the vector u . Define the tail probability as the probability that stochastic response 
at time instant t  is greater than a chosen threshold x , that is Prob[ ( , ) ]fP X t x= ≥u . The ap-
plication of FORM to the corresponding reliability problem gives a first-order approximation 
of the tail probability, which is accurate enough for most problems of stochastic dynamic 
analysis. FORM is very effective, since it requires only a low number of analysis; the main 
computational effort is to be attributed to the evaluation of the response gradients, which can 
be determined by using the Direct Differentiation Method [15, 16] implemented in some 
softwares like OpenSees [17]. Alternatively, some suitable free-derivative algorithms have 
been developed to determine the design point with reduced computational cost [14, 18]. 

An interesting property of FORM is that it gives the Tail Equivalent Linear System (TELS), 
defined as the equivalent linear system having for each threshold x  the same design point of 
the original nonlinear system. In this way, by applying the theory of the random vibrations to 
the TELS it is possible to determine, without no further computation, the first passage proba-
bility, coinciding with the fragility curve corresponding to the chosen limit state, 
i.e. ( )maxProb , gX t x P x a ≥ ≡    u .

2 SEISMIC HAZARD ANALYSIS 
In the existing codes the seismic hazard is defined by suitable response spectra, and the 

intensity measure IM of the seismic event is given by the Peak Ground Acceleration (PGA) 
gA , defined for each site and for different limit states, e.g. Damage Limit State ( DLS ) and 

Ultimate Limit State (ULS ). In this case the value gIM A≡  together with its probability of 
occurrence ( )p im  are defined by the codes. Let ,g DLSa  and ,g ULSa  be the suggested values by 
the codes of gA  for DLS and ULS, respectively; in the Eurocodes one has ,( ) 63%g DLSp a =  
and ,( ) 10%g ULSp a = , while the corresponding return periods are , 50R DLST =  and , 475R ULST =  
years. 
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In this paper the elastic acceleration response spectrum prescribed by Eurocode 8 is con-
sidered: 
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where ( )0,RSA T ζ  is the elastic response spectrum, ( ) 1/2
010 5η ζ= +   , S  is the soil factor, 

BT  and CT  are respectively the lower and upper limits of the period of the constant spectral 
acceleration branch, DT  is the value defining the beginning of the constant displacement re-
sponse range of the spectrum. The seismic codes allow time-history representations of the 
seismic action for analyzing the non-linear behavior of the structures whereas the response 
spectrum technique might not provide accurate results. The codes do not suggest a method for 
generating the earthquake time-histories, but only recommend that they are response-spectrum 
compatible. Many common approaches model the earthquake as realizations of a stationary 
Gaussian stochastic process. This kind of representation is adopted in this paper, and using the 
model proposed in [8, 19] one obtains the following handy recursive expression to determine 
the one-sided Power Spectral Density (PSD) compatible with the response spectrum 
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where ( )0,iRSA ω ζ  is the pseudo-acceleration response spectrum obtained from Eq.(1) for 

given damping ratio 0ζ  and circular frequency ( )2i iTω π= , and ( )0,U iη ω ζ  is the peak fac-
tor under the assumption of a barrier out-crossing in clumps 

( ) ( ){ }1.2
0, 2 ln 2 1 exp ln 2U i U U UN Nη ω ζ δ π  = − −   

(3) 
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(4) 

In Eq.(4) it has been assumed that the input PSD is smooth and 0 1ζ  . Moreover t  is the 
time observing window, assumed equal to the time instant when the system achieves the sta-
tionarity, while 1 secradαω ≅   is the lowest bound of the existence domain of Uη . Once the 
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response-spectrum compatible PSD ( )G ω  of the ground motion is evaluated through Eq.(1)-

(4), the stochastic ground motion model ( , )gX t u  can defined through the discrete Fourier se-
ries as [13, 14, 20, 21] 
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where n  is the number of harmonic components, ( )k kGσ ω ω= ∆ , 1, 2, ,k n=  , 

(2 ) tω π∆ ≤ , { }Tc s=u u u  is an ( )2n − vector of normal standard random variables, 

{ }1 2

Tc c c c
nu u u=u  , { }1 2

Ts s s s
nu u u=u  ;the ( )2n − vector ( ) ( ) ( ){ }Tc st t t=s s s  

collects the corresponding shape function ( ) ( )cosc
k k ks t tσ ω= , and ( ) ( )sins

k k ks t tσ ω= , 
which are determined by the correlation structure of the input given by the underlying PSD. 
Note that the model given by Eq.(5) is flexible because it allows us to reduce the number of 
random variables. If the cutoff frequency cω  of the system is known, we will consider only 
the harmonic components k cω ω≤ . Eq.(5) can be used for generating samples of the stochas-
tic ground motion model: each realization is simply obtained through the generations of the 
normal standard random variables u . In this paper Eq.(5) it is used for determining directly 
the first passage probability of the EDP using the tools of the stochastic dynamic analysis, as 
detailed in the next section. 

3 STRUCTURAL ANALYSIS 

The structural response of a Multi-Degree of Freedom (MDOF) system with N  d.o.f. is 
described by the dynamic equation of equilibrium 

 ( ) ( ) ( ), , , ( , )gt t t X t + + = − 
  MQ u CQ u F Q u Mτ u   (6) 

where ( ),tQ u  is the relative displacement, M  and C  are mass and damping matrices, 

( ),t  F Q u  is the restoring force vector, τ  is an vector of unit entries, ( , )gX t u  is the sto-

chastic ground acceleration. The force ( ),t  F Q u  describes the non-linear response of the 
structural system during strong earthquakes through appropriate hysteresis models.  

Let ( ),X t u  be the stochastic response defining the EDP. A typical value used in 

PBEE is the interstory drift, so that ( ) ( )1, ,X t Q t=u u  or ( ) ( ) ( )1, , ,k kX t Q t Q t−= −u u u , 

1k > , where ( ),kQ t u  is the k − th stochastic relative displacement. The tail probability is 

defined as the probability that the stochastic response ( ),X t u  of the system is greater than a 

chosen treshold x  at time instant t , that is ( )Prob ,fP X t x= ≥  u . To apply the structural 

reliability theory [22, 23], define the limit state function ( ) ( ), , , ,g t x x X t x= −u u , so that 

( )Prob , , 0g t x ≤  u  is equal to the tail probability [12]. 
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The tail probability can be determined through a Monte Carlo Simulation (MCS), however 
it is consuming, especially for evaluating the very small tai; probabilities. An optimal tradeoff 
between accuracy and efficiency is represented from the First Order Reliability Method 
(FORM). FORM requires the evaluation of the design point, usually given as a solution of a 
constrained optimization problem, ( ) ( ){ }* , arg min : , , 0t x g t x= =u u u . The corresponding

reliability index reads as ( ) ( )*, ,t x t xβ = u . The FORM solution 

( ) ( ), , ,f FORMP t x t xβ = Φ −   gives the first-order approximation of the tail probability, which 
in most cases of practical interest is very satisfactory. The application of FORM for several 
values of the threshold x  gives the conditional POE of the EDP evaluated at the time instant 
t , i.e. ( )Prob ,g g gP x a X t x A a   = ≥ =   u .

For design purposes, the main quantity of interest is the first passage probability of the 
EDP. It has been recognized [11] that a correspondence one-to-one exists between the design 
point ( )* ,t xu  and the slope ( , )t xa  of the hyperplane detected by FORM, namely 

( ) ( ) ( ) 2* *,  , ,t x x t x t x=a u u . Consequently, the knowledge of the design point allows to 
determine Tail Equivalent Linear System (TELS), which is the equivalent linear system hav-
ing for each threshold x  the same design point of the original nonlinear system. The response 
of the TELS is ( , , ) ( , )TELSX t x t x= ⋅u a u , which has zero-mean and variance 

[ ] 2( , ) ( , )TELSVar X t x t x= a . From the knowledge of ( , )t xa , at stationarity the TELS can be 
fully characterized by its PSD given as [24] 
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ia t x  are the components of ( , )t xa  corresponding respectively to the 

normal standard random variables c
iu  and s

iu  of Eq.(5). From Eq.(7) the spectral moments of 
the TELS can be determined 
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which allow to evaluate the first-passage probability ( ) ( ),max max, Prob ,fP t x X t x= ≤  u ,

where ( )max 0
, max ( , )

t
X t X

≤τ≤
= τu u , 0 tτ≤ ≤ . For Gaussian stationary processes, several formu-

lations are available. In TELM the known solution of Vanmarcke [25] is adopted: 
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Extensive numerical experimentation has shown that in many cases of practical interest 
TELM gives a good approximation of the first-passage probability of the EDP, while the re-
quired computational effort is only the evaluation of the design point. The application of 
Eqs.(7)-(10) for several values of the threshold x  gives the required conditional POE of the 
seismic demand, ( )maxProb ,g g gP x a X t x A a   = ≥ =   u , coinciding with the fragility curve
corresponding to the considered limit state. Of course, in the framework of the PBEE the POE 
[ ] ( )maxProb ,P x X t x= ≥  u  of the EDP reads as 

[ ] ( )

( ) ( )
, ,

max , , max , ,

g LS g LS
LS

g DLS g DLS g ULS g ULS

P x P x a p a

Prob X x a p a Prob X x a p a

 = = 

   = ≥ + ≥   

∑
(11) 

4 NUMERICAL APPLICATION 
Consider a Bouc-Wen [26] hysteretic oscillator defined by the nonlinear differential equations 

( ) ( )
1

1 g

r r

mX cX k X Z mX t

Z X Z Z Z X AX

α α

δ γ−

+ + + − = −  

= − − +

  

   
(12) 

where m , c  and k  are the mass, damping and stiffness coefficients, α  controls the degree 
of hysteresis, and r , A , δ  and γ  are parameters defining the shape of the hysteresis loop. 
The base acceleration ( )gX t  has been modeled using the representation (5), where the PSD is 
compatible with the elastic response spectrum of EC8 defined in Eq.(1), by assuming the soil 
category “B”, 0 5%ζ =  as suggested by the codes and a PGA 0.20ga g= , corresponding to 
the Ultimate Limit State of a zone of high seismicity. The response-spectrum compatible PSD 
( )G ω  has been determined through Eqs.(1)-(4), assuming a time observing window 
30sect = , when the system achieves the stationarity. The parameters of the oscillator are 
30,000m =  kg, natural frequency is 0 8.37 / secradω = while the damping ratio is 0 0.05ζ = . 

The parameters of the Bouc-Wen model are 0.10α = , 1n = , 1A = , 50δ γ= = . The frequen-
cy step in (5) is chosen as (2 ) / 0.21 / sect radω π∆ = = . The power spectrum density has 
been discretized from 1 0 / secradω =  to 20 / secn radω = , giving rise to 96n =  harmonic 
components and 2 192n =  normal standard random variables. As EDP it has been chosen the 
insterstory drift, in this case coinciding with the displacement ( )X t  of the SDOF system. The 

tail probability of ( )X t  is calculated for 10 normalized threshold values /x σ  ranging from 
0.5 to 5 with an increment of 0.5, σ  being the standard deviation of the response of the sys-
tem. 

The main challenge of FORM is represented from the evaluation of the design point. Here 
it has been determined using the gradient-free strategy presented in [14], which requires 100 
analyses per threshold. The adoption of the theory of the random vibration to the resulting 
TELS ( , )t xa  allows to determine the first passage probability for the given ULS. In Figure 1 
the tail probability given by TELM (continuous line) through Eqs.(7)-(10) is compared with 
MCS with 100,000 samples (circle markers). The figures show the good accuracy also in the 
range of the small probabilities. From the knowledge of ( ),max ,fP t x  it follows the determina-

374



0.025 0.03 0.035 0.04 0.045 0.05 0.055 0.06 0.065

10
-2

10
-1

Threshold x

Ta
il 

P
ro

ba
bi

lit
y 

P f

Tail Probability

0.025 0.03 0.035 0.04 0.045 0.05 0.055 0.06 0.065
-3

-2

-1

0

1

2

3

Threshold x

R
el

ia
bi

lit
y 

In
de

x 
β

Reliability Index First-Passage Probability

tion of the seismic fragility curve ( )maxProb ,g g gP x a X t x A a   = ≥ =   u , being
20.20 1.96 secga g m= = . The POE of the EDP in this case is simply given as 

( ) ( ) ( )max0.10 Prob ,g gP x P x a p a X t x = = ⋅ ≥    u . If needed, the POE of the EDP can take 
into account several limit states, through the adoption of Eq.(11). 

 
 
 

Figure 1: First passage probability of the hysteretic system espressed in terms of (a) reliability index, (b) Tail 
Probability 

5 CONCLUSIONS 
Performance Based Earthquake Engineering (PBEE) is a probabilistic framework which al-

lows to develop earthquake risk assessment of facilities considering seismic hazard, structural 
response, damage and losses. In this paper the seismic hazard has been modelled through a 
stationary Gaussian stochastic process whose PSD is compatible with the elastic response 
spectrum given by the codes. The seismic fragility curves have been determined through the 
tools of the Stochastic Dynamic Analysis. It has been adopted the well known First Order Re-
liability Method (FORM) which gives rise to the Tail Equivalent Linearization Method 
(TELM). TELM allows to determine the seismic demand of the response with a reduced com-
putational effort. In the framework of PBEE the method can be easily extended for the evalua-
tion of the damage measure and corresponding performance metrics that are of immediate use 
to both engineers and stakeholders. A more realistic analysis should take into account the non-
stationarity of the stochastic ground motion model, and this issue will be analyzed in forth-
coming papers. Moreover, in this paper the procedure has been presented to determine the 
seismic fragility curves of a simple Bouc-Wen Single Degree of Freedom (SDOF) system. 
Further research will be devoted to check the accuracy and the effectiveness of TELM to 
more realistic MDOF systems. 
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