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Abstract. In uncertainty analysis, estimating the degree of uncertainty based on some physical
experiments is an essential part of the process to create robust products. Both at the input and
the output side of an available model, experiments may be done, which can then be (inverserely)
propagated to obtain uncertain results on the other side. In probabilistic analysis, PDF shape,
stochastic moments and correlation may be inferred from this data. In possibilistic analysis,
these quantities are hard to interpret physically and are therefore difficult to compute. Instead,
interval bounds and dependency information can be determined. This paper presents a strategy
to infer both interval bounds and dependency information from a (limited) set of data points in a
multidimensional space, based on Polynomial Chaos Expansion and a generalized Probability
Density Distribution (PDF) shape.
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1 INTRODUCTION

The use of intervals in numerical modelling to represent uncertainty is gaining increased in-
terest. Intervals can be more easily applied in cases of low data availability and where informa-
tion on extreme cases is of higher inportance. The use of intervals to represent non-deterministic
quantities omits the need to predefine a PDF, which may be hard to estimate when little data
is available. However, the simplicity of intervals also has a large disadvantage: they are un-
able te represent dependency between different uncertain quantities. Some solutions to this
have been the subject of recent research, such as interval fields [1, 2, 3, 5, 4], interactive fuzzy
numbers [6, 7], interval correlation [8], and the use of copulas in interval context [9]. In this
paper, a procedure is discussed that, given a small set of multidimensional data points, allows
to make an estimate of the total population uncertainty, incorporating the dependency present
in the data as well. It makes use of a generalized PDF shape to estimate intervals in a Bayesian
inference scheme, and then Polynomial Chaos Expansion (PCE) to convert the hypercubic re-
gion spanned by the marginal interval estimates into a uncertain region of arbitrary shape that
also incorporates the dependency present. Section 2 elaborates the concept of generalized PDF,
also mentioned in [10], section 3 discusses the way the dependency is captured using PCE, and
section 4 shows the combined method on a small 2D dataset.

2 Bayesian Interval Estimation based on a generalized PDF shape

This section provides a short summary of the method of estimating interval bounds based on
a generalized PDF shape. The reader is refered to [10] for a more elaborate explanation.

2.1 Principle of the generalized PDF shape

Equation 1 shows the general formula for Bayesian analysis, which describes the posterior
distribution given the data D p(θ | D) as the product of the likelihood of the data and a prior
distribution.

p(θ | D) =
p(D | θ)p(θ)

p(D)
(1)

θ represents a set of stochastic parameters that capture the PDF. In interval context, these pa-
rameters become the interval bounds x and x. The data provides a minimum and maximum
observed value x̂m and x̂M . Equation 2 again describes Bayes’ theorem, now in terms of the
observed interval bounds and the true interval bounds that are to be estimated.

p(x, x | x̂M , x̂m) =
p(x̂M , x̂m | x, x)p(x, x)

p(x̂M , x̂m)
(2)

To express the likelihood function p(x̂M , x̂m | x, x), an arbitrary PDF shape S and correspond-
ing stochastic parameter θ is introduced, as the interval bounds are assumed to bound an actual
PDF shape, which cannot be identified properly because the dataset is too small. Equation 2 is
then rewritten in terms of S and θ as:

p(x̂M , x̂m | x, x) =

∫
S

∫
θ

p(x̂M , x̂m | θ) · p(θ | x, x)dθdS (3)

=

∫
S

∫
θ

M (n)
x (x̂M , x̂m, θ) · p(θ | x, x)dθdS (4)

this equation theoretically only holds if the integration is done over all possible PDF shapes
S and all values of the corresponding parameter value θ. The first part of the integrand de-
scribes the occurence of certain extreme values given the PDF on the quantity x. This equals
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the extreme value distribution (EVD) M (n)
x (x̂M , x̂m, θ), which depends on the number of ex-

periments n. The second part describes the probability on having a certain stochastic parameter
value, given the extreme bounds in the total population. Assuming the total population is very
large, these extremes are equal to the maximum and minimum values allowed by the PDF that
corresponds to a certain value of θ. Given a certain bounded PDF shape S (e.g. the uniform
distribution, the 3-σ bounded Gaussian distribution, ...), p(θ | x, x) equals a delta function at
that specific parameter value (or combination of values if more than one stochastic parameter is
concerned) that puts the maximum and minimum possible values of the PDF at x and x. there-
fore, the integral needs to be taken over all possible PDF shapes S that are bounded by x and x
(equation 6).

p(x̂M , x̂m | x, x) =

∫
S

∫
θ

M (n)
x (x̂M , x̂m, θ) · δ(θ − θ∗)dθdS (5)

=

∫
S

M (n)
x (x̂M , x̂m, θ

∗)dS (6)

Putting this into equation 2, the interval Bayesian inference equation becomes:

p(xI | x̂M , x̂m) =

∫
S
M

(n)
x (x̂M , x̂m, θ

∗)dS · p(xI)
p(x̂M , x̂m)

(7)

To be able to evaluate the integral, a generalized PDF shape is proposed based on 4 controleable
parameters. By definition,

∫ +∞
−∞ fx(x)dx =

∫ x
x
fx(x)dx = 1. Many possible parametrizations

are possible, and greatly influence the shapes that are considered in evaluating the integral.
Since extreme values are of increased interest in the context of this paper, the following four
control parameters are proposed (table 1), all focussing on the PDF shape in the extreme values.

symbol description
p0 Probability density at x
p1 Probability density at x

dfx(x)
dx

∣∣∣
0

first derivative of the PDF at x
dfx(x)
dx

∣∣∣
1

first derivative of the PDF at x

Table 1: parameters used to determine the PDF shape

A fourth order polynomial is proposed for the explicit representation of the PDF, given by
equation 8:

fx(x) = ax4 + bx3 + cx2 + dx+ e (8)

Using this parameter set and the corresponding fourth order polynomial allows for a large va-
riety of PDF shapes (including nonsymmetrical, sharp tailed, blunt tailed and bipolar shapes),
while keeping the integral sufficiently fast to calculate.

The next section discusses two different ways of dealing with the integration defined in
equation 7. Next to simply calculating it explicitly, it can also be bounded on the upside by
calculating the maximum likelihood.
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2.2 Average likelihood and worst-case likelihood estimation

Returning back to equation 7, the following trivial relation can be established for the entire
parameter set S (which has been defined above):

M (n)
x (x̂M , x̂m, θ

∗) ≤ max
S

M (n)
x (x̂M , x̂m, θ

∗) (9)

Integrating both sides gives:∫
S

M (n)
x (x̂M , x̂m, θ

∗)dS ≤ max
S

M (n)
x (x̂M , x̂m, θ

∗) ·
4∏
i=1

(θi,max − θi,min) (10)

This means that a conservative approximation of the integral can be calculated by determining
the maximum likelihood value that occurs within the domain spanned by the parameters in
table 1. Essentially, this means that for each test interval xI , the likelihood is determined by
the PDF shape that makes the observed interval most likely, which could be interpreted as
the ’worst-case’ PDF. Through this, more probability and therefore higher relative importance
is given to larger intervals compared to explicitly evaluating the integral, which should lead
to larger estimated intervals and therefore more conservative results. This paper refers to the
latter approach as the worst-case likelihood (WCL) estimate, and the former as the average
likelihood (AL) estimate. Previous testing of the method shows that the AL estimates tend to
be not conservative enough to provide reliable results, but the WCL estimate, giving higher
relative importance to larger intervals, does. The combined method discussed in section 4 will
therefore use the interval Bayesian inference scheme illustrated here, using the WCL estimate
to represent the likelihood function.

3 Interval Polynomial Chaos Expansion

In probabilistic analysis, Polynomial Chaos Expansion (PCE) [11] is used frequently to de-
termine probability distributions on model output quantities. Application of PCE can be done
in two ways:

• Given an output y = f(x) as function of a random variable x with known probability
density function (PDF), the output distribution can be found by projecting onto a set of
polynomial basis functions which are orthogonal w.r.t. the input PDF. Determining the
output distribution then comes down to identifying the corresponding PC coefficients.

• Given a quantity u with a known but complex PDF, its probability function can be de-
scribed more easily by defining u as a function of some germ variable ξ with a simple
PDF, such as the uniform or Gaussian distribution. Theoretically, by choosing the right
functional relation, every type of distribution on u can be obtained.

The first application is well established in the field of numerical modeling [12, 13]. The
second application is of particular interest in sampling algorithms, as numerically sampling a
complex PDF is nontrivial. Computers can effectively sample from the uniform or Gaussian
distribution, but not necessarily from any arbitrary PDF.

3.1 The Inverse Cumulative Density Function transform

Using PCE, the objective is to obtain an explicit expression of:

u = f(ξ) (11)
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such that u has a specific distribution, given the distribution of the germ variable ξ, which
is a nontrivial problem, as many definitions of f can lead to the required pdf. The question
then becomes to find the most efficient one. It can be proven however that a solution for the
above problem is always present, known as the inverse Cumulative Distribution Function (CDF)
transform. If the PDF of u is known and u is a continuous variable, its CDF Fu(u) exists and
can be determined through:

Fu(u) =

∫ u

−∞
fu(t)dt (12)

The domain of Fu(u) is obviously [0, 1] as fu is always positive and
∫∞
−∞ fu(t)dt = 1. We can

then obtain the desired distribution of u starting from a uniformly distributed germ between[0, 1]
by writing:

u = F−1
u (ξ) (13)

For an arbitrarily distributed germ with CDF equal to Fξ we can write:

u = F−1
u (Fξ(ξ)) (14)

This expression is especially useful because it holds for any distribution on u or the germ ξ.
However, it usually does not give the most efficient mapping.

3.2 Dependent intervals

The use of intervals is of particular interest in the presence of low data availability, as it omits
the need of defining and quantifying a suitable PDF. An interval xI = 〈x|x〉 only requires an
upper and lower bound to be defined and describes a continuous region of possible values for the
quantity x. On the probability of occurence within the interval, no assumption is made, and for
the purpose of interval analysis, the probability is assumed to be nonzero of the interval interval,
and strictly zero elsewhere. In the multivariate case, an interval vector xI = [xI1 x

I
2 · · · xIN ] is

used with each entry a simple interval variable. By definition, the entries are assumed indepen-
dent, so the interval vector defines a set of vectors in the N -dimensional space described by:

xI =
[
x̂|x̂1 ∈ xI1, x̂2 ∈ xI2, · · · , x̂N ∈ xIN

]
(15)

Equation 15 describes a hypercube in the N -dimensional domain. Figure 1 illustrates this. If
two interval parameters aI and bI , are independent, this representation is accurate and intro-
duces no further conservativity. However, in the other case, some degree of conservativity is
always introduced through modelling with an interval vector. The higher the dependency, the
more conservative this representation will be. This problem cannot be solved within the simple
definition of an interval, as not enough parameters are available to represent dependency. Also,
this dependency may take a large variety of forms, depending on the shape of the region of pos-
sible (a, b)-couples, so the uncertainty model would need a large amount of extra parameters to
account for this. Still, the conservativity issue remains and should be addressed.

In structural dynamics, propagation of input interval parameters is usually done through op-
timization and anti-optimization within the region defined by the input intervals, as the models
are usually quite complex and non-monotonous behaviour is possible. Since intervals make
no assumption on the probability within the region the define, the optimization is supposed to
be unbiased and treat all points in the region as equally probable. For this reason, intervals are
usually sampled in a uniform way within the purpose of finding the output optima. So allthough
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Figure 1: illustration of independent (left) versus dependent (right) interval quantities. The independent case is
characterized by the hypercubic region, while the dependent case can theoretically consider any region.

the exact probability is unknown, the uniform distribution is assumed in practise for the purpose
of propagating the uncertainty.

The same principle holds in the multivariate case. Given a region with dependency as shown
in the right side of figure 1, the sampler is supposed to be unbiased towards any part of the re-
gion. This adds an extra requirement to the accurate definition of the uncertain region. Not only
does the boundary of the region have to be represented accurately, but also within the region
itself uniform sampling has to be possible. The next section describes a PCE-inspired technique
that can capture a wide variety of dependencies, starting from a simple interval vector, and in-
corporating the possibility of uniform sampling, which is called interval PCE. The method will
first be illustrated in 2D, but can be theoretically expanded to any number of interval compo-
nents.

3.3 interval PCE

Consider two interval parameters xI1 and xI2, with corresponding interval bounds x1,x2 and
x1,x2. Assume some dependency is present, which is characterised by a region Ω. Assume
the bounds of the intervals itself are perfectly non-conservative, so the square described by the
interval vector xI = [xI1 x

I
2] is the smallest circumscribed square still fully encapsuling Ω. The

means that the far left and far right point part of the region are given by (x1, x2,left), (x1, x2,right).
The upper and lower bounding curve of the region are distinguished as Cu : x2 = H(x1) and
Cl : x2 = h(x1) in between these points (see also figure 2). The PCE is then one of the
following form: x∗1 = F−1

Ω

(
x1−x1
x1−x1

)
x∗2 = (H(x1)− h(x1))

x2−x2
x2−x2 + h(x1)

(16)

with

FΩ(x1) =
1

A

∫ x1

x1

dt1

∫ H(t1)

h(t1)

dt2 (17)

In equation 17, A is the total surface area of Ω, and the double integral describes the surface
area of the part of Ω left of a certain value x1. Essentially, the first line of equation 16 is an
inverse CDF transform: x∗1 is given an artificial distribution, which increases with increasing
range of possible x2-values at a certain value for x1. This ensures that if x1 and x2 are sampled
uniformly, the corresponding points are uniformly distributed over the domain Ω. The second
line describes a very simple transformation from a uniform distribution between x2 and x2 to a
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Figure 2: illustration of the quantities mentioned in the following equations

uniform distribution between the upper and lower bounding curve Cu and Cl, for a certain value
of x1.

In multidimensional space, the PCE is of the following form:



x∗1 = F−1
Ω,1

(
x1−x1
x1−x1

)
x∗2 = F−1

Ω,2

(
x2−x2
x2−x2 , x1

)
· · ·
x∗n−1 = F−1

Ω,n−1

(
x2−x2
x2−x2 , x1, · · · , xn−2

)
x∗n = (hu(x1, · · · , xn−1)− hl(x1, · · · , xn−1))

xn−xn
xn−xn + hl(x1, · · · , xn−1)

(18)

with


FΩ,1(x1) = 1

Ωn

∫ x1
x1
dt1
∫ H1(t1)

h1(t1)
dt2
∫ H2(t1,t2)

h2(t1,t2)
dt3 · · ·

∫ Hn−1(t1,··· ,tn−1)

hn−1(t1,··· ,tn−1)
dt2

FΩ,2(x2, x1) = 1
Ωn−1

∫ x2
h1(x1)

dt2
∫ H2(x1,t2)

h2(x1,t2)
dt3 · · ·

∫ Hn−1(x1,t2··· ,tn−1)

hn−1(x1,t2,··· ,tn−1)
dtn

· · ·
FΩ,n−1(xn−1, · · · , x1) = 1

A

∫ xn−1

hn−2(x1,··· ,xn−2)
dtn−1

∫ Hn−1(x1,··· ,xn−2,tn−1)

hn−1(x1,··· ,xn−2,tn−1)
dtn

(19)

In equation 18, the inversion is only done with respect to the first variable inside the braccets,
leading to stairwise dependency in the expanded quantities as x∗1 = f(x1), x∗2 = f(x1, x2), x∗3 =
f(x1, x2, x3) and so on. This expansion requires an explicit formula for the edge of the region,
which can be hard to construct in higher dimensional space, particularly finding explicit descrip-
tions of Hi and hi in equation 19. Quite often, only 2-way interactions are considered in high
dimensional spaces as they tend to have a higher relative impact on the output, which comes
down to capturing the dependency in 2D-projections of the total uncertain space. Therefore, the
2D-case is considered in the remainder of this paper.

Usually, an explicit description for FΩ(x1), Cu and Cl is not available, or very difficult to
express, so in practise they are expressed by using a truncated PCE based on the univariate
legendre polynomials, as they are orthogonal w.r.t. the uniform distribution.
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Figure 3: data points used in this example of the combined method

4 The combined method to uncertain regions from small datasets

The method in this section is explained by applying it on the virtual dataset of 20 points, as
is given in figure 3.

The data is captured in the 20x2 matrix X. The objective will be to estimate an uncertain
region on it in an interval context. The dataset is centered and the eigenvectors Φ of XTX are
identified. The data is projected onto both eigenvectors, leading to two projected sets u1 = Xφ1

and u2 = Xφ2. Next to this two additional projections are done on the vectors v = λ1φ1+λ2φ2√
λ21+λ22

and w = λ1φ1−λ2φ2√
λ21+λ22

. Projection on these vectors lead to two additional sets u3 = Xv and

u4 = Xw. These directions signify the two height lines and diagonals of the smallest circum-
ferential rectangle of the dataset. On all four of the projected datasets, the bayesian inference
scheme as was described in section 2 is performed, leading to a total of 4 estimated intervals,
which are then multiplied with their corresponding direction, leading to 8 points in the 2D-space
that serve as the boundary points of the uncertain region. For the uncertain region, the following
parametrization is used (equation 20):{

x1 = R(θ)cos(θ)
x2 = R(θ)sin(θ)

(20)

with
R(θ) = a0 + a1cos(θ) + a2sin(θ) + a3cos(2θ)

+ a4sin(2θ) + a5cos(3θ) + a6sin(3θ) + a7cos(4θ)
(21)

The coefficients a0 to a7 can be uniquely determined by the 8 boundary points, leading to the
uncertain region in figure 4.

The second part of the method is to apply the theory of interval PCE as described in section
2 to ensure the mapping of the initial variables to the expanded parameters x∗1 and x∗2 ensure that
not only the hypercubic spaces is transformed into the uncertain region that was just determined,
but also that a uniform sampling on the initial variables also produce a uniform sampling of the
uncertain region. The most left and right points are determined by solving ∂x1

∂θ
= 0, which is
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Figure 4: Curve fitted using the 8 boundary points (black circles) and the parametrization in equation 20 and 21

valid for exactly 2 values of θ, referred to as θl and θr. The upper and lower curve are discretized
and fitted using a 10th order Legendre polynomial set, the result of which is given in figure 5.

The CDF as described in equation 17 is determined and inverted numerically and is fitted
using a 10th order Legendre polynomial set, the result of which is given in figure 6

This gives an expression for the mapping of x1 and x2 on x∗1 and x∗2 given by equation 22.
The coefficient values are given in table 2.{

x∗1 =
∑10

i=0 ci · Pi(
x1−x1
x1−x1 )

x∗2 =
(∑10

i=0(Hi − hi) · Pi(x∗1)
) x2−x2
x2−x2 +

∑10
i=0 hi · Pi(x∗1)

(22)

Table 2: coefficient values in equation 22 (values are multiplied by 100)

i = 0 1 2 3 4 5 6 7 8 9 10
Hi -67.06 18.67 53.65 -22.16 -7.47 3.98 13.0 7.10 -0.58 -10.82 2.06
hi 78.36 24.43 -44.17 -16.69 -14.7 -8.45 -3.52 6.62 -5.67 -3.63 -0.45
ci 50.66 42.69 0.14 4.45 -0.70 1.07 -0.21 0.64 0.23 0.53 -0.08

In equation 22, Pn(x) refers to the nth order Legendre polynomial. The final result of the
method given by equation 22 and figure 7 illustrates a uniform sampling within the bounds of
the basic variables and the result in the transformed space of x∗1 and x∗2.

5 Conclusion

This work presented a method to estimate two-dimensional uncertain regions, accounting
for possible dependency between the uncertain quantities. From figure 7, it can be seen that
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Figure 5: approximation of the upper and lower curve using a 10th order Legendre polynomial set. Blue dots: real
curve, black circles: fitted curve

Figure 6: Inverted CDF, red dots: actual curve determined by integral evaluation, blue circles: fitted curve
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Figure 7: 500 points uniformly sampled from a non-interactive normalized uncertain space (left) and the resulting
uncertain region (right)

from a uniform sampling of the initial germ variables, a uniform distribution of the transformed
quantities is obtained, and the boundary curve is obeyed as well. Future work will be done on
applying the combined method on actual datasets on Finite Element model input parameters
and compute resulting output uncertainty, and perform (anti-)optimization to obtain bounds on
uncertain output quantities.
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