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Abstract. One outstanding challenge in structural dynamics is lack of access to measurements
while systems are in operation. For example, this could be wind or wave loads on offshore
structures, contact forces between a vehicle’s wheels and a roadway, the action of an earthquake
on a tall building. In view of this, one specific and important problem is to infer both the
unknown inputs to a dynamic system and its internal states. The difficulty of this task is linked
to the inherent uncertainty in the system, which has two key sources. The first issue is the
presence of noise on the measurements or uncertainty in the dynamics of the system (process
noise); the second, is that it may not be possible to define a priori a functional form for the
loading signal. The Gaussian process latent force model is a tool to address both of these
tasks, it couples a known dynamic system with a flexible non-parametric representation of the
unknown forcing. This representation is chosen to be a Gaussian process in time, which is
used to estimate the distribution of possible functions which could have been the unmeasured
inputs to the system. One key benefit of this approach is that it provides closed-form expressions
for the process noise in the system, based on the characteristics of this function. This paper
extends the range of systems for which this type of model can be applied to those exhibiting
hysteresis. These systems represent a significant increase in difficulty; not only do they introduce
a nonlinearity into the system parameters, but this nonlinearity requires an additional hidden
state. It will be shown in this paper how a particle Gibbs approach allows Bayesian inference
over the intractable state-space model that describes these systems. This approach allows joint
input-state inference to be performed even in these highly nonlinear systems.
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1 INTRODUCTION

This paper will address the problem where output measurements from a nonlinear dynamic

system are available, from which the practitioner would like to infer the internal (hidden) states

of that system and its unmeasured inputs. A motivating example may be the situation where

a suspension system for a vehicle is identified in a laboratory environment, then in use, one

wishes to investigate the displacement and velocity of that dynamic element and the unmea-

sured excitation from the road, based on measurements of the acceleration in the vehicle. One

important class of systems for which input estimation is particularly difficult is hysteretic sys-

tems. Hysteresis, informally, introduces a memory effect into the system which can greatly

complicate identification, including input-state estimation. The contribution of this work is to

extend previous work on nonlinear input-state estimation [1] to the case of a hysteretic nonlin-

earity in order to demonstrate the general and powerful approach of nonlinear Gaussian process

latent force modelling.

One sensible framework for attempting the challenge of input (load) estimation is that of a

Bayesian state-space model (SSM) [2]. If measurements of the input to the system are available,

recovering the hidden states of the system is achieved by inferring the filtering or smoothing

distribution of the model. However, in the situation being considered here, these inputs are

unknown. It would be possible to assume that the system was excited with a white-noise;

however, this is often not true. It is necessary then to also model the unknown inputs to the

system with a view to inferring them. The challenge becomes that of making an appropriate

choice of tool to model these unknown inputs and how this may be incorporated into the model

of the dynamical system.

It is desirable that the model chosen to represent the forcing should be flexible enough to

accommodate the diversity of functions which may represent these unknown inputs. For this

reason, a white-noise assumption on the input may be too restrictive. Instead, it may be ap-

propriate to describe some of the characteristics of the function which may have generated the

forcing, for instance how many times differentiable it is. Such a tool exists in the Gaussian

process (GP), a flexible Bayesian nonparametric regression model (for an introduction see [3]

or [4]). Given the existence of such an approach, a system can be imagined which has some

defined dynamical structure where the input to that system is modelled as a GP in time which

provides a richer class of possible forcing signals.

Alvarez et al. [5] proposed such an approach for linear systems which could be modelled

as a dynamical system forced by a GP; they term this the Latent Force Model. By introducing

this first or second-order dynamic component to the data-modelling process, they increased the

range of scenarios which could be effectively modelled using the Gaussian process. However,

the implementation and training of such models can be difficult and time consuming. A sig-

nificant reduction in this complexity can be achieved given work by Hartikainen and Särkkä

[6], which shows that a temporal GP can be written as an equivalent linear Gaussian state-space

model (LGSSM) and an identical solution to the full GP is recovered by application of a Kalman

filter and Rauch-Tung-Striebel (RTS) smoother. It is then possible to transform the GP latent

force model of Alvarez et al. [5] into an LGSSM, where the states represent the dynamic sys-

tem augmented by one or more additional states which are equivalent to the GP input to the

system. This link was noted in [7]; however, one limitation remains — the dynamic model is

restricted to linear systems. This paper will present a methodology for removing this limitation

such that a nonlinear latent force model can be learnt, also within the state-space framework.

In particular, the extension to more difficult hysteretic nonlinearities is attempted. The main
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question being investigated is: ”Does the introduction of additional dynamic states, because

of hysteresis, impede joint input-state estimation with nonlinear Gaussian process latent force

models?”.

2 NONLINEAR LATENT FORCE MODELS

Beginning with the case of a linear latent-force model, for a second-order dynamic system,

the model being considered is,

Msq̈+ Csq̇+Ksq = U, U ∼ GP (0, k(t, t′)) (1)

where Ms, Cs, and Ks are the mass, damping and stiffness matrices of a second order system

which is forced by an unknown input U ; the subscript s is used to indicate that these are the

system matrices. The unknown input U is modelled as a Gaussian process with a zero mean and

a covariance kernel (function) in time, k(t, t′). Defining the states of the model x = [q, q̇,u]T,

with u being the augmented states which correspond to the GP, this model has an equivalent

continuous-time state-space representation,

ẋ(t) = Fx(t) + v(t) (2)

y(t) = Hx(t) + w(t) (3)

with H being the matrix which defines the observation of the states; for example, in the case

of observing the acceleration of the system, q̈, H = [−M−1
s Ks,−M−1

s Cs,M
−1
s , 0]. This ob-

servation is subject to white noise w(t) on the measurements. The dynamics of the process are

captured in the matrix F which can be considered to be made up of four block matrices,

F =

[
F11 F12

F21 F22

]
=

⎡⎣ 0 I 0
−M−1

s Ks −M−1
s Cs M−1

0 0 FGP

⎤⎦ (4)

In the top left, F11 is a block of the matrix which corresponds to the linear second-order

dynamics of the system; in the top right, F12 relates the forcing states u to this dynamical

system. The F21 block is zero, as the dynamics are assumed not to affect the forcing evolution

in time, i.e. the applied forces are independent of the dynamics. Finally, the matrix F22 contains

the state-space representation of the Gaussian process in time. How this matrix F22 is formed

will be briefly reviewed now and it will be seen how it, along with the process noise v(t) is fully

defined by the GP over U .

Following [6], for a GP with a stationary covariance function k(t, t′), it is possible to consider

the power spectral density of that covariance. Taking the popular Matérn 3/2 kernel as an

example, with r = |t− t′|, one has,

k(r) = σ2
f (1 +

√
3r

�
) exp

{
−
√
3r

�

}
(5)

which is governed by two hyperparameters; the length scale � and the signal variance σ2
f . Taking

the Fourier transform gives the spectral density of the process as,

S(ω) = 4σ2
fλ

3(λ2 + ω2)−2 (6)

where λ =
√
3/�. Observing that this is a rational function with a denominator which is a poly-

nomial in ω2, Hartikainen and Särkkä [6] apply a spectral factorisation on this density to show

3



T.J. Rogers, J. D. Longbottom, K. Worden & E. J. Cross

that this is equivalent to a stochastic differential equation (SDE) of order p, if the denominator is

a polynomial of order (ω2)p. More intuitively, the mode can be seen as an ordinary differential

equation (ODE) of order p forced by a white noise. Interestingly, this formulation links back to

the interpretation of a Gaussian process as a linear filter on a continuous white noise sequence.

For the Matérn 3/2 kernel being used as an example, this gives the SDE,

d2u

dt2
− 2λ

du

dt
− λ2 = ν(t) (7)

where ν(t) is a white noise process with spectral density q,

q =
12
√
3σ2

f

�3
(8)

It should be noted at this point, that this formulation gives the state-space form for a single

output GP; however, it is trivial to extend this to a number of independent GPs acting on the

different degrees of freedom in equation (1).

Therefore, for a single-degree-of-freedom harmonic oscillator forced by a GP with a Matérn

3/2 covariance function, the equation of motion,

mq̈ + cq̇ + kq = u, u ∼ GP (0, k(t, t′)) (9)

has an equivalent state-space form,

ẋ(t) =

⎡⎢⎢⎣
0 1 0 0

−k/m −c/m 1/m 0
0 0 0 1
0 0 −2λ −λ2

⎤⎥⎥⎦x(t) +
⎡⎢⎢⎣
0
0
0
1

⎤⎥⎥⎦ ν(t) (10)

y(t) =
[−k/m −c/m 1/m 0

]
x(t) + w(t) (11)

when one is observing acceleration and if the augmented state vector is x = [q, q̇, u, u̇]. The

solution to this system can then be found by discretising and applying the Kalman filter and

RTS smoother, since this is a LGSSM. For examples of the linear case, see [8], where inference

over the model is extended to include the hidden states of the oscillator, the unknown input U
and the parameters of the model Ms, Cs, Ks.

This paper however, is concerned with a more general case where the ODE which describes

the dynamic system is nonlinear. Considering a single-degree-of-freedom system, this means

inferring the displacement and velocity of an oscillator with an unknown input which can be

expressed as,

mq̈ + f(q, q̇) = u, u ∼ GP (0, k(t, t′)) (12)

under the same assumption that the unmeasured inputs can be modelled as a GP in time with

zero mean and some stationary covariance k(t, t′). Here f(q, q̇) is some function of the dis-

placement and velocity of the oscillator, it is possible to recover the linear case as a subset of

this model by setting f(q, q̇) = cq̇ + kq.

It will now be seen how a similar procedure as for the linear case can be followed to develop

a nonlinear latent force model. This approach is discussed in further detail in [8] where a similar

methodology is applied to a Duffing oscillator. Inspecting the structure of the SSM in equations

(10) and (11), it is clear that the state vector x can be viewed in two parts. The states related to
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the “physical” dynamical system (states related to q and q̇) and the augmented states which are

the GP modelling the forcing (in the case of the Matérn 3/2 kernel, u and u̇). This interpretation

gives some indication of how a nonlinear equivalent may be structured. The change in the

system equation to include nonlinear dynamics will result in the system states related to q and

its derivatives becoming nonlinear; however, the representation of the GP remains unchanged.

It is now possible to construct a nonlinear SSM with a similar structure to that seen in the

linear case,

ẋ(t) =

⎡⎢⎢⎣
q̇

u
m
− 1

m
f(q, q̇)
u̇

−2λu− λ2u̇

⎤⎥⎥⎦+

⎡⎢⎢⎣
0
0
0
1

⎤⎥⎥⎦ ν(t) (13)

y(t) =
u

m
− 1

m
f(q, q̇) + w(t) (14)

This form covers many commonly-encountered nonlinearities; however, for certain types

— notably hysteretic systems — additional states also need to be included in the model. For

the purposes of this paper, the important point is that to apply the GP latent force approach,

it is possible to augment the state vector of the system with a number of states which are a

direct equivalent to assuming a GP in time as the input signal. The challenge then is to perform

inference over this extended state-space model, to recover the smoothing distribution; in the

vast majority of cases, this distribution will not be available in closed form and some numerical

estimation must be employed. As a point of interest that will not be covered in any more depth,

it would also be possible to accommodate inputs to the system which appear in a nonlinear

manner as opposed to a simple additive forcing.

2.1 Inference

While the modification to the linear version of the GP latent force model may seem minor, it

unfortunately severely complicates the inference procedure. Remembering that the quantities of

interest are the hidden states of the model x, which include the internal states of the oscillator

and those related to the GP, the task to be solved (from a Bayesian filtering perspective) is

one of inferring the smoothing distribution of this state-space model. That is to recover the

distribution1 p (x1:T |y1:T ). Since the model is no longer linear with Gaussian noise, it is not

(generally) possible to recover this distribution exactly. Instead some approximation must be

made.

The problem being addressed is one of estimating a high-dimensional intractable posterior

distribution, which is the smoothing distribution of the nonlinear filter. This challenge will be

addressed by the use of a particle filter. The particle filter can be used to form an efficient ap-

proximation to the filtering distribution of a nonlinear state-space model in a Monte Carlo man-

ner. A number of weighted point masses (or particles) propagate through time and by repeated

proposal, weighting and resampling, they form an importance sampling approximation to the

filtering distribution at every time step; an introduction is given in Doucet and Johansen [9].

In general, algorithms of this type are referred to as Sequential Monte Carlo (SMC) methods

and their applicability has been shown to extend beyond inference of the filtering distributions

1The notation a : b is adopted to indicate the discrete index from time a to time b inclusively, e.g. x1:T would

denote the state vector x at all time points from step 1 to step T .
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of nonlinear state-space models; for example, Andersson Naesseth et al. [10] show how this

approach can be applied to probabilistic graphical models.

However, in this case, the object of interest is the smoothing distribution of the state-space

model. A naı̈ve approach to determining this distribution would be to apply a Markov Chain

Monte Carlo (MCMC) approach; there are two major limitations to this, firstly, the likelihood

of the system is not available in closed form. Secondly, the smoothing distribution can be very

high-dimensional and it becomes far harder to define efficient proposals within standard MCMC

schemes such as the Metropolis-Hastings algorithm. Andrieu et al. [11] show how the SMC

approach can be combined with an MCMC framework, to allow more efficient inference over

high dimensional distributions encountered in nonlinear state-space models. By showing that

the estimate of the marginal likelihood of the filter provided by the SMC algorithm p̂θ(x1:T |y1:T )
can be used within a Metropolis-Hastings step, they create a valid MCMC algorithm. It is also

shown that it is possible to construct an equivalent to the Gibbs sampling procedure, an approach

which will be used in this paper.

In the case considered here, it will possible to employ a slightly more sophisticated approach,

where multiple variables are sampled at once, specifically sampling all of the states together

x1:T . A form of particle filter over the nonlinear state-space model will be able to provide

an efficient proposal for the high-dimensional distribution being considered; in fact, it will be

possible to ensure that the proposal generates a valid sample from the smoothing distribution on

every iteration. In order to ensure the ergodicity of the Markov kernel which samples these states

they are conditioned upon the previous sample, this gives rise to the Conditional Particle Filter
(CPF) [12]. In a CPF, one state trajectory is fixed a priori which is included in the weighting

and resampling steps. Conceptually, one could think of this as “anchoring” the particle filter to

the previously-sampled state trajectory and ensuring it does not drift too far in a single iteration.

One challenge encountered when learning the smoothing distribution in an MCMC manner

with a CPF is poor mixing in the chain because of path degeneracy, a phenomenon where re-

sampling can mean particles all share a few common ancestors. This poor mixing more acutely

affects samples of the states close to the beginning of the time series. To overcome this short-

coming a simple yet powerful modification to the CPF approach was made by Lindsten et al.

[13]. The contribution of that work is to include an ancestor sampling step in the CPF algorithm.

At every point in time a new ancestor for the reference trajectory is sampled. Before presenting

this algorithmically, it is worth considering what is being asked in the ancestor sampling step:

“Given the location of the reference trajectory at time t, which of the particles at time t − 1
could have generated this sample?”. This possible ancestor for the reference trajectory at time t
is then sampled based on those proposal probabilities.

The algorithm for inferring the smoothing distribution using an MCMC approach incorpo-

rating the CPF with ancestor sample will now be given, a more thorough review and comparison

with an alternative method can be found in [12]. It should also be noted that, should the (hy-

per)parameters of the system need to be inferred this can be done as part of a full Particle Gibbs

with Ancestor Sampling [13] scheme; an example of this approach in the context of a GP latent

force model can be found in [1].

The algorithm for sampling P state trajectories using this approach can be found in Algo-

rithm 1. Starting from some initial trajectory X[0], each trajectory is drawn conditioned on the

previous sample X[p − 1] by means of a CPF with ancestor sampling. The CPF runs as in the

literature, a particle system is proposed from a prior q (x1), except the final particle which is

assigned the reference trajectory value; all particles are assigned equal weights. These particles

are then weighted by some operation Wθ,1 (x
i
1); in the case of the bootstrap filter, this is the
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Algorithm 1 MCMC Smoothing From a Conditional Particle Filter with Ancestor Sampling

1: Set X[0] � Initial reference trajectory.

2: for p=1,. . . ,P do
3: Sample xi

1 ∼ q (x1) for i = 1, . . . , N − 1
4: Set xN

1 = X[p− 1]
5: Calculate wi

1 = Wθ,1 (x
i
1) for i = 1, . . . , N

6: for t = 2, . . . , T do
7: Sample {ait,xi

t}Ni=1 ∼ Mθ,t (at,xt)

8: Calculate
{
w̃i

t−1|T
}N

i=1

9: Sample aNt with P(aNt = i) ∝ w̃i
t−1|T

10: Set xN
t = x′

t

11: Set xi
1:t ←

(
x
ait
1:t−1,x

i
t

)
for i = 1, . . . , N

12: Calculate wi
t = Wθ,t (x

i
1:t) for i = 1, . . . , N

13: end for
14: Draw k with P(k = 1) ∝ wi

T

15: return X[p] = x
(k)
1:T

16: end for

observation likelihood. Then, sequentially for every time point, the whole particle system is

moved from t− 1 to t by means of a move kernel Mθ,t (at,xt) which describes the resampling

and proposal steps. At this point the ancestor sampling operation takes place, the ancestral

weights of the reference
{
w̃i

t−1|T
}N

i=1
, are given by w̃i

t−1|T = pθ
(
xN
t |xi

t−1

)
the probability of

the value of the reference trajectory at time t given all the particles (including the reference) at

time t− 1. The ancestor for this point on the reference trajectory at time t can then be sampled

with probability proportional to these ancestral weights. The N th particle at this time step t
is then replaced with the reference, and the ancestral paths of the particle system are updated.

Finally, the weights of the particles at time t are calculated, Wθ,t (x
i
1:t). This pattern continues

up to the end of the available time data, i.e. for t = 1, . . . , T . Once the CPF has completed this

forward pass, a path can be sampled with probability proportional to the weights at the final

time step, P(k = 1) ∝ wi
T ; this is then assigned as the pth sample X[p]. These P samples then

provide a Monte Carlo approximation to the smoothing distribution of the state-space model.

Remembering that the aim is to recover the distribution over the unknown internal states

and inputs to the nonlinear system, given the augmentation of the states with the state-space

representation of the GP, this smoothing distribution is the object of interest. Therefore, em-

ploying this inference on the state-space model described in equations (13) and (14), will allow

the input-state estimation task to be carried out.

3 INPUT ESTIMATION OF A BOUC-WEN SYSTEM

In this work, the Bouc-Wen hysteretic system [14] is considered as a typical and interesting

benchmark. The model is formed in the same manner as in [15], with the equation of motion

given as,

mÿ + cẏ + ky + z(y, ẏ) = u(t) (15a)

ż(y, ẏ) = αẏ − β
(
γ|ẏ||z|ν−1z + δẏ|z|ν) (15b)
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The parameters of the system are chosen here to be m = 2, c = 100, k = 5× 104, α = 5× 104,

β = 1 × 103, γ = 0.8, δ = −1.1, ν = 1. The response of this system is simulated subject to

two different loading scenarios. First, the response of the system is simulated when the load is a

random sample drawn from a Gaussian process in time, the exact form of the proposed model.

Secondly, the response of the system to a sine wave excitation at 30 Hz, an input which is not

explicitly drawn from the GP prior over the forcing, but for which the GP may be a suitable

prior. It will now be shown that in both of these cases, very good estimates of the internal states

of the Bouc-Wen system and estimates of the unmeasured forcing signals can be recovered. In

both cases, the measured quantity is the acceleration of the oscillator, which is corrupted by

an additive white Gaussian noise with a variance of approximately 2% of the variance of the

measured acceleration. For both experiments a Matérn 5/2 kernel is used to model the unknown

latent force which adds three additional states to the nonlinear SSM being identified.

3.1 Loaded with GP

Initially, loading the oscillator with a sample of a Gaussian process with a Matérn 5/2 kernel,

the measured acceleration response to this load is simulated and shown in Figure 1.

Figure 1: Measured acceleration from the Bouc-Wen oscillator when forced by a random sample from a Gaussian

process with a Matérn 5/2 kernel.

This measured acceleration is used as the observed quantity in the model, as described in the

previous section. The Bouc-Wen equations are used to describe a nonlinear state-space model of

the dynamic system, which is coupled with the state-space representation of a Gaussian process

in time with a zero mean and a Matérn 5/2 kernel (the same as used to generate the data).

Given this known model form, it is expected that the model should perform well, provided the

inference scheme used (PGAS) converges appropriately.

In Figure 2, the estimated states from the proposed inference scheme are shown. On the left

hand side of the figure, the MCMC sampled paths are shown; the Markov chain was run for

5000 iterations with the first 1000 discarded as burn-in and the chain thinned by a factor of two.

The particle filter was run as a bootstrap filter with 15 particles included; notably, even with

this low number of particles the smoothing distribution can be seen to be well approximated. If

the samples are used to construct a Gaussian approximation of the smoothing distribution, as

shown in the left hand column of the figure, then it can be observed that all of the ground truth

8
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Figure 2: Estimated states inferred via the PGAS sampling of the smoothing distributions. In the left column, the

samples obtained from the MCMC scheme and on the right Gaussian approximations to the distributions with one,

two and three sigma intervals shaded. The four rows correspond to the first four states of the model: displacement,

velocity, z(y, ẏ) and the latent force. In all plots the ground truth is indicated in red.

states lie within a three-sigma confidence interval.

To consider the quality of the fit in a purely deterministic sense, a normalised mean-squared

error metric is used such that,

NMSE =
100

Nσ2

N∑
i=1

{(yi − ŷi)}

if y is the measured “true” signal of length N with variance σ2 and the point estimates are given

by ŷ. Intuitively, this leads to values bounded at the lower end by zero which corresponds to

an exact fit and, as the quality of the fit degrades, the value increases. For some sense of this

quality, a prediction where every point was equal to the sample mean of {y}Ni=1 will give an

NMSE of 100. Anecdotally, one can consider a value less than 5 to be a ‘very good’ fit and

below 1 an ‘excellent’ fit.

For the estimations shown in Figure 2, if the mean of the samples is used as the expectation

over the states to provide a point estimate, the NMSE values are calculated. For the displace-

ment (frames (a) and (b)) the NMSE is 0.38; for the velocity (frames (c) and (d)), 0.33; for

z(y, ẏ) (frames (e) and (f)) 0.25; and for the force estimate (frames (g) and (h)) 2.18. These

metrics indicate that the method is performing well and confirms what is presented visually in

Figure 2. Excellent recovery of the dynamic states of the oscillator is observed, including the

additional hidden state related to the hysteresis in the system, and the estimate of the forcing

is also very good. Some of the increase in the NMSE when considering the forcing can be

attributed to the high-frequency components of this force which are smoothed out when the

mean over the samples is used as the point estimate. Since the uncertainty in the forcing is also
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quantified and shown in the figure, it can be seen that the behaviour of the forcing has been

captured remarkably well in this complex system.

3.2 Loaded with Sine Wave

In the previous experiment, it was known that the form of the latent force model exactly

matched the true forcing signal being applied to the system, i.e. the system was loaded with

a sample of a Gaussian process. A more challenging and realistic test case is one where the

loading signal is not a draw from a Gaussian process, but instead some known deterministic

function. A sine wave is chosen to be such a function with the forcing defined as u(t) =
120 sin (30 · 2π · t).

Figure 3: Measured acceleration from the Bouc-Wen oscillator when forced by a 30 Hz sine wave.

The response of the system to this sinusoidal forcing is shown in Figure 3. It is worth noting

at this point that, if it were known that a sine wave had been used to load the system, then it is

likely far less involved methods would work well to recover that signal. However, the power

of the proposed approach is that it uses the GP as a functional prior over the loading function,

which removes the need for prior knowledge with respect to the functional form of the forcing

which has been applied. This flexibility is particularly important where the system may be

subject to complicated and varying loads which are not easily expressed as a known function,

e.g. wind or wave loading on offshore structures.

As previously, the nonlinear GP latent force model is used to draw samples from the smooth-

ing distribution of a nonlinear SSM which is the Bouc-Wen model augmented by a GP with a

Matérn 5/2 covariance function. 5000 samples of the states are sampled using PGAS, of which

1000 are discarded and 15 particles are used in the bootstrap particle filter. Doing so allows the

results in Figure 4 to be constructed in the same way as Figure 2. In the left hand column, the

samples obtained from MCMC are shown in blue, with the ground truth shown in red and on the

right Gaussian assumed densities created by taking the expectation and variance of the samples

at every point in time. The rows again correspond to the states: displacement, velocity, z(y, ẏ)
and force. Reassuringly, the methodology continues to perform well, visually, even when the

loading signal does not match the prior functional form of the GP very closely.

As with the previous case it is possible to consider the NMSE between the ground truth and
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Figure 4: Estimated states inferred via the PGAS sampling of the smoothing distributions. In the left column, the

samples obtained from the MCMC scheme and on the right Gaussian approximations to the distributions with one,

two and three sigma intervals shaded. The four rows correspond to the first four states of the model: displacement,

velocity, z(y, ẏ) and the latent force. In all plots the ground truth is indicated in red.

the expected values of the smoothing distributions. Considering the mean estimates gives values

of 0.48, 0.36, 0.31 and 5.22 for the displacement, velocity, z(y, ẏ) and force states respectively.

These values are larger than those observed in the previous experiment but only marginally so,

which reinforces the visual quality of the fit seen in Figure 4. This slight increase in the error

of the pointwise predictions is accompanied by an increase in the uncertainties estimated for

all states. This uncertainty manifests as increased variance in the samples which have been

generated from the Markov chain. These increases are most prominent in the forcing state,

which sees a far larger degree of uncertainty, and in the velocity state where significant increases

in uncertainty are seen close to the peaks of the response. It may be the case that the strong

dependence of z(y, ẏ) on ẏ causes uncertainty to be pushed onto the velocity state when the

effect of the nonlinearity on the observed acceleration is greatest.

Considering more closely the estimate of the forcing, the estimates in Figure 4 are also shown

in Figure 5 for the forcing state only. It can be seen that relative to the case study in Section

3.1 the uncertainty in the forcing estimate is far higher. However, clearly the main trend of the

sine wave has been recovered, and the ground-truth signal lies close to the expected values of

the smoothing distribution. In the lower frame of Figure 5, the Gaussian approximation to the

smoothing distribution more clearly shows how well the method is performing, despite the slight

increase in NMSE for this case. Remembering that this distribution has been approximated by a

set of Monte Carlo samples, it can be seen that the main cause of error is high-frequency content

in the mean estimate. These errors may well be a consequence of the limited number of samples

used to form the estimate, which will be discussed with reference to the computational load of

the proposed method. It is the opinion of the authors that the results shown here represent a

good recovery of the unknown load on the system.
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Figure 5: Estimated sine wave loading on the Bouc-Wen oscillator from the nonlinear latent force model. Ground

truth shown in red. Above, samples of the possible loading signals. Below, mean estimate in blue and three sigma

intervals shaded, of the approximated Gaussian distribution.

The results shown from these two case studies with the Bouc-Wen system provide reassuring

evidence that the approach proposed for joint input-state estimation in nonlinear systems has the

potential to work equally well when there are hysteretic nonlinearities present in the system. It

would appear that the additional states introduced in the model do not cause significant ob-

servability issues, in that the estimates of the states and the unknown loads remain very good.

However, it should be noted that there is still room for improvement. One shortcoming of the

methodology presented in this work is the significant computational burden. This stems from

the requirement to run multiple particle filters, which significantly increases the computation

time relative to the linear case [8]. To overcome this practical limitation, it may be necessary to

consider more efficient inference schemes in the future, or to resort to a different approximation

of the nonlinear system, for example, a Gaussian filter which approximates the nonlinearity.

This is expected to be of most benefit when the nonlinearity is weak in the system.

4 CONCLUSION

This paper has sought to understand the performance of a nonlinear input-state estimation

methodology proposed in [1] when the nonlinear system contains a hysteretic nonlinearity. A

Bouc-Wen system was chosen as a typical example of such a nonlinear dynamic model. It was

shown that, adopting the nonlinear Gaussian process latent restoring force approach based on

Particle Gibbs with Ancestor Sampling, it was possible to perform highly-accurate nonlinear

input-state estimation on this challenging dynamical system. Errors in state estimates were

seen to be consistently below 1%, including the additional internal state of the model, z(y, ẏ).
The estimates of the forcing were also seen to result in low pointwise error: 2.18% in the case

where a GP was used as the loading signal and 5.22% when a sine wave forcing was used. In

conjunction with these low error values, reasonable estimation of the uncertainty in the states

was also recovered which may be of more value when this type of identification is coupled with

further analyses. Finally, it was discussed how the major drawback of the proposed method, i.e.

its computational burden, is a promising area for further investigation.
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