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Abstract. This paper presents a new reference-tracking control methodology for nonlinear 
dynamical systems in the presence of unknown, but bounded, uncertainties in the system. To 
this end, two controllers are combined. A nonlinear controller is first developed to exactly 
track the desired reference trajectory assuming no uncertainties in the nonlinear nominal sys-
tem. The entire nonlinear dynamics of the nominal system is included and no approxima-
tions/linearizations are made. Next, an additional continuous controller is developed in 
closed form to compensate for uncertainties in the physical model by generalizing the concept 
of sliding surfaces. Unlike conventional sliding mode control, this Lyapunov-based approach 
eliminates the chattering problem by replacing a signum function with a set of continuous 
functions that may have different forms depending on practical considerations related to ac-
tuator implementation. Among these possible forms, special attention is paid to a controller 
with a PID form. By using Lyapunov stability theory it is shown that this additional controller 
forces the tracking errors that arise because of the uncertainties in the system to move into a 
small, user-specified region around the generalized sliding surface. Once these tracking er-
rors enter this small region, if the original nonlinear system is assumed to be linearizable, 
then linear control theory will ensure that they will further converge to even smaller values. A 
numerical example is provided, in which a satellite in the presence of air drag is required to 
maintain a specific, circular orbit around the Earth whose gravity field is imprecisely known. 
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The example demonstrates the accuracy, efficiency, and ease of implementation of the control 
methodology.  

1 INTRODUCTION 
The reference-tracking problem arises in many practical situations such as the steering con-

trol of an automobile and the flight control of a missile. Applications to astronautical engi-
neering include orbital station-keeping of a satellite and formation-keeping of multiple 
satellites. In this field, optimal control is especially critical in that the number of thruster 
burns a satellite can implement during its lifetime is limited. 

If a linear equation of motion for a dynamical system is utilized, the optimal solution may 
be easily found by solving the LQR (Linear Quadratic Regulator) problem [1]. However, if 
the system is nonlinear so that linear control theory cannot apply, the tracking problem be-
comes challenging and it is much more difficult to find analytical solutions. In the field of an-
alytical dynamics, recently a new, analytical approach [2,3] has been proposed that obtains 
the equation of motion for constrained systems, which is sometimes called the fundamental 
equation of constrained motion (FECM), whether the constraints are holonomic or 
nonholonomic. One can recast the given trajectory requirements on a dynamical system as 
constraints on it so that the constraint force now becomes the control force that is required to 
make the dynamics satisfy the trajectory requirements (constraints) placed on it. This method-
ology not only carries all the nonlinearities inherited from the original dynamical system, but 
also expresses the control forces succinctly in closed form [3,4], which inspires many applica-
tions. For example, formation-keeping control schemes for a set of satellites were proposed 
where the reference trajectory is Keplerian [5] or arbitrary [6]. Also, a rigorous, analytical 
analysis for the orbital and attitude control algorithms of satellites in a formation was per-
formed, deepening insight into the satellite formation system with orbital and attitude re-
quirements [7]. Also, this resultant constraint force is optimal in the sense that it minimizes 
the control cost at each instant of time. 

However, this strategy is said to be ideal because it is based on the assumption that the dy-
namical model is perfectly known and the states are precisely measured. In real-life dynam-
ical systems, exact modeling is never possible because there always exist parameter 
uncertainties and disturbances, making our knowledge of the dynamical system uncertain. 
Sliding mode control (SMC) is widely adopted to cope with such uncertainties due to its sim-
plicity and robustness [8,9]. However, it generally induces a serious problem called chattering, 
which involves high control oscillations and sometimes brings unintended nonlinearities into 
the system. The two common methods to avoid the chattering problem are the boundary layer 
approach [10,11] and the use of high-order SMC [12]. In the boundary approach, however, 
less chattering occurs at the expense of worse control performance (i.e., larger tracking errors). 
Also, the use of high-order SMC usually requires complex calculations. 

To obviate these difficulties, in this paper the tracking control problem is solved using a 
two-step approach. In the first step, a nonlinear controller is analytically developed using the 
concept of the FECM. All the nonlinearities of the original system are preserved and no ap-
proximations are made. In this step, the system is assumed to be ‘nominal’ in the sense that it 
is our best assessment of the actual system that can be obtained through measurements and/or 
modeling; accordingly no uncertainties are considered. The discrepancies caused by ignoring 
the uncertainties are compensated by using an additional controller and this comprises the se-
cond step of our approach. This controller is in a sense a generalization of the boundary layer 
approach since the concept of the boundary layer is employed to prove the Lyapunov stability. 
However, the new SMC developed herein has more variant forms for pragmatic implementa-
tion and more flexibility in choosing control gains to acquire better control performance. 
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Among others, a special PID-form of SMC is analyzed in detail due to its simplicity and ad-
vantages, thanks to linear control theory. In other words, much better performance is guaran-
teed, i.e., very small steady-state errors, less chattering, and faster response, thus extending 
the previous approach presented in Ref. [13] in which the tracking accuracy is not improved 
within the boundary layer. As a numerical example an orbital station-keeping control problem 
is provided in which a satellite in the presence of atmospheric drag is orbiting the Earth while 
the non-uniform gravitational field that it is subjected to is imprecisely known. This simula-
tion confirms the validity and reliability of the novel control approach proposed in this paper. 

2 EXACT REFERENCE-TRACKING CONTROL FOR NONLINEAR NOMINAL 
SYSTEMS WITH NO UNCERTAINTIES 

In this paper, two different controllers will be combined to track the desired reference tra-
jectory in the presence of system uncertainties. In this section, the first controller will be de-
veloped assuming no uncertainties in the nonlinear nominal system – our best assessment of 
the actual physical system. Without any constraints, the equation of motion of a dynamical 
system is described by the Lagrange’s equation: 

       , , , ,M q t q t Q q t q t t     (1) 

or 

         1 , , , : ,q t M q t Q q t q t t a t     (2) 

where t represents time,        1 2
T

nq t q t q t q t     is a generalized displacement
vector, 0M   is an n by n mass matrix, Q  is the n by 1 given generalized force vector, and 
 a t  is the n  by 1 unconstrained acceleration vector. In addition, the superscript “T” denotes 

the transpose of a vector or a matrix and n is the number of the generalized coordinates. 
Now it is assumed that the unconstrained system described by Eqs. (1) or (2) is subjected 

to p constraints which are of the form 

 , , 0,  1, 2, , .j q q t j p     (3) 

Differentiating Eq. (3) with respect to time once (for nonholonomic constraints) or twice (for 
holonomic constraints) yields the following constraint equation: 

         , , , , ,A q t q t t q t b q t q t t         (4) 

where the matrix A is a p by n matrix and b is a p by 1 vector. 
Then, the aim is to obtain a vector q  in closed form that satisfies the constraint equation, 

Eq. (4), and that simultaneously minimizes the required additional control effort. First, the 
solution to Eq. (4) is explicitly given by [14]: 

 † † ,q A b I A A h   (5) 

where I is the n by n identity matrix, the superscript “†” denotes the Moore-Penrose general-
ized inverse, and h is an arbitrary n by 1 vector. From the perspective of controller design, it is 
generally desired to obtain this arbitrary h so that it minimizes the following cost function at 
each instant of time: 

   .TJ q a M q a     (6) 



Substituting h that minimizes Eq. (6) back to Eq. (5), we finally obtain the following equation 
of motion in the presence of the constraints given by Eq. (3) [14]: 

     
†-1 -1 .T Tq t a M A AM A b Aa   (7) 

From Eq. (7), the required control force Qc(t) is easily obtained in closed form: 

       
†-1: .c T TQ t M q a A AM A b Aa    (8) 

Originally, this idea is inspired by a recent finding in analytical dynamics [2-4] and Eq. (7) is 
called the fundamental equation of constrained motion (FECM). It must be noted that we 
have explicitly obtained the control force, Eq. (8), while preserving the full nonlinearities of 
the original dynamical system. In what follows we shall interpret the constraints given in Eq. 
(3) as the trajectory requirements that the dynamical system described in Eq. (1) is required to 
track [3,4]. 

Up to now, the exact control force Qc(t) has been developed assuming no uncertainties in 
the dynamical system. In the next section a new additional controller will be derived and add-
ed in order to handle the effects of uncertainties. 

3 CONTINUOUS SLIDING MODE CONTROL TO COPE WITH SYSTEM 
UNCERTAINTIES 

The controller developed based on the FECM in the previous section requires the exact in-
formation about the generalized displacement and velocity in real time. However, this is not 
the case in the actual physical world because of the imprecise modeling, measurement errors, 
and so on. Hence, a controller used in the real world is required to be robust in the sense that 
it can successfully track the reference trajectory regardless of these uncertainty effects. A slid-
ing mode control is generally adopted to cope with uncertainties due to its simplicity and high 
robustness. However, one main drawback of the conventional sliding mode control is the 
chattering problem: high-frequency oscillations in the states and/or in the control forces. Gen-
erally, a boundary layer approach is employed to avoid this problem, which uses the satura-
tion function in place of the discontinuous signum function, but this method results in a 
tradeoff between the chattering and tracking errors, so the errors may not converge although 
they are bounded. In the present paper, it will be shown that instead of the existing signum or 
saturation functions, many other continuous functions are possible to be used to avoid the 
chattering phenomenon.  

For the constrained nominal system with no uncertainties, the equation of motion is given 
by 

     , , ,cMq t Q q q t Q t   (9) 

where  , ,Q q q t  is a given generalized force and Qc(t) is the generalized control force that is 
explicitly given in Eq. (8). This generalized control force is added to exactly satisfy the given 
trajectory requirements (constraints) given in Eq. (3). However, in the real world, it may not 
possible to exactly determine the mass matrix M and the given force Q. Hence, application of 
the control force Qc(t) to the actual (unknown) system generally results in 

     , , ,c
a aM q t Q q q t Q t   (10) 

where Ma and Qa are the actual (unknown) mass matrix and the actual (unknown) given force, 
respectively. In general, the left hand side in relation (10) does not equal the right hand side 
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because Qc(t) does not exactly compensate the difference between aM q  and Qa due to uncer-
tainties in the actual system. Hence, it is necessary to apply an additional generalized control 
force Qu(t) to equate both sides in Eq. (10). Thus, to successfully track the given reference 
trajectory even in the presence of system uncertainties the equation of motion becomes 

       , , ,c u
a c a c cM q t Q q q t Q t Q t    (11) 

where qc(t) denotes the controlled, actual generalized displacement vector. The additional 
control force Qu(t) will be developed by generalizing the concept of sliding mode control. 
From here on for brevity, the arguments of the various quantities will be suppressed unless 
required for clarity. 

First, from Eqs. (9) and (11), we have 

 1 ,cq M Q Q  (12a) 

 1 .c u
c a aq M Q Q Q   (12b) 

If the error e(t) is defined by 

( ) ,ce t q q  (13) 

the differentiation of e with respect to time twice yields 

   
   

1 1

1 1 1 .

c

c u c
a a

c c u
a a a

e q q

M Q Q Q M Q Q

M Q Q M Q Q M Q

 

  

 

    

      

  

(14) 

If the following is defined, 

   1 1

1

,

,

c c
a a

u
a

q M Q Q M Q Q

u M Q

  



   




(15) 

Eq. (14) can be rewritten as 
.e q u    (16) 

Here, it is assumed that the value of q   is uncertain, but it is bounded by 

,q

   (17) 

where   is a positive constant and 


   denotes an infinity-norm of a vector. 
 Then, let us consider the generalized sliding surface s defined by 

  0, 0 ,s e be k edt b k     (18) 

where b and k are constants, and  1 2
T

ns s s s  . From Eq. (18), we have 

  1,2, , .i i i is e be k e dt i n      (19) 

It is not difficult to show that if 0is  , then ie  converges to zero asymptotically as t  . 
Now, let us define the Lyapunov function V by: 



2

1

1 1 .
2 2

n
T

i
i

V s s s


    (20) 

Its derivative is given by 

   
1 1 1

.
n n n

T
i i i i i i i i i i i

i i i
V s s s s s e be ke s q u be ke

  

                  (21) 

Then, the aim is to find an additional control force ui so that V  is negative. The conventional 
sliding mode controller utilizes the following control force ui: 

 sgn ,i i i iu be ke s     (22) 

because then Eq. (21) becomes 

   
1 1

sgn ,
n n

i i i i i i i i
i i

V s q u be ke s q s 
 

            (23) 

and 0V   always holds. However, the discontinuity of  sgn   function generally results in
the undesirable chattering problem. 

In order to avert chattering, let us first consider a region where is   holds ( 0   is a 
small positive number), then the following inequality is satisfied: 

2.i i is q s



  (24) 

Proof: If si and iq   have opposite signs, then Eq. (24) always holds because the right hand 
side is always positive. Hence, let us consider the following two cases when si and iq   have 
the same sign. 

 Case 1.  When si > 0 and 0 iq   , 
 since si > 0, we have 

1is

 (25) 

 from the assumption of is  . Multiplying both sides by   0is   yields 

2 .i is s



   (26) 

 From the assumption that si > 0 and iq   , we have 

,i i is q s    (27) 

        and it follows that 2.i i is q s



  

Case 2.  When si < 0 and 0iq   , 
since si < 0, i is s   and again from is  , we have 

1.is


  (28) 
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 Multiplying both sides by   0is   yields 

2.i is s



   (29) 

From the assumption that si < 0 and iq   , we have 

,i i is q s    (30) 

and it follows that 2.i i is q s



  

Then, using relation (24), Eq. (21) becomes 

   2

1 1

.
n n

i i i i i i i i i i
i i

V s q u be ke s s u be ke
 

          
      (31) 

Let us choose the additional acceleration ui as 

  ,i i i i iu be ke s f s



      (32) 

where  if s  is a function to be determined. Then, Eq. (31) becomes 

   2

1 1

.
n n

i i i i i i i
i i

V s s u be ke s f s
 

          
    (33) 

In brief, in the region is  , 0V   is guaranteed just if   0if s   or is  and  if s  have the

same sign. Conventionally the discontinuous signum function is used for  if s  as noted in 
Eq. (22), resulting in the chattering problem, but now one can find a number of the continuous 
functions  if s  that effectively avert the chattering problem.

Selection of the function  if s  will depend on the practical control cost to be minimized
or on the control performance associated with mission goals. In this paper special attention is 
paid to the case where 

   , 0i if s s    (34) 

so that is  and  if s  have the same sign and 0V   is guaranteed. Then the control law, Eq. 

(32), is nothing but a conventional PID controller with the gains P
bG k b

     

 
, 

IG k 

    

 
, and DG b 


     

 
. In brief, the control law  iu t  is given by: 

 

,

i i i i i

i i i

P i I i D i

u t be ke s s

bk b e k e dt b e

G e G e dt G e




  
  


    

                    
     

  











(35) 



where 0,  0,  0,  0,  and 0k b        . 
Up to now, it has been shown that in the region is  , 0V   is guaranteed if the control 

law, Eq. (32), is used where   0if s   or is  and  if s  have the same sign. On the contrary,

if is  , 0V   is not guaranteed and the errors may not converge to zero (although they are 

bounded). This is because the control  iu t  forces the states into the region bounded by 

is   instead of onto the sliding surface 0is  . However, if   is small enough, the errors 
will be also small enough so that the original nonlinear system can be linearized. Then, by 
linear control theory, the PID controller, Eq. (35), can force the errors to go to much smaller 
values with proper gain tuning. In brief, the use of the PID controller given by Eq. (35) forces 
the states into the region bounded by is  , and once the states enter this region we know 
from linear control theory that the errors will converge to very small values. Thus by taking 
advantage of both linear and nonlinear control theory improved performance is obtained with 
no chattering and with faster response, in the sense that gain-tuning is simplified and robust-
ness is guaranteed. 

4 NUMERICAL EXAMPLE 
In this section a numerical example is given to validate the control methodology developed 

in the previous sections. The numerical integration throughout this paper is done in the 
Matlab/Simulink environment, using a fixed time step of 0.01 second using the ode4 Runge-
Kutta integrator. 

First, we consider a nominal system (with no uncertainty) in which a satellite is orbiting 
the spherical Earth under atmospheric drag. The equation of motion of the satellite without 
any constraint on its motion is given by [15] 

 
  03/22 2 2

1 ,
2

ref
D

X X
SGMa t Y C v Y
mX Y Z Z Z



  
              





(36) 

where G is the universal gravitational constant, M  is the mass of the Earth, and 

 TX Y Z  is the position vector in the ECI (Earth-Centered Inertial) frame. Here CD is the 
drag coefficient, Sref is the cross-sectional area of the satellite, m is the mass of the satellite, ρ0 

is the atmospheric density of the Earth, 
T

v X Y Z   
  

 is the velocity vector of the satellite

in the ECI frame, and v  is the Euclidean norm of v. In the numerical example, 0.47DC  , 

 2 mrefS  ,  100 kgm  , and  11 3
0 1.0 10  kg/m    are assumed. 

The satellite is constrained to remain in a nominal circular orbit with a radius of 
6

0 7.0 10  mr   , 80i  , 30  , 0  , where i, Ω, and ω are the inclination, the longitude 
of the ascending node, and the argument of perigee of the satellite, respectively, with the 

mean motion of 3
3

0

1.078 10  (rad/s)GMn
r

   . This constraint can be represented in the 

Perifocal Frame [15] as 
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2 2 2
0 ,  0,x y r z   (37) 

where  Tx y z  is the position vector of the satellite in the Perifocal Frame. The conver-
sion between the Perifocal Frame and the ECI frame is given by [5] 

,
x X
y R Y
z Z

   
      
      

 (38) 

where the transformation matrix R, which is constant, is given by 

11 12 13

21 22 23

31 32 33

cos cos sin cos sin sin cos cos cos sin sin sin
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 (39) 

Then, the trajectory constraint equation, Eq. (37), is now represented in the ECI frame as 
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 (40) 

Differentiating Eq. (40) with respect to time twice to get the form of Eq. (4) yields 
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(41) 

The required nominal control force,  cQ t , to exactly track this circular orbit is then given by 
the FECM as described in Eq. (8). The initial conditions in the ECI frame used for the simula-
tion also satisfy the constraints Eq. (40), which are chosen as follows: 

Table 1 Initial conditions in the ECI frame 

0X  (m) 6.0628e+6 

0Y  (m) 3.5e+6 

0Z  (m) 0 

0X  (m/s) -6.5518e+02 

0Y  (m/s) 1.1348e+03 

0Z  (m/s) 7.4314e+03 

Figure 1 shows the controlled trajectory in the Perifocal Frame and the constraints Eq. (37) 
are quite well satisfied. The duration of time used for numerical integration is chosen as one 
orbital period. 

As yet there is no uncertainty in the system. This system wherein there are no uncertainties 
is referred to as the nominal system. Now the Earth’s gravitational field, which was assumed 



to be uniform for the nominal system, is actually not so. It is assumed that the gravitational 
field causes the acceleration of the satellite to be perturbed, with the perturbation given by 
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  (42) 

where   is the mean rotation rate of the Earth and gn,m is given by [16] 
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 (43) 

Here,  TITRF ITRF ITRF ITRFr X Y Z  denotes the position vector in the ITRF (International 
Terrestrial Reference Frame) [15], where the ITRF is fixed to the Earth and rotates with it. Its 
origin is at the center of the Earth, its first axis ( ˆ

ITRFX ) extends through the point of latitude 0°

and longitude 0°, the second axis ( ÎTRFY ) is 90° to the east in the equatorial plane, and the third

axis ( ˆ
ITRFZ ) extends through the North Pole. R  is the mean equatorial radius of the Earth,

Cn,m and Sn,m are coefficients associated with the tesseral and sectorial harmonics of the Earth, 
respectively. Also, Pn,m is the associated Legendre function of degree n and order m, and the 
arguments of Pn,m are sinS   where   is the geographic latitude of the satellite, i.e., 

ˆ
ÎTRF ITRFS r Z   . m  and m  are defined by the recursion relations: 
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(44) 
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Fig. 1 Controlled trajectory of nominal system using the FECM with no uncertainties 
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Fig. 2 On-orbit errors of the actual satellite along each axis with u = 0 

We now assume that the exact nature of this non-spherical gravitational perturbation q   
given in Eq. (42) that acts on the actual orbiting satellite is not known to us, thereby yielding 
an uncertainty in our minds with regard to its nature and its description. With knowledge of 
only an estimate of an upper bound on this uncertain gravitational perturbation q  , our goal 
is to make the actual satellite (which is subjected to this gravitational perturbation) track the 
circular orbit of the nominal system.  

Were this uncertainty that is caused by our (assumed) lack of knowledge of this accelera-
tion perturbation to be completely ignored, and only the control,  cQ t , that was obtained 
earlier using the FECM with the nominal system employed, the actual satellite’s orbit would 
no longer be circular. Figure 2 shows the resulting errors in the X, Y, and Z directions in the 
orbit of the actual satellite (in the presence of the gravitational perturbation), where the per-
turbation model up to the fourth order is assumed, i.e., 4n   is used in Eq. (42). As seen in 
the figure, the error with 0u   is diverging along each axis. 

  In order to compare the new PID sliding mode controller developed in this paper with the 
conventional sliding mode controller given by Eq. (22), the necessary control taking into ac-
count the uncertain non-spherical gravitational perturbation is next obtained using the conven-
tional sliding mode controller. The parameters for the controller u, are chosen as 1b  , 1k  , 
and the upper bound of the uncertainty is set to 0.05  . This value of the bound is based on 
the calculation of the infinity-norm of Eq. (42) and depicted in Fig. 3, where 4n   is again 
used in Eq. (42). It is seen in the figure that the maximum value occurs in the Z direction, 
which is about 0.02 m/s2. 
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Fig. 3 Infinity-norm of Eq. (42) to calculate Γ 

Figure 4 shows the results. The errors along each axis, are bounded and relatively small, 
compared with Fig. 2. In Fig. 5, the control force along each axis is displayed, showing the 
chattering problem that arises when conventional sliding mode control is used, i.e., high-
frequency oscillations in the control force. This chattering phenomenon is more clearly ob-
served in Fig. 6 in which the control force u in the X direction is magnified and plotted only 
for 10 seconds (between 3500 and 3510 seconds, corresponding to between 0.6004 and 
0.6022 period). One observes that conventional sliding mode control generates a kind of 
bang-bang control with the maximum value of u in the X direction of 0.05 m/s2. This shows 



that the last term,  sgn is , in Eq. (22) dominates the control force u, and this term is seen 
to be very sensitive to the value of Γ that is chosen for describing the uncertain (and un-
known) gravitational perturbation q  . 
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Fig. 4 On-orbit errors of the actual satellite with conventional sliding mode control 
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Fig. 5 Control force u, along each axis with conventional sliding mode control 
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Fig. 6 Chattering phenomenon generated with conventional sliding mode control 

For comparison, the new PID sliding mode controller given by Eq. (35) that is proposed in 
this paper is used for the same problem. We use the parameters, 1b  , 1k  , 0.01  , 

0.05  , and 50  . Figure 7 shows the on-orbit errors of the actual satellite along each di-
rection, and comparing with Fig. 4, one observes that the errors have reduced by about an or-
der of magnitude. In Fig. 8, the control force u along each axis is depicted. The magnitude of 
the control force is again seen to be smaller by about an order of magnitude, compared with 
Fig. 5, and more importantly, the chattering problem is clearly removed. As illustrated here, 
the PID sliding mode control is superior to conventional sliding mode control in both tracking 
accuracy as well as in reducing the magnitude of the control u employed. 
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Fig. 7 On-orbit errors of the actual satellite with new PID sliding mode control 
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Fig. 8 Control force u along each axis with new PID sliding mode control 

5 CONCLUSIONS 
In this paper a new methodology for the reference-tracking problem is proposed. Two in-

dependent control strategies are developed and combined to precisely track the required refer-
ence trajectory even under severe uncertainties. The novelty of the proposed approach is that 
first we readily obtain the explicit form of the exact control force employing the concept of 
the FECM for the nominal, nonlinear, non-autonomous dynamical system, ensuring that the 
desired trajectory is exactly tracked while simultaneously minimizing the L2-norm of the con-
trol force at each instant of time. Then, by taking into account uncertainties in the real-world 
system, a new, continuous sliding mode controller (SMC) is designed so that the chattering 
problem is alleviated. In addition, numerous forms of the control function are possible de-
pending on practical considerations and a simple special PID-form of SMC is shown to guar-
antee high robustness while having all the familiar advantages of PID control. By simulating 
orbital station-keeping under atmospheric drag and uncertainties in the gravitational field, we 
have illustrated the simplicity and efficacy of the proposed approach which shows great im-
provement compared with conventional SMC. Future work will include a rigorous investiga-
tion of the effects of selecting different functions  if s  on the control performance and the 
development of an adaptive Lyapunov function flavored with optimality concepts that can be 
tuned in real time. 
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