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Abstract

An incompletely parabolic system in three space dimensions with stochas-
tic boundary and initial data is studied. The intrusive approach where we
combine polynomial chaos with stochastic Galerkin projection is compared
to the non-intrusive approach, where quadrature rules in combination with
probability density functions of the prescribed uncertainties are used. The
two methods are compared when calculating statistics for the compressible
Navier—Stokes equations. As a measure of comparison, variance size, com-
putational efficiency and accuracy are used.

Keywords: uncertainty quantification, stochastic data, polynomial chaos,
stochastic Galerkin, intrusive methods, non-intrusive methods,
Navier—Stokes equations.

1. Introduction

There are essentially two different methods for uncertainty quantification
related to initial boundary value problems. Non-intrusive methods solve the
original deterministic problem using a particular stochastic input. Standard
quadrature techniques, often combined with sparse grid techniques can be
used to obtain the statistics of interest. Intrusive methods are based on
polynomial chaos (PC) expansions leading to a system of equations for the
expansion coefficients. In contrast to the non-intrusive case, a new non-
deterministic code must be developed.

The focus in this paper will be on the comparison in performance between
numerical integration (NI) and PC with stochastic Galerkin (SG) approach.
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The comparison is performed using the variance reducing boundary condi-
tions derived in [1] and [2] for the compressible Navier-Stokes equations.

The rest of the paper proceeds as follows. In Section 2 a general con-
tinuous incompletely parabolic system of equations is introduced. Next, in
Section 3, the PC-SG procedure is presented and the system of equations for
the expansion coefficients is derived. The non-intrusive approach using NI
is described in Section 4. Section 5 introduces a stable and accurate semi-
discrete finite difference formulation of the two continuous problems. Further,
the technique is applied to the compressible Navier—Stokes equations in Sec-
tion 6 and a comparison of NI and PC-SG is done. Finally, conclusions are
drawn in Section 7.

2. The continuous problem

Consider the following system of equations with stochastic boundary and
initial data,

us + Auy + Buy + Cu, = Fp(u)+Gy(u) +H,(u), £€Q, t>0,

Lu = g(@,t,¢), e, t>0,
u = f(7,), FeQ, t=0,
(1)
where,
F(u) = Dyu, + Diguy + Disu,,
G(u) = Dauy + Dauy + Dasu,, (2)
H(u) = Dsiju, + Dssuy + Dsgu,.
We denote the solution by the vector v = u(Z,t, E) = [u®, ... u™)] where,
Z = (z,y,2), and 5: (&1,&2,...,&1) is the vector of variables representing

the uncertainty in the solution. The N x N matrices A, B, C, D;; are constant
and symmetric. The matrices D;j, 4,7 = 1,2,3 are singular, leading to an
incompletely parabolic problem. L is the boundary operator defined on 0f2,

while f(Z,&) and g(7,t, &) are the stochastic initial and boundary data.
The boundary operator can be written on the general form

L=1L —RL* (3)

with a certain restriction on the matrix R. With a slight abuse of notation
we denote LTu and L™ u, the outgoing and ingoing generalized characteristic
variables respectively. See [2, 3] for a complete derivation of LT and L~ and
conditions on the matrix R leading to well-posedness.
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3. Polynomial chaos expansion with stochastic Galerkin projection

The polynomial chaos framework considered in this paper is based on
expansions of polynomials introduced by Ghanem and Spanos [4] and later
generalized by Xiu and Karniadakis [5].

3.1. Polynomial chaos

Let (€, A, P) be the probability space, where € is the event space, A
the o-field of subsets of ()¢, and P the probability measure [6]. Consider a
general orthogonal chaos basis {¢;(£)}52,, satisfying

(Vi, V) = g V()i () dP(§) = 0yj. (4)

A second order random field wu(z,t,§) satisfying fQ& u(z,t,£)*dP(€) < oo,
can be written as

u(z, t,§) = Zuk z, (€ (5)
where the coefficients {uy(z,t)}72, are given by the projections

ug(x,t) = (u(z, t,8),vi(§)), k=0,1,... (6)

The mean and variance can be expressed as
Blul = | udP(©) = u, @
Q¢

and
Varlu] = E[u*] — E[u /Q Z uihr dP(€) — ug = Z uj, (8)

which follows from the orthogonality property of the basis functlons {1i}32,.
For more details on the polynomial chaos technique, see [7].

3.2. The stochastic Galerkin projection

Next, in order to approximately compute the various statistics of the
solution to the problem, we insert the truncated expansion

U(f,t,f) = uk(f,t)d)k( ), (9)

428



M M M M
Z ug)ethr Z A(ug) ¥ + Z B(ug)ytr + Z C(uk) -y,
k=0 k=0 k=0 k=0
M M M
= > Flutn) + ) Gylustn) + ) Ho(urthy),

" k=0 k=0 k=0 (10)
ZLUH/% = g(f7tvé')7

=3 )

k=0

Next, we perform a Galerkin projection, that is, we multiply (10) by ), for
[=0,1,..., M and integrate over the stochastic domain 2, to obtain

M
/QZ ug)Pr dP -+ /Z[A(Uk)x¢k¢z+3(uk)y¢k¢z
- b Clug)abua] P

= /QZ[ o (uptheth) + Gy (urbnin)
+ (Uk¢k¢l)] dp

/ZLumwldP = / 9(T,t, ) d

/Zukwkw,dp = /ff{ P,  forl=0,1,..., M,
Q

k=0
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which in compact notation can be written

D (i) + Y [A(ur)e + Blu)y + Cug):) (8, v1)
= > [Fu(w) + Gy(un) + Ha(w)) (0, 1),
=0 (12)

M
3 Lup(dn ) = (9(@t,6),41),
k=0

M
ZLuk<wk7¢l> = <f<57§)7wl>7 fOI‘lZO,l,...,M.
k=0

From the orthogonality property (4), (12) reduces to

(W) + A(w)e + Blu)y + Clw). = Fo(w) + Gy(w) + H.(w)
Lu, = (g(.4,6),v1) (13)
U = <f( 7£)a¢l>
for [ =0,1,..., M. Hence, a deterministic system of dimension M + 1 times
the original system is obtained. From (13), the deterministic coefficients
uo(Z,t), ur (2, t),. .., up(Z,t) are computed.

4. Numerical integration

The most commonly used non-intrusive technique, the Monte Carlo method
[8], will not be considered here. The method is advantageous for large number
of stochastic dimensions, but not competitive for low to moderate number
of uncertainties. In this paper we consider numerical integration based on
quadrature techniques.

Integration and quadrature relations in one dimension can be written

| rwv@dax > s (14)

where f is the function we want to integrate and p is the corresponding
density function. We denote M as the number of grid points, ¢ and w™ as
the quadrature points in probabilistic space and the corresponding weights
respectively. The choice of quadrature points and weights determines the
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accuracy of the method. For simplicity, we will use Simpson’s rule [9] as the
integration technique in this paper.
The NI method can easily be extended to several dimensions, that is

My M,y
[ @o@di > o Y fa g, (1)

mi1=1 mp=1

where I is the p-dimensional domain and ¢ = (g1, ..,¢,). The ¢"’s and w"’s
correspond to the points and weights of their respective quadrature rule.

5. The semi-discrete formulation

Despite the fact that uncertainties are present in our model, the final
problem formulation that arises from the stochastic Galerkin projection is
strictly deterministic. We will solve (13) using a semi-discrete finite difference
formulation based on the SBP—SAT technique [10, 11, 12, 13]. The reader is
referred to [2, 3] for complete technical details.

A stable and accurate semi-discrete formulation of (13) on SBP-SAT form
can be expressed as,

v, + Iu®D, LR LA+ (Iy®I,®D,®I, & B
+ (Iy®L®I,®D,®C)w
= Iu®D, @, LIN)F+(Iy®,®D,®I ®IN)G
+ (Iu®IL,®I,®D.®Iy)H (16)
+ (M@ P 'En, © 1,0 L@ In)(S(L™ — RLY v — j®ey,)
v(0) = f.

In (16), v represent u numerically, § and f are the numerical approximations
of < g(f,t,g),wl > and < f(f,t,g),@/}l > for [ =0,1,..., M respectively. To
ease the notation, we only consider the boundary at = 1. The treatment of
the remaining boundaries is completely analogous. Note that the complete
system (16) computes all coefficients and evaluations in & for PC-SG and NI

respectively.

Remark 1. The semi-discrete formulation is similar when computing the
solution using NI. The differences will be pointed out below by formal remarks.
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The numerical solution is arranged in the following way

Vo Vo Vo
U1 U1 U1
S [ R 8 R 15

L UM LUNd LUNyd i
0] e

(%1 (%1

[Vili = [Uk] ) [Un]mij = [Un] )

LUN: i LOM L i

where v,,j5, approximates the polynomial chaos coefficient ufff)(azi, Yj, 2k, b).
Remark 2. The vector vpjk, approximates u™ (@i, Yjs 25, &) when com-
puting the solution using NI.

The first derivative in the x, y and z direction is approximated by D, , . =
P ;,zQx,y,z, respectively. The matrices P, , . are positive definite diagonal
matrices and (), . are almost skew-symmetric matrices satisfying @, . +

ty:=En,,.— Ey,,.=B=diag[-1,0,...,0,1]. Further, we denote I,
I, I., In and I); as identity matrices of dimension N, + 1, Ny, +1, N, + 1,
N and M + 1. The matrices Ey, and Ey, are zero except for the element
(1,1) and (N, + 1, N, + 1) respectively, which is 1. Moreover, the vector ey,
is a zero vector with the exception of the last element which is 1.

The numerical fluxes in (16) are given by

F = (In®1®Du)v,+ (In @ L ® Dig)v, + (I © L @ Dig)vs,
G = (IM®]~®D21)U$+(]M®{®D22>Uy+(IM®{®D23)/UZ, (17)
H = (IM®I®D31)U$+(IM®[®D32>'Uy+(IM®I®D33)/UZ7

together with the notation I = (I, ® I, ® I.) and the abbreviations

vy = (In®D, ®1,®I,®Iy)v,
v, = (Iy®L®D,®I, Iy, (18)
v, = IM®L,R®I,®D,RIy)v.
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The boundary and initial data g and f , are the projections

< g(§),vo(§) > < f(&),40() >
<§(€)7¢1(§) > f: <f(€)7w1<€> >

< 5O u(€) > < F(6) vnr(6) >

In (19), we denote g(¢) and f(£) as the original boundary and initial data
vector as a function of ¢ injected on all grid points at the plane x = 1 and
t = 0 respectively. The inner products < g(€), ¥, (€) > and < f(€), ¥ (€) >
are computed numerically using NI.

(19)

S}
Il

Remark 3. When computing the solution using NI, the vectors § and f in-

stead denote § = [§(£0),§(&1), .-, 3(&n))" and f = [f(%), F(&), .., F(&n)]T.
Hence, the boundary and initial data (&) and f(€) are discretized in &.

The discrete boundary operators L™ and L~ are decomposed as

Lt = (Iy®L® L, L)
+ (n®L®D,®,®Lp )
L™ = Iu®L® [,®l.,®Ly)
(

+ Iy ®LOD,®L®L, )

(I @D, @I,® ILLOLY )
Iy ®L @I, 8D, QLY )
Iy ®D,@I,® I,RLY)
Iy ®L ®I,®D,® Ly ).

_|_
+

20
N (20)
+

In (20), the matrices Ly, Ly, L}, , Ly, , L} | Lp,, L}, and Ly, correspond
to the continuous boundary operators, see T2, 3] for a complete description.
In a similar fashion, the matrix R is defined as

R=(I® R®Iy). (21)

where R is the matrix corresponding to the continuous boundary conditions
(3). The penalty matrix % is chosen such that stability is achieved. Again, for
a complete derivation and proof of stability for the semi-discrete formulation,
the reader is referred to [2, 3]

6. An example

To exemplify the difference between NI and PC-SG, we consider the lin-
earized symmetrized Navier—Stokes equations in one dimension [14],

U+ AU, =eBU,,, 0<zxz<1, t>0, (22)
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where

A2
B = diag (0, +on ﬂ) (23)

We also use A = XAXT, where

y—1 1 1
U 0 0 o V2 V2
_ _ 1 1
A= |0 u+c 0 , X = 0 72 % (24)
0 0 U —C 1 =1 =1
vl 2y 2y

The parameters in (22), (23) and (24) are p, A, Pr, € and represent the
dynamic and second viscosity, the Prandtl number and the inverse Reynolds
number. In the calculations we use the following parameters

p =1 u = 1, c = 2, = 1, A = —2/3,
v = 14, ¢ = 0.01, Pr = 0. =

1. (25)

=

7,

The boundary conditions are of the form (3), where the matrices Ry and R,
are of sizes 3 x 2 and 2 x 3 defined on the boundaries z = 0 and x = 1
respectively. For simplicity, we use zero matrices for Ry and R;.

Randomness is imposed in the initial and boundary data given by the
manufactured solutions

p1 = w = p1 = sin@nr(x —1t))+Esin(§/2 —t) cos(x — §),
p2 = us = py = sin(2n(z —1))+sin(5(§/2 —t)) cos(2(z — 5¢)),
(26)
with the additional forcing function

F=W,+ AW, —eBW,,, W = [01,2, U1,2,p1,2}T- (27)

We have chosen the manufactured solutions with subscript 1 and 2 in (26)
to illustrate the effects of smoothness. The solution with subscript 1 is con-
sidered to be smooth, while 2 is considered to be less smooth. The resulting
system is then

U +AU, = eBU,,+F, 0<zx<l1, t>0,
LU = LW rz=0 t>0
L, = LW r=1 t>0

v = w O<z<l t=0

(28)
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The normed error of the variance that is used for comparison is given by
T
|| Var[e]|| :/o ||Var[U] — Var[W]||, dt. (29)

In the calculations, we use 3rd-order SBP-operators with 40 grid points in
space together with the 4th-order Runge-Kutta scheme as time integrator. To
minimize the effects of the deterministic errors we use a PC-SG computation
with 30 basis functions instead of an exact solution as reference solution.
The uncertainty £ is uniformly distributed between —1 and 1.

Figure 1 and 2 show the normed error of the variance as a function of
number of evaluations (M) for PC-SG and NI using different manufactured
solutions. Note that NI requires at least three points, hence it does not
overlap with PC-SG. As can be seen, the rate of convergence is significantly
higher for the PC-SG method than for NI. The rate of convergence for the
NI (Simpson’s rule) is in line with theory, that is 4th order. Also, we note
that the PC-SG requires more evaluations to perform better than NI.

Figure 3 and 4 illustrate how the total CPU time is affected by the num-
ber of evaluations for both methods. Finally, Figure 5 and 6 present the
normed error of the variance as a function of CPU time. For a small num-
ber of evaluations, the results indicate a better performance for NI, however
for moderate and large number of evaluations PC-SG performs significantly
better.

7. Conclusions

A comparison between the intrusive PC-SG and non-intrusive NI have
been presented. The study has been carried out on a general incompletely
parabolic system of equations. The PC-SG procedure was applied to the
continuous problem and a provably stable numerical formulation based on
SBP-SAT was constructed. Due to linearity, the numerical scheme for the
PC-SG and NI differs only for the initial and boundary data treatments.

The linearized Navier—Stokes equations using generalized characteristic
boundary conditions are considered when comparing the two methods. As
comparison, the normed error of the variance was used. The numerical re-
sults indicate that the PC-SG outperforms NI for the problems considered.
Although the cost is higher for the PC-SG, the convergence is faster. The
effects are significant for larger number of realizations. We conclude that
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Figure 1: The normed error of the variance as a function of M for a uniformly distributed
¢ for the methods NI and PC-SG, using a smooth manufactured solution.
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NI

[| Vade] ||
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Figure 2: The normed error of the variance as a function of M for a uniformly distributed
¢ for the methods NI and PC-SG, using a less smooth manufactured solution.
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Figure 3: The total computation time as a function of M for a uniformly distributed & for
the methods NI and PC-SG, using a smooth manufactured solution.
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Figure 4: The total computation time as a function of M for a uniformly distributed £ for
the methods NI and PC-SG, using a less smooth manufactured solution.
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Figure 5: The normed error of the variance as a function of computation time for a
uniformly distributed £ for the methods NI and PC-SG, using a smooth manufactured
solution.
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Figure 6: The normed error of the variance as a function of computation time for a
uniformly distributed & for the methods NI and PC-SG, using a less smooth manufactured
solution.
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the reduced performance for less smooth problems is more pronounced for
PC-SG compared to NI.
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