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Abstract. The propagation of parameter uncertainty through engineering models is a key task
in uncertainty quantification. In many cases, taking into account this uncertainty involves the
estimation of expected values by means of the Monte Carlo method. While the performance
of the classical Monte Carlo method is independent of the number of uncertainties, its main
drawback is the slow convergence rate of the root mean square error, i.e., O(N−1/2) where N is
the number of model evaluations. Under appropriate conditions, the quasi-Monte Carlo method
improves the order of convergence to O(N−1) by using deterministic sample points instead of
random sample points. Two examples of such point sets are rank-1 lattice sequences and Sobol’
sequences. However, it is possible to further improve the order of convergence by applying the
so-called “tent transformation” to a rank-1 lattice sequence, and by “interlacing” a Sobol’
sequence. In this work, we benchmark these two techniques on a slope stability problem from
geotechnical engineering, where the uncertainty is located in the cohesion of the soil. The
soil cohesion is modeled as a lognormal random field of which realizations are computed by
means of the Karhunen–Loève (KL) expansion. The quasi-Monte Carlo points are mapped to
the normal distribution required in the KL expansion using a novel truncation strategy. We
observe an order of convergence of O(N−1.5) in our numerical experiments.
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1 INTRODUCTION

In practical engineering problems, uncertainty plays an essential role. This uncertainty can, for

example, be present in the material parameters such as the cohesion of the soil in a slope stability

problem. In this type of problem, the goal is to assess the stability of natural or man-made

slopes. Classically, this assessment is carried out in a deterministic way, i.e., no uncertainty is

taken into account. However, this approach offers only limited insight. In order to gain a better

insight into the stability of the slope, the uncertainty of the soil needs to be propagated through

its mathematical model, which consists of a discretized partial differential equation (PDE). A

popular and straightforward method to account for this uncertainty is by using a “sampling

method”. The most well known method belonging to this family is the Monte Carlo method,

see [1]. In this method, the expected value of a user-chosen quantity of interest is computed

as an average of multiple simulation outputs, each resulting from a different “sample” of the

uncertainty. While the performance of the Monte Carlo method is independent of the stochastic

dimension, i.e., the number of random variables used to represent the uncertain parameters,

the computational cost measured in terms of the number of model evaluations is often still too

large. This high computational cost stems on the one hand from the fact that all the samples are

computed on one, possibly fine, discretization level (e.g., in order to approximate a PDE), and

on the other hand from the slow convergence rate of the root mean square error, i.e., O(N−1/2)

where N is the number of samples. As engineering problems grow more complex and thus more

costly, improvements which lower the computational cost of the Monte Carlo method have been

proposed. One such improvement consists of converting the (single-level) Monte Carlo method

into a Multilevel Monte Carlo method, see, e.g., [2]. In the Multilevel Monte Carlo method,

the engineering problem is discretized multiple times with different mesh resolutions. The

meshes resulting from the discretization are then grouped in a mesh hierarchy. The Multilevel

Monte Carlo method achieves a speedup by taking many samples on computationally cheap

low resolution meshes, and few samples on computationally expensive high resolution meshes.

Another possible improvement consists of replacing the Monte Carlo sampling method by a

quasi-Monte Carlo sampling method, see [3]. Instead of the random points used in the Monte

Carlo method, the quasi-Monte Carlo method computes its samples at well chosen deterministic

points. By using this approach, the order of convergence can be improved to O(N−1), see [3, 4].

Most of these methods employ only a first-order Finite Element discretization of the underlying

PDE. In previous work, see [5], we obtained an order of convergence close to O(N−1) when

combining the Multilevel Monte Carlo method with a quasi-Monte Carlo sampling method. In

[6, 7], we combined the p-refinement of the Finite Element method (FEM) discretization with

the Multilevel quasi-Monte Carlo sampling method, applied to a slope stability problem. There,

the multilevel mesh hierarchy is constructed following a p-refinement approach, i.e., the order

of the elements in the subsequent meshes is increased.

However, it is known that the O(N−1) order of convergence can be improved for sufficiently

smooth problems by using certain techniques, such as the tent transformation applied to a rank-

1 lattice sequence [8] or by using an interlacing technique applied to a Sobol’ sequence, see,

e.g., [3, 9]. In this work, we investigate if a higher-order quasi-Monte Carlo convergence can

be obtained in a single-level setting, by applying the tent transformation and the interlacing
technique. The investigation is carried out by applying the above mentioned techniques on

a slope stability problem, where realizations of the random field, that is used to model the

uncertainty, are computed using a truncated KL expansion.
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The slope stability problem itself is discretized by means of triangular quadratic Finite Ele-

ments.

The paper is structured as follows. First, we present the model problem, and briefly discuss the

underlying Finite Element solver. Second, we review the theoretical background of the quasi-

Monte Carlo method as well as the tent transformation and interlacing techniques. Last, we

present numerical results obtained by tent-transformed rank-1 lattice sequences and interlaced

Sobol’ sequences. Both results will be compared to the ones obtained by means of the standard

rank-1 lattice and Sobol’ sequence.

2 MODEL PROBLEM AND MESH DISCRETIZATION

The model problem we consider consists of a slope stability problem where the cohesion of the

soil has a spatially varying uncertainty, see [10]. In a slope stability problem, the safety of the

slope can be assessed by evaluating the vertical displacement of a point near the top of the slope,

when sustaining its own weight. We consider the displacement in the plastic domain, which is

governed by the Drucker–Prager yield criterion. A small amount of isotropic linear hardening

is taken into account for numerical stability reasons. Because of the nonlinear stress-strain

relation arising in the plastic domain, a Newton–Raphson iterative solver is used. In order to

compute the displacement, an incremental load approach is applied, i.e., the total load resulting

from the slope’s weight is added in discrete load steps, starting with a force of 0N. These loads

steps are added until the total downward force resulting from the weight of the slope is reached.

This approach results in the following system of equations for the displacement,

KΔu = f +Δf −k, (1)

where Δu stands for the displacement increment and K is the global stiffness matrix resulting

from the assembly of element stiffness matrices Ke, see § 3.2. The right hand side of Eq. (1)

stands for the residual. Here, f is the sum of the external force increments applied in the previous

steps, Δf is the applied load increment of the current step and k is the internal force resulting

from the stresses. For a more thorough explanation on the methods used to solve the slope

stability problem we refer to [11, Chapter 2 §4 and Chapter 7 §3 and §4].

For the mesh discretization of the slope stability problem we use second-order triangular La-

grangian Finite Elements, see Fig. 1. Here, the Finite Element nodal points are represented as

black dots.

Figure 1: Mesh discretization used for the slope stability problem.

3 THEORETICAL BACKGROUND

In this section, we present some basic background on the usage of quasi-Monte Carlo (QMC)

methods in estimating the expected value of a quantity of interest pertaining to the solution of

196



P. Blondeel, P. Robbe, D. Nuyens, G. Lombaert and S. Vandewalle

a PDE under uncertainty. We first explain the QMC estimator for estimating an integral and

how to obtain an estimator on its variance, both for (tent-transformed) lattice sequences and

(interlaced) Sobol’ sequences. Next, we review how the uncertainty is modeled, in our slope

stability problem, by means of a Karhunen–Loève expansion, and how it is accounted for in

the equations of the Finite Element model. Last, we discuss how quasi-Monte Carlo points are

generated according to (tent-transformed) lattice sequences and (interlaced) Sobol’ sequences.

3.1 Quasi-Monte Carlo Estimator

The expected value of a function P against an s-dimensional probability density function φ is

defined by

E [P] :=

∫
R

· · ·
∫
R

P(x1, . . . , xs)φ(x1, . . . , xs)dx1 · · ·dxs =

∫
Rs

P(x)φ(x)dx. (2)

The integral in Eq. (2) can be approximated by means of an equal-weight quadrature rule, such

as the Monte Carlo and quasi-Monte Carlo methods. In our setting, the function P stands for

the quantity of interest based on the solution of our PDE which has stochastic parameters mod-

eled by the variables x ∼ φ. In order to approximate this expected value, both the multivariate

integral, as well as the solution to the PDE for a given sample of the stochastic parameters, i.e.,

P(x), will have to be approximated. We obtain an approximation for the quantity P(x), resulting

from our FEM discretization, which will be referred to as PL(x), where the L stands for the

“discretization level”. Likewise, we do not compute the exact solution of the multidimensional

integral, but approximate it by means of the quasi-Monte Carlo method.

To approximate Eq. (2) we employ a randomized quasi-Monte Carlo estimator of the form

QQMC
L :=

1

RL

RL∑
r=1

1

NL

NL∑
n=1

PL(Φ−1(u(n,r)
L )). (3)

In here, u(n,r)
L represent the points of our quasi-Monte Carlo point set, where n denotes the index

of the point and r denotes the particular “random shift”. Since quasi-Monte Carlo points are

defined on the unit cube [0,1]s with respect to the uniform distribution, we need a mapping

such that they act as samples from the density φ. For product densities, this can be achieved by

applying the inverse of the cumulative distribution function component-wise. This is denoted

by the mapping Φ−1. Note that we have E[P] ≈ E[PL] ≈ QQMC
L . The “random shifting” and

mapping will be explained in §3.3 and §3.3.3, see also Fig. 2 for an illustration of Monte Carlo

(MC) sampling points versus quasi-Monte Carlo (QMC) sampling points.

The reason that we use “randomized” quasi-Monte Carlo estimators is to obtain an unbiased

estimator, as well as an error estimator.

By means of the RL independent random shifts, Eq. (3) is in fact averaged over RL estimators.

Hence, the variance of the estimator can be estimated by

V

[
QQMC

L

]
=
V[PL]

NL RL
≈ VQMC

L :=
1

(RL−1)

1

RL

RL∑
r=1

(
P(n,r)

L −QQMC
L

)2
, (4)

where P(n,r)
L := PL(Φ−1(u(n,r)

L ). From Eq. (4), the root mean square error is estimated as

RMSE(QQMC
L ) =

√
V

[
QQMC

L

]
≈
√

VQMC
L . The RMSE will be used as an error estimator for the
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Figure 2: Example of MC and QMC sample points.

QMC estimator. We will plot this quantity in §4 in order to assess the accuracy of our numerical

experiments.

3.2 Modeling the Uncertainty

The uncertainty present in the cohesion of the soil of the slope stability problem is modeled

as a random field. Realizations of the random field are computed by means of the truncated

Karhunen–Loève (KL) expansion,

Z(x,ω) = Z(x)+

s∑
n=1

√
θn ξn(ω)bn(x), (5)

where s is the number of terms in the expansion, i.e., the number of stochastic dimensions.

Here, Z(x) is the mean of the field and ξn(ω) denote i.i.d. standard normal random variables.

The eigenvalues θn and eigenfunctions bn(x) are the solutions of the eigenvalue problem

∫
D

C(x,y)bn(y)dy = θn bn(x), (6)

where C(x,y) is a given covariance kernel. The covariance kernel C(x,y) we consider for the

random field is the Matérn covariance kernel

C(x,y) :=
σ2

2ν−1Γ (ν)

⎛⎜⎜⎜⎜⎝
√

2ν ‖x−y‖2
λ

⎞⎟⎟⎟⎟⎠
ν

Kν

(√
2ν
‖x−y‖2
λ

)
, (7)

where ν is the smoothness parameter, Kν(·) is the modified Bessel function of the second kind,

Γ(·) is the gamma function, σ2 is the variance, λ is the correlation length, and ‖·‖2 is the L2

norm. The integral in Eq. (6) is approximated by means of a numerical collocation scheme. For

more information, we refer to [12, Chapter 7 Section 2].

In order to incorporate the uncertainty in the Finite Element model, we consider the integration

point method, i.e., point evaluations of the random field are computed by means of Eq. (5) at

the quadrature points and accounted for during numerical integration of the element stiffness

matrix, see [13]. Here, the uncertainty resides in the elastoplastic constitutive matrix D. This

matrix is used for constructing the element stiffness matrices

Ke =

∫
Ωe

BT DBdΩe, (8)
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——Full Mesh—— ——Reference Element——

Figure 3: Locations of the quadrature points � and the evaluation points of the random field �.

—— ν1 = 2.0 —— —— ν2 = 14.0 ——

Figure 4: Point evaluations of an instance of a random field with ν1 = 2.0 and ν2 = 14.0.

with B the matrix containing the derivatives of the element shape functions. In practice, the

right-hand side in Eq. (8) is computed as

Ke ≈
|q|∑
i=1

BT
i DiBi wi, (9)

with Bi = B(q(i)) the matrix B evaluated at the ith quadrature point q(i), Di = D(ω(i)) the elasto-

plastic constitutive matrix D containing the value of the uncertain soil cohesion ω(i), computed

as a point evaluation of the random field at q(i), and wi the quadrature weight.

With the integration point method, Eq. (5) is evaluated in the quadrature points used for the

numerical integration of Eq. (9), i.e., x = q. This is illustrated in Fig. 3, where the set q is

represented by the �, and the random field evaluation points, x, are represented by �.

In order to represent the uncertainty of the cohesion of the soil, we use a lognormal random field.

This field is obtained by applying the exponential to the field obtained in Eq. (5) component-

wise, i.e., Zlognormal(x,ω) = exp(Z(x,ω)). After this mapping, the lognormal random field has

a mean of 8.02kPa and a standard deviation of 100Pa. We consider a random field with a

correlation length λ = 1.5, a variance σ2 = 1, and a stochastic dimension s = 100. Two different

values for the smoothness ν of the random field are considered: ν1 = 2.0 and ν2 = 14.0. The

smoothness parameter governs the smoothness of the random field: a lower value for ν implies

a rougher random field and vice versa. In Fig. 4, we show instances of this random field, for the

two different smoothness parameters ν1 and ν2.
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3.3 Quasi-Monte Carlo Sampling

Quasi-Monte Carlo points are deterministic low-discrepancy points used for numerical integra-

tion. Different approaches exist to generate these points. We consider two approaches, rank-1

lattice sequences and Sobol’ sequences. Classically, these point sets have been constructed in

order to be used for integration against the uniform distribution on the unit cube [0,1]s. In

§3.3.3 we will describe how to use these point sets for integration against the normal distribu-

tion, as required in the KL expansion in Eq. (5). Important to note is that although we describe

the technical details behind the construction of these point sets here, the end user can just use a

library routine to generate them, see, e.g., [14, 15, 16].

3.3.1 Lattice Sequences

The points belonging to a rank-1 lattice sequence are determined by a generating vector z ∈ Zs,

which consists of one integer value per considered stochastic dimension s. The choice of this

generating vector determines the quality of the sample points. When the total number of points

is a fixed number N then the nth point of the “lattice rule” (instead of a lattice sequence) is given

by

u(n) := frac
( n
N

z
)

for n = 0, ...,N −1, (10)

where frac(·) denotes the function that takes the fractional part. When written in this form, the

number of points cannot be extended beyond the maximal number of points N, and there is no

guarantee that using an initial amount of these points will have a “nice” distribution in the unit

cube. In order to obtain a sequence of “nicely” distributed sample points, we instead define the

nth point by

u(n) := frac(φ2(n) z) for n = 0,1, . . . , (11)

where φ2 stands for the radical inverse function in base 2, see, e.g., [17, 18], and possibly

limiting n < Nmax for some large enough Nmax. The radical inverse function in base 2 mirrors

the binary representation of a number around its binary point, e.g., 6= (110)2, then φ2((110)2)=

(0.011)2 = 0.375. Algorithms to find good generating vectors for Eq. (10) and Eq. (11) are

known, and such vectors can be found in the literature, see, e.g., [18].

As already touched upon in §3.1, the deterministic nature of quasi-Monte Carlo sample points

introduces an additional bias on the stochastic quantities of the computed solutions. There-

fore, “randomness” needs to be reintroduced in order to obtain unbiased estimates. This is

accomplished by a procedure called “random shifting”. The procedure consists of adding to

each point of the lattice sequence, a uniformly distributed number w ∈ [0,1)s, after which the

fractional part is taken. This is illustrated in Fig. 5. By using R independent random shifts,

the resulting R independent estimators can also be used to estimate the variance of our QMC

estimator, and hence providing us with an error estimator.

The shifted version of Eq. (11) is then given by

u(n,r) := frac(φ2(n) z+wr) for n = 0,1, . . . and r = 1,2, . . . ,R. (12)

The use of such a lattice sequence, constructed with a “good” generating vector, in the QMC

estimator from Eq. (3), can achieve a theoretical order of convergence of O(N−1) in a certain
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Figure 5: Random shifting procedure applied to points belonging to a rank-1 lattice sequence.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Rank-1
lattice points

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Tent-transformed rank-1
lattice points

Figure 6: Rank-1 lattice points and tent-transformed rank-1 lattice points in the unit cube.

Sobolev space which contains integrands with square-integrable mixed first derivatives see, e.g.,

[4] for details. However, by applying the tent transformation

T (y) := 1− |2y−1|, (13)

component-wise to the points generated by Eq. (12), and defining

v(n,r) := T
(
u(n,r)
)
, (14)

for usage in Eq. (3) instead of the original points u(n,r), it is possible to obtain a better order

of convergence than O(N−1), provided that the integrand is sufficiently smooth, see, e.g., [8,

19, 20]. In our numerical experiments, this smoothness will be influenced by the smoothness

parameter ν of the random field, and by the order of approximation of the FEM solution. We

note that in order to achieve higher-order convergence it is necessary to only consider estimators

where the value for NL is a power of 2. This has the effect that the point set will act like a

sequence of embedded lattice rules. See Fig. 6 for an illustration of tent-transformed lattice

points.

3.3.2 Sobol’ Sequences

The Sobol’ sequence is a “digital net” in base 2, that uses a binary generating matrix per di-

mension. We denote these matrices by C1, . . . ,C j for j = 1, . . . , s. For the Sobol’ sequence these
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Decimal Binary Gray code Gray code binary Multiplication with C4 Shifted with (0.010)2 Decimal

0 000 0 000 0.000 0.010 0.25

1 001 1 001 0.100 0.110 0.75

2 010 3 011 0.010 0.000 0.00

3 011 2 010 0.110 0.100 0.50

4 100 6 110 0.111 0.101 0.625

Table 1: Gray coded and digitally shifted Sobol’ points in dimension 4.

matrices are upper triangular. To obtain the jth dimension of the nth Sobol’ point, we write

n = (nm−1 · · ·n1n0)2 in binary representation, and use the m×m binary matrix C j to compute

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
y1
...

ym

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝ C j

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n0
...

nm−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ , (15)

where all additions and multiplications are carried out modulo 2. The jth dimension of the

nth point is then given by interpreting the output vector as the binary expansion, i.e., u(n)
j =

(0.y1y2 · · ·ym)2. We demonstrate the approach stated above for the computation of the first five

points of the fourth dimension. Suppose the 3×3 subset of the generating matrix C4 is given by

C4 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 1 0

0 1 0

0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ . (16)

The first five points generated by C4 for n = 0,1,2,3,4, which in binary are 0 = (000)2,1 =
(0012),2 = (010)2,3 = (011)2 and 4 = (100)2, hence are equal to (0.000)2 = 0, (0.100)2 = 0.5,

(0.110)2 = 0.75, (0.010) = 0.25, and (0.001)2 = 0.125. In practice, one avoids multiplying with

the full matrix C j by generating the points in Gray code ordering. This has the benefit that the

next point can be obtained from the previous one by adding only the column of the generating

matrix where the bit was changed. This changes the ordering of the Sobol’ points, but they will

still have their “nice” distribution properties.

In order to obtain an unbiased estimator, and an error estimator, we need to introduce some

“randomness” on the deterministic points. This is accomplished by means of a “random dig-

ital shift”. The digitally shifted nth Sobol’ point is obtained by adding the bits of the binary

expansion of the shift to each digit of the Sobol’ point modulo 2, for each dimension, i.e.,

u(n,r) = u(n) ⊕wr. This is illustrated in Tab. 1 for the first 5 Gray coded points in dimension 4

with a shift w that has the value w4 = 0.25 = (0.010)2 as its fourth component.

Is has been shown in the work of Dick, see e.g., [21], that higher-order convergence can be

obtained by a “digit interlacing” technique if the integrand is sufficiently smooth. Again, in

our numerical experiments this smoothness will be influenced by the smoothness of the random

field and by the order of approximation of the FEM solution. In order to obtain Sobol’ points

with interlacing factor α in s dimensions, one starts with Sobol’ points in αs dimensions and

then “interlaces” α dimensions into a single dimension by interlacing the bits of the points. For

example, for an interlacing factor of 2 we take the binary representations of the Sobol’ points in

the first two dimensions as x = (0.x1x2 · · · xm)2 and y = (0.y1y2 · · ·ym)2 and then form the point

(0.x1y1x2y2 · · · xmym)2. In practice, the interlacing of the Sobol’ sequence can also be done by

interlacing the rows of the generating matrices of the original Sobol’ sequence. The interlaced
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Figure 7: Standard Sobol’ points and Sobol’ point with interlacing factor 2.

Sobol’ sequence points are then generated from these interlaced matrices which have dimension

αm×m. As was the case with the tent-transformed lattice points, we need to ensure that we only

consider estimators where NL is a power of 2 in order to achieve higher order convergence. An

illustration of interlaced Sobol’ points is given in Fig. 7.

3.3.3 Using QMC points for integration against the truncated normal density

Up till now the discussion was centered on quasi-Monte Carlo points which are sampled uni-

formly from the unit cube [0,1]s. In order to use these points for integration against some other

distribution and domain, see Eq. (2), we need to map them to the adequate distribution. This can

be achieved by applying the inverse of the cumulative distribution function component-wise.

Our modeling of the random field, see § 3.2, involves standard normally distributed numbers.

However, for our experiments in which we hope to achieve a convergence better than order 1 in

estimating the expectations, i.e., O(N−1), we will truncate the domain from (−∞,∞)s to [−b,b]s

for some choice of 0 < b < ∞. With respect to our general scheme of approximating Eq. (2)

this will introduce an additional domain truncation error in our sequence of approximations

E[P] ≈ E[PL] ≈ QQMC
L . There is no established analysis for obtaining higher order quasi-Monte

Carlo convergence on the infinite domain (−∞,∞)s, except for on the unit cube, see, e.g., [3,

9]. Therefore, we follow the truncation approach which has been used in other references

as well, see, e.g., [22, 23]. The following errors need to balanced: (1) the Finite Element

discretization error which is adjusted by choosing different discretization parameters L and p,

(2) the dimension truncation error which results from truncating the infinite KL expansion to

only s terms, see Eq. (5), (3) the domain truncation error which results from the truncation of

(−∞,∞)s to [−b,b]s and (4) the quadrature/cubature approximation error which results from

approximating an s-dimensional integral with an s-dimensional QMC rule using NL sample

points. The theoretical analysis and careful balancing of these different sources of error will

be the topic of future research. In this work, we demonstrate numerically that it is possible to

achieve a higher-order convergence.

4 Results

In this section, we present numerical results obtained by applying a tent-transformed lattice

sequence and an interlaced Sobol’ sequence to the slope stability problem introduced in §2.
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Figure 8: The QoI as the vertical displacement of the center point of the upper left element of

the model, indicated by a dot.

Rank-1 lattice points are computed with the Julia package LatticeRules.jl, where the generat-

ing vector z was constructed with the component-by-component (CBC) algorithm with order 2

weights, see [24]. The Sobol’ points are computed with the Julia package DigitalNets.jl, see

[15]. We used the Sobol’ points and the pre-interlaced Sobol’ generating matrices from [16, 25].

Instances of the random field are computed with the Julia package GaussianRandomFields.jl,
see [26]. We use the in-house Finite Element Matlab code developed by the Structural Me-

chanics section of the KU Leuven. All results have been computed on a workstation equipped

with 2 physical cores, Intel Xeon E5-2680 v3 CPU’s, each with 12 logical cores, clocked at

2.50 GHz, and a total of 128 GB RAM.

As the quantity of interest (QoI), we choose the vertical displacement of the center point of the

upper left element of the model, see Fig. 8. By choosing a QoI located inside the element, we

ensure that the displacement is represented by a quadratic polynomial, since quadratic shape

functions are used to compute a displacement at this center point. This approach is followed as

to ensure that the higher-order derivatives are continuous. Between elements there exists only

C0 continuity. However, inside the elements, the continuity is as high as the order of the shape

functions used for the representation of the solution. Hence, we interpolate to a point located

inside the element. The spatial dimensions of the slope, in our slope stability problem, consist

of a length of 20m, a height of 14m and a slope angle of 30◦. The material characteristics are,

a Young’s modulus of 30MPa, a Poisson ratio of 0.25, a density of 1330kg/m3 and a friction

angle of 20◦. Plane strain is considered for this problem. The characteristics of the random

field considered to model the uncertainty in the cohesion of the soil, are given in § 3.2. For the

truncation of the domain, see § 3.3.3, we take a value b = 2, and thus truncated the domain to

[−2,2]s.

First, in §4.1, we numerically verify that each method computes the same expected value. Next,

in §4.2, we show the convergence of the root mean square error of each method with respect to

the number of samples taken.

4.1 Convergence of the Expected Value

In Fig. 9, we show the maximum absolute error on the bound of the 95% confidence interval of

the expected value in function of the number of samples,

Max Error :=max
{ ∣∣∣Q[PL]95%,top−Q[PL,Ref]

∣∣∣, ∣∣∣Q[PL]95%,bottom−Q[PL,Ref]
∣∣∣ }, (17)

where Q[PL] is computed according to Eq. (3) and the top and the bottom of the 95% confidence

interval are obtained by Q[PL]95%,top := Q[PL]+ 1.96VQMC
L and Q[PL]95%,bottom := Q[PL]−

1.96VQMC
L with VQMC

L computed according to Eq. (4) for each method. As the reference value

Q[PL,Ref] we take the average of our final approximations obtained by the interlaced Sobol’

204



P. Blondeel, P. Robbe, D. Nuyens, G. Lombaert and S. Vandewalle

100 101 102 103 104
10−8

10−7

10−6

10−5

10−4

10−3

10−2

Number of samples N

M
ax

E
rr

o
r

——ν1 = 2.0——

100 101 102 103 104
10−8

10−7

10−6

10−5

10−4

10−3

10−2

Number of samples N

M
ax

E
rr

o
r

——ν2 = 14.0——

rank-1 Lattice Sobol’ Sobol’ Factor 2 Interlacing Tent transformed rank-1 lattice

Figure 9: Absolute error on the expected value in function of the number of samples.

sequence and the tent-transformed lattice sequence, computed with 8192 samples and 8 shifts.

The results from this simulation are chosen, because the root mean square error yields the lowest

value, see Fig. 10, and we thus expect these values to be the most accurate. The numerical values

for Q[PL,Ref] are 0.05415452 for ν1 = 2.0, and 0.05419605 for ν2 = 14.0.

From the graphs in Fig. 9 we can confirm that all estimators converge to the same value. For the

case with ν1 = 2.0 all estimators converge approximately with O(N−1) which is as expected due

to the limited smoothness of the random field. For the case with ν2 = 14.0 we obtain O(N−1)

convergence for the plain QMC sequences, i.e., the lattice sequence and the Sobol’ sequence,

and we observe, as expected, an improved convergence of O(N−1.5) for the tent-transformed

lattice sequence and the interlaced Sobol’ sequence.

4.2 Convergence of the Root Mean Square Error of the Estimator

In Fig. 10, we show the RMSE (root mean square error) of the estimators in function of the

number of samples N, see Eq. (4). We observe that for a smoothness parameter ν1 = 2.0 in

the Matérn kernel, the order of convergence for all approaches is O(N−1) which is as expected.

We do notice that in our example the tent-transformed lattice sequence has an RMSE which

is approximatively a factor 10 lower than the standard lattice sequence. For the case of the

higher smoothness ν2 = 14.0, we observe that using the tent-transformed lattice sequence and

the interlaced Sobol’ sequence achieves an order of convergence close to O(N−1.5). For the

vanilla versions of the lattice sequence and the Sobol’ sequence, a classical quasi-Monte Carlo

convergence of O(N−1) is achieved, as expected. We conclude that the combination of a smooth

random field, i.e., ν large, and higher order elements, in combination with a tent-transformed

lattice sequence or an interlaced Sobol’ sequence shows higher order convergence in our exper-

iment.
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Figure 10: RMSE of the estimator in function of the number of samples.

5 CONCLUSIONS

In this work, we investigated two techniques to attain higher-order convergence by means of

quasi-Monte Carlo methods in approximating expectations in a geotechnical slope stability

problem. These techniques are tent-transformed lattice sequences and interlaced Sobol’ se-

quences. We discussed how the deterministic quasi-Monte Carlo points for these point sets

are obtained. We benchmarked these two techniques on a slope stability problem where the

cohesion of the soil has a spatially varying uncertainty. The uncertainty is represented as a

lognormal random field, and realizations of the random field are computed using a truncated

KL expansion. We illustrated that, for a sufficiently smooth random field combined with tent-

transformed rank-1 lattice points or with interlaced Sobol’ points, and higher order elements, an

order of convergence of O(N−1.5) can be obtained. We compared the numerical results obtained

by these two techniques against numerical results where a standard rank-1 lattice sequence, or

a non-interlaced Sobol’ sequence is used. For these latter two approaches, we observed the

classical order of convergence of O(N−1).
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