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Abstract. A sequential sampling procedure is introduced for Gaussian process regression and
polynomial chaos expansion. The procedure consists of several sequential sample sets, each
with a certain number of sampling points. A grid-based method for sample selection in the
context of Gaussian process regression is proposed which aims to improve the model accuracy.
The demonstrated methods are investigated for a test case. The obtained surrogate models
are validated after each added sample set where the benefit of the proposed sampling methods
becomes evident.
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1 INTRODUCTION

In many research areas, simulations have become considerably more computationally in-

tensive over time. In the context of surrogate modeling, space-filling designs such as Latin

hypercube sampling or Sobol sequences have been applied to ensure good coverage of the input

space. Furthermore, sequential sampling methods have been given more focus in the past. In

the context of active learning, numerous methods have been developed to achieve an optimal

experimental design [1]. Various methods aim to add new samples in the input space based on

the location of existing samples. For example, distance measures for samples or nested Latin

hypercube sampling may be applied [2, 3]. However, these methods do not take the model eval-

uations for existing samples into account. The goal of sequential sampling methods may thus be

extended to generate new samples based on an existing experimental design, model evaluations

and a surrogate model such that the quality of the surrogate model can be optimally improved

by new samples and model evaluations. Depending on the applied surrogate method, different

sampling methods are available or preferable. For instance, active learning for Gaussian process

regression is investigated in [4] and [5]. For polynomial chaos expansion, active learning has

been frequently applied in structural reliability analysis, e. g. in [6]. In this paper, sampling

methods for Gaussian process regression and polynomial chaos expansion are investigated and

compared.

Because computation cost has become an increasing factor, the opportunity of parallelization

has become more attractive. Parallelized sequential sampling procedures have therefore become

a promising possibility [5, 7]. A certain amount of new samples is generated in each cycle of

the sampling procedure so that model evaluations for the obtained set of samples can be run in

parallel.

For Gaussian process regression, new samples are usually selected at points in the input space

where the maximum prediction variance is present [8]. However, this is not necessarily the

best choice in order to achieve an optimal model improvement. Furthermore, those points are

likely to occur on the boundaries of the input space, especially in high dimensional problems

with a small sample size. A new sample selection technique for Gaussian process regression is

introduced that is based on expected Gaussian process regression models with respect to new

samples.

For polynomial chaos expansion, new samples may be selected based on the information ma-

trix [9]. This matrix is composed of polynomial basis evaluations for each sample, respectively.

For example, D-optimal sampling or S-optimal sampling can be applied to compute new sam-

ples.

The objective of this paper is to put different sequential sampling methods for surrogate models

in a general framework and to include the proposed sample selection technique for Gaussian

process regression. In section 2, essentials about applied surrogate models are outlined. In

section 3, the sampling procedure and sample selection techniques are described. In section

4, a test case is investigated and discussed. Finally, conclusions with regard to the sampling

methods are given in section 5.

2 SURROGATE MODELS

The quantity to be estimated is of the form f : Rp 
→ R which maps inputs x of dimen-

sion p to scalar-valued outputs y. The inputs are assumed to be independent and uniformly

distributed on the interval [0, 1]. If this is not the case, isoprobabilistic transformation, such as

the Rosenblatt transformation, can be applied. The goal is to find a set of sequentially added
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samples xi which yield an optimal surrogate model, i. e. a model with minimum validation

error. The surrogate model is built based on a set of samples and corresponding evaluations

{X,y} : {(xi, yi), i = 1, . . . , n}. In the following, essentials about the applied surrogate mod-

els are given.

2.1 Gaussian process regression (GPR)

Gaussian Process regression, also known as kriging, is a powerful statistical regression tech-

nique originating from geostatistics where the input data is treated as a spatial Gaussian pro-

cess. [10] One crucial advantage of this surrogate method is that, aside from the prediction,

it provides the prediction variance as error indicator. The prediction variance can be used in

sample selection methods.

The prediction is defined as a weighted sum of observations

MGPR(x) =
n∑

i=1

λi(x)yi (1)

where the weights λi depend on the position x in the input space. The weights are calculated

by applying two requirements to the prediction. The prediction MGPR(x) is assumed to be

unbiased with respect to the function f and the variance of the difference between prediction

MGPR(x) and function f is assumed to be minimum. This leads to the prediction value and

prediction variance

MGPR(x) = μ+ k�K−1(y − μ I) (2)

σ2(x) = σ2
0 − k�K−1k. (3)

Here μ = I�K−1y
I�K−1I

is the kriging mean value and Kij = k(xi,xj), ki = k(x,xi), σ0 = k(xi,xi)
where k(xi,xj) is a valid kernel function. In this paper, the radial basis function

k(x,x′) = exp
(−(x− x′)�M(x− x′)

)
(4)

is chosen as anisotropic kernel function. In this expression, the diagonal matrix

M = diag( 1
2l21

. . . 1
2l2p

) contains the length scale parameters li that will be treated as hyperpa-

rameters θ = (l1 . . . lp). The hyperparameters θ are either defined based on prior knowledge or

determined by maximizing the log marginal likelihood [10]

log p(y|X,θ) = −1

2
y�K−1y − 1

2
log |K| − n

2
log 2π. (5)

2.2 Polynomial chaos expansion (PCE)

A truncated polynomial expansion

MPCE(X̃) =
∑
α∈A

βαψα(X̃) (6)

is considered to approximate the function f where X̃ = {X̃1 . . . X̃p} denotes the input variables

as independent random variables with marginal probability density functions {fX̃i
(xi), i =

1 . . . p}. βα ∈ R are the expansion coefficients and ψα(X̃) are the multivariate polynomials

with index α that identifies the polynomials in the finite set A. The polynomials ψα are chosen
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such that they are orthogonal with respect to the probability density function of X̃. Since all

random variables X̃i are assumed to be uniformly distributed, the Legendre polynomials as the

corresponding class of multivariate orthogonal polynomials are used.

The information matrix A ∈ R
n×nα with Aij = ψj(xi) is obtained by evaluating all nα polyno-

mial basis functions for each sample, respectively. This matrix can be used for sample selection

techniques as will be demonstrated later.

The focus of this contribution is on the case where computer model f is computationally ex-

pensive and therefore a limited number of model evaluations is available. A crucial point of

polynomial chaos expansion is that the number of samples must be considerably (about 2 or 3

times [11]) greater than the number of polynomial basis functions. Therefore, a sparse poly-

nomial chaos expansion is favorable. In this paper, least-angle regression [12] is used to find

a sparse polynomial basis A that yields an optimal fit of the sample data while maintaining a

limited number of polynomials. The regression coefficients β = {βα, α ∈ A} are calculated

by a least squares fit according to

β =
(
A�A

)−1
A�y. (7)

The approach of a sparse expansion is suitable especially for high dimensional problems where

full and even truncated designs are problematic regarding the high number of polynomials.

2.3 Model validation

Validation of the surrogate models is conducted by a validation set. The validation set con-

sists of samples from the input parameters distribution and corresponding model evaluations

{(xval,i, yval,i), i = 1, . . . , nval}. The usage of a validation set requires a large amount of addi-

tional model evaluations, which is not appropriate for expensive models. However, in this work

a validation set is used in order to achieve a more accurate surrogate model assessment. For this

purpose, the relative mean square error

εRMSE =
1

σ2
y nval

nval∑
i=1

(yval,i −M(xval,i))
2

(8)

is calculated, where σ2
y is the variance of the model evaluations

σ2
y =

1

nval

nval∑
i=1

(yval,i − μy)
2

with μy =
1

nval

nval∑
i=1

yval,i. (9)

When using demonstrated methods for computationally expensive models, cross-validation

techniques, such as leave-one-out cross-validation or k-fold cross-validation, may be used in-

stead. So, no additional model runs are necessary. For polynomial chaos expansion the leave-

one-out error can be calculated analytically from a single surrogate model [12].

3 SEQUENTIAL SAMPLING

3.1 Sampling procedure

In the beginning, a space-filling sampling method is applied in order to generate a sample set

that is used to build the first surrogate model. In this work, a maximin Latin hypercube design
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with a small number of samples n0 is used. The term maximin refers to a design that aims to

maximize the minimum distance between any two samples in order to improve space-filling

properties [13].

Let ni be the number of desired samples in the i-th sample set. Each sample within a sample

set is added one at a time. After each added sample a new surrogate model is generated based

on the previous sample set and the new sample xi. As evaluation f(xi), the predicted value

from the previous model M(xi) is taken. The goal is to find a new sample xi that improves

the surrogate model based on certain criteria. The idea behind this procedure is known as ex-
pected improvement [7]. In this paper, the treatment of model parameters is emphasized, i.e.

hyperparameters of Gaussian process regression and the polynomial basis of polynomial chaos

expansion.

After each added sample within a sample set, no new information about the true model f is

taken into account. It would be unreasonable to update the model parameters then. Therefore,

they are assumed to remain unchanged in these steps. In case of Gaussian process regression,

the hyperparameters remain unchanged. In case of polynomial chaos expansion, the polynomial

basis remains unchanged.

After applying the space-filling design in the beginning and after each sample set, the function

f is evaluated at all new ni samples. A new surrogate model is built based on all available

samples xi and evaluations f . In these steps, for Gaussian process regression the hyperparam-

eters are updated by maximizing the log marginal likelihood (eq. 5) and for polynomial chaos

expansion, the polynomial basis is redefined by least-angle regression. The process is stopped

when a defined cross-validation condition is fulfilled or when the cost limit for the number of

sample sets m is reached. The sampling procedure is illustrated in Algorithm 1.

3.2 Sample selection technique

Based on the current model Mguess (see Algorithm 1), a new sample xnew is selected based

on a selection technique that is available for the surrogate method.

3.2.1 Gaussian process regression

A new sample is usually desired at the point in the input space where the maximum prediction

variance σ2 (eq. 3) occurs. In order to find that point, a highly nonlinear optimization problem

with usually many local maxima has to be solved. In this work, particle swarm optimization is

used as it has shown good performance in such cases. [14]

However, these points do not yield the best model improvement in general. Here, the model

improvement is assessed by the prediction variance over the whole input space. Especially in

high dimensions, the greatest prediction variance often occurs on the boundary of the input

space. The model improvement is therefore limited to one side in relation to the added samples.

It is thus likely that other adjusted points yield a lower global prediction variance.

A new grid based selection technique is introduced as follows. A Cartesian grid XG with nG

grid points per input dimension is defined on the input space. The total number of grid points is

nG
p. These grid points are used to determine the prediction variance of the obtained surrogate

models. The goal is to find a new sample x0 in the input space which yields the greatest mean

prediction variance reduction of all grid points.

The surrogate model Mguess is evaluated at point x0 in the input space that will be determined by

optimization. The prediction value at this point Mguess(x0) is used to construct a new surrogate
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Algorithm 1 Sequential multi-point sampling procedure for Gaussian process regression

and polynomial chaos expansion.

generate space-filling design X = {xi, i = 1 . . . n0}
y = f(X)
build surrogate model M based on {X,y}�

store hyperparameters θ (GPR) / polynomial basis A (PCE)

for sample set i = 1, . . . ,m:

initialize Xguess = { } , yguess = { }, Mguess = M
for sample point j = 1, . . . , ni:

find xnew based on selection technique for model Mguess

append xnew to Xguess

if j < ni:

append M(xnew) to yguess

build new surrogate model Mguess based on {(X,Xguess), (y,yguess)}

� use previous hyperparameters θ (GPR) / polynomial basis A (PCE)

if j = ni:

append Xguess to X
append f(Xguess) to y
build new surrogate model M based on {X,y}�

update hyperparameters θ (GPR) / polynomial basis A (PCE)

validate model M
break if validation criterion is reached

model M0. The model quality of M0 is assessed based on grid XG. The mean prediction

variance σ2 of M0 over all grid points XG is used as objective function to be minimized with

respect to x0. Again, this is a highly nonlinear optimization problem. Therefore, particle swarm

optimization is used to find x0. Since a new surrogate model M0 has to be built in each iteration

of the optimization, the computation cost is considerably higher compared to the conventional

method. However, since hyperparameters θ remain unchanged in the optimization process, the

cost can be clearly reduced. In case of expensive functions f , this effort may still be worthwhile.

The method is summarized in Algorithm 2.

If modified importance should be assigned to certain regions of the input space or in case of

nonuniform input distributions, a weight function with respect to x may be multiplied to the

prediction variance values for all grid points. Since this is not the case here, i. e. uniform

distributions are assumed, this will not be elaborated further.

3.2.2 Polynomial chaos expansion

Sequential sampling methods for polynomial chaos expansion are described in [11]. These

methods incorporate information matrix A (section 2.2) to find new samples according to

an optimality criterion. D-optimal sampling aims at maximizing the determinant D(A) =

det( 1
n
A�A)

1
nα . This is related to minimizing the variance of the PCE coefficients βα (eq. 6).
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Algorithm 2 Grid-based sample selection technique for Gaussian process regression.

Input: model MGPR
guess, {(X,Xguess), (y,yguess)}, hyperparameters θ

generate Cartesian grid XG = {xG
1 . . .xG

nG
p} over input space

with nG grid points per input dimension (p dimensions)

minimize σ2
m for x0 ∈ [0, 1]p :

y0 = MGPR
guess(x0)

build surrogate model MGPR
0 based on {(X,Xguess,x0), (y,yguess, y0)}

� use hyperparameters θ

σ2
m = 1

nG
p

∑nG
p

i=1 σ2(xG
i ) (mean prediction variance of M0)

return σ2
m

Output: x0 for minimum σ2
m

In this work, S-optimal sampling is used which aims at maximizing the S-value

S(A) =

(√
det(A�A)∏nα

i=1 ‖Ai‖2

) 1
nα

. (10)

While maximizing the determinant, the S-value additionally aims at maximizing the column

orthogonality of A. Here, Ai denotes the i-th column of information matrix A. As denoted

in Algorithm 1, polynomial basis A remains unchanged between added samples within one

sample set. Therefore, the column size of A does not change, but one row is appended with

each added sample containing corresponding polynomial basis evaluations. Hence, least-angle

regression is not conducted in these steps and computation cost is relatively small.

As comparative study, new samples are selected based on a conventional distance-based mea-

sure. Here, a new sample

xnew = argmax
xnew∈[0, 1]p

( min
i∈{1...n}

‖xi − xnew‖2) (11)

is added at the point in the input space that maximizes the minimum euclidean distance to ex-

isting points {x1 . . .xn} in the design. This procedure is known as farthest point strategy [2].

4 TEST CASE

A modified version of the Ishigami function

f(x) = sin(x1) + 3 sin2(x2) + 2x4
2 sin(x1) (12)

is chosen to investigate the sampling methods according to Algorithm 1. The modification is

done in order to obtain a two-dimensional function so that sampling methods can be visualized

graphically.

First, a maximin Latin hypercube design with n0 = 10 samples is generated. Then, five sample

sets are added, each with two samples (ni = 2, i = 1 . . . 5). In case of Gaussian process

regression, initially, the method of selecting samples at maximum prediction variance is applied.

In another experiment, the proposed grid-based method according to Algorithm 2 is applied.
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Figure 1: Gaussian process regression: prediction variance σ2 (eq. 3) with respect to inputs x1 and x2 before

adding the first sample (left) and the second sample (right) of the first sample set. Existing samples are marked as

dots, added samples are marked as crosses.

Figure 2: Gaussian process regression: mean prediction variance σ2
m (Algorithm 2) from the grid-based method

with respect to inputs x1 and x2 before adding the first sample (left) and the second sample (right) of the first

sample set. Existing samples are marked as dots, added samples are marked as crosses.

In case of polynomial chaos expansion, the distance-based criterion (eq. 11) and S-optimal

sampling (eq. 10) are applied to select new samples. In all cases, particle swarm optimization

is used to find such points in the input space. The obtained models M are validated after each

sample set.

For comparison, new samples are generated by standard Monte Carlo sampling using the

same number of samples per set ni = 2, i = 1 . . . 5.

In Figures 1, 2, 3 and 4 the locations of n1 = 2 added samples in the first sample set are

shown for Gaussian process regression and polynomial chaos expansion for chosen sampling

methods, respectively. The same space-filling design is used to allow for better comparison.

In Figure 1, the contour plot indicates prediction variance σ2 of model MGPR
guess that is used for

sample selection. Points with maximum prediction variance after each step are selected as new

samples. In Figure 2, the contour plot shows the expected mean prediction variance σ2
m (see
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Figure 3: Polynomial chaos expansion: distance-based criterion (eq. 11) for new samples with respect to inputs x1

and x2 before adding the first sample (left) and the second sample (right) of the first sample set. Existing samples

are marked as dots, added samples are marked as crosses.

Figure 4: Polynomial chaos expansion: S-value (eq. 10) with respect to inputs x1 and x2 before adding the first

sample (left) and the second sample (right) of the first sample set. Existing samples are marked as dots, added

samples are marked as crosses.

Algorithm 2) that would be expected to result from a new sample at respective points in the

input space. Points with the lowest values of σ2
m are selected as new samples. In Figure 3, the

contour plot indicates the euclidean distance of points in the input space to the closest existing

sample. New samples are chosen that maximize this distance. In Figure 4, the contour plot

indicates the S-value (eq. 10) that is maximized to select new samples.

In all demonstrated cases, the selection of new samples shows to ensure good space-filling prop-

erties. For Gaussian process regression, it can be recognized that new samples are less likely to

occur on the boundary, if the proposed grid-based selection method is applied.

In Figure 5 the validation error εRMSE (eq. 8) is illustrated after each sample set for all investi-

gated sampling methods. The methods are compared to the case where new samples are selected

according to standard Monte Carlo sampling. It is distinct that sample selection methods (Algo-

rithm 1) are superior compared to Monte Carlo sampling. In the considered test case, Gaussian
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Figure 5: Validation error εRMSE for different sampling methods (vertical lines) after each of five sample sets

(horizontal axis). Grey markers show the results for single experiments beginning with new space-filling designs,

while black markers show their mean values with standard deviations.

process regression yields better results than polynomial chaos expansion. This is due to the fact

that the number of polynomial basis functions is very limited regarding the small number of

samples in order to avoid over-fitting. In this work, the maximum number of basis functions

for least-angle regression is updated after each sample set to half of the current sample size. In

addition, the maximum polynomial degree is increased during the sampling procedure.

For Gaussian process regression, the proposed grid-based method yields only vaguely smaller

validation errors compared to the conventional sample selection method for Gaussian process

regression. However, based on the sample selection technique it is presumed that the global

prediction variance reduction over the whole input space is improved through the proposed

grid-based method.

For polynomial chaos expansion, the S-optimality criterion yields slightly smaller errors com-

pared to the distance-based measure. However, it is emphasized, that the polynomial basis is

updated after each sample set. Thus, the optimality criterion may change in such a way that

the chosen samples are not optimal anymore with regard to the new basis. The distance-based

measure has shown to be more robust in very sparse designs (i. e. less than ten samples) and

thus for a small number of basis functions.

5 CONCLUSIONS

Studies on a simple example have shown that proposed multi-point sequential sampling

methods are very promising compared to standard Monte Carlo sampling and should be taken

255



Matthias Fischer, Carsten Proppe

into consideration, especially if computationally intensive models are investigated and the nec-

essary sample size for the desired surrogate model quality is not known in advance. For sparse

designs such as in the considered test case, Gaussian process regression appears to be a supe-

rior regression tool compared to polynomial chaos expansion. This is due to great limitations

of polynomial chaos expansion regarding the number and order of basis functions for sparse

designs.

Even though no significant improvement was obtained by using the proposed grid-based sam-

pling technique, it may be worthy to further investigate this method if surrogate model quality

demands are high. The additional computational effort may still be small if computationally

expensive models are investigated. However, it becomes apparent that the conventional sample

selection method for Gaussian process regression, namely to search for points in the input space

with maximum prediction variance, is a sufficient and computationally affordable tool in gen-

eral. Instead of using a fixed grid, other possibilities may be reasonable. For example, a Latin

hypercube design may be used as grid to introduce randomness. The Latin hypercube design

may then be randomly updated after each added sample, so that biases originating from fixed

grid points may be prevented.

The distance-based measure has shown to be a robust and successful tool that can be applied for

other surrogate models as it only considers the input space. If further improvement is desired

for polynomial chaos expansion, optimality criteria such as S-optimality may be applied.
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[9] N. Lüthen, S. Marelli, B. Sudret. Sparse polynomial chaos expansions: Literature survey

and benchmark. arXiv preprint arXiv:2002.01290, 2020.

[10] C. E. Rasmussen, C. K. I. Williams. Gaussian Processes for Machine Learning. The MIT

Press. 2005.

[11] G. Blatman, Adaptive sparse polynomial chaos expansions for uncertainty propagation
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