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Abstract. The paper presents a sampling strategy created specifically for surrogate model-
ing via polynomial chaos expansion. The proposed method combines adaptivity of surrogate
model and sequential sampling enabling one-by-one extension of an experimental design. The
iteration process of sequential sampling selects from a large pool of candidate points by trying
to cover the design domain proportionally to their local variance contribution. The criterion
for the sample selection balances between exploitation of the surrogate model and exploration
of the design domain. The obtained numerical results confirm its superiority over standard
non-sequential approaches in terms of surrogate model accuracy and estimation of the output
variance.
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1 INTRODUCTION

Uncertainty quantification of mathematical model of physical system Y = ¢g(X) is attracting
an increasing attention in the last decades. Since the quantity of interest (Qol) Y can be output
of very computationally demanding model such as complex engineering structures solved by
finite element method, it is often necessary to create an approximation of original mathemat-
ical model which significantly computationally cheaper. Moreover, it is beneficial to choose
approximation which enables direct post-processing in order to obtain statistical moments and
sensitivity indices without additional computational demands. Therefore, the paper is focused
on a popular method: Polynomial Chaos Expansion (PCE). Although PCE is very accurate
surrogate model, its accuracy is highly dependent on design of experiments (DOE). The pa-
per presents a novel approach for sequential extension of the experimental design based on
adaptively refined PCE. The proposed approach significantly reduces the number of samples
in experimental design to achieve a good surrogate model and thus it reduces the necessary
number of evaluations of the original mathematical model.

2 POLYNOMIAL CHAOS EXPANSION

Evaluation of mathematical model of Qol is often highly computationally demanding and
thus it is necessary to create an efficient approximation. PCE is a method of representing the
output variable Y as a function g”“F of an another random variable ¢ called the germ with
given distribution

Y = g(X) ~ g"F(8), (1)

and representing the function ¢g(X') via polynomial expansion. A set of polynomials, orthogonal
with respect to the probability distribution of the germ, are used as a basis of the Hilbert space
of all real-valued random variables of finite variance. The orthogonality condition for all j # k
is given by the inner product of the Hilbert space defined for any two functions 1); and 1), with
respect to the weight function p, (probability density function of &) as:

(5,100 = / 5 () (©)pe(€) dE = 0. @)

Orthogonal polynomials ¢ corresponding to a selected probability distributions p; can be
chosen according to Wiener-Askey scheme [12]. For further processing, it is common to
use normalized polynomials, where the inner product is equal to the Kronecker delta 9y, i.e.
(¢, ¥r) = d;, where 6;; = 1if and only if j = k, and d,;, = 0 otherwise.

In the case of X and £ being vectors containing M/ random variables, the polynomial W(&)
is multivariate and it is built up as a tensor product of univariate orthogonal polynomials. The
quantity of interest (Qol), i.e. the response of the mathematical model Y = g(X), can then be
represented, according to Ghanem and Spanos [5], as

V=g(X)= Y Balal®). 3

acNM

where a € N is a set of integers called the multi-index, 3, are deterministic coefficients and
U, are multivariate orthogonal polynomials.

For practical computation, PCE expressed in Eq. (3) must be truncated to a finite number of
terms P. The truncation is commonly achieved by retaining only terms whose total degree ||
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is less than or equal to a given p. Therefore, the truncated set of PCE terms is then defined as

M
AM’p—{aeNM:]a\—Zozigp}. 4)
i=1

Additional reduction of the truncated set was proposed by Blatman and Sudret [2] as a “hy-
perbolic” truncation scheme. Such an approach leads to a dramatic reduction in the cardinality
of the truncated set for high total polynomial orders p.

From a statistical point of view, truncated PCE is a simple linear regression model with
intercept. Therefore, it is possible to use ordinary least square (OLS) regression to minimize
the error €. In order to use OLS for 3 estimation, it is necessary to first sample ng;,, realizations
of the input random vector X and the corresponding results of the original mathematical model
Y, together called the experimental design (ED). Then, the vector of deterministic coefficients
(3 is calculated using data matrix ¥ as

B= T ) ey ©)

The number of terms P is dependent on the number of input random variables M and the
maximum total degree of polynomials p. Therefore, in case of a large stochastic model, the
problem can become computationally highly demanding. The solution can utilize advanced
model selection algorithms such as Least Angle Regression (LAR) [3] to find an optimal set of
PCE terms as proposed by Blatman and Sudret [2]. Note that, similar techniques such as or-
thogonal matching pursuit [11] or Bayesian compressive sensing [7] achieve similar numerical
results. The sparse set of basis functions obtained by any adaptive algorithm is further denoted
for the sake of clarity as A.

3 ADAPTIVE SEQUENTIAL SAMPLING

The accuracy of PCE is unfortunately highly dependent on given experimental design sim-
ilarly as in case of any surrogate model. Although there are many sampling schemes suitable
for PCE, the recent study [4] shows an advantage of sequential approach. Therefore this paper
is focused on iterative selection of the new sampling points according to specific criteria cre-
ated particularly for PCE. Note that there are two different strategies for sequential sampling.
The first is to enrich the initial ED according to a space-filling criterion (exploration) without
assuming any knowledge of the mathematical model or PCE form. The second strategy works
with the structure of the PCE in order to identify an optimal sample. Unfortunately, in situations
when the initial screening overlooks a globally important region, the exploitation criterion may
continue refinement of some other, locally important region that was detected, and there is a risk
of never discovering a globally important region. Therefore, it is important to include a balance
between both criteria in search for the best candidate. Note that, such approach was employed
already in a different context [10]: a criterion motivated by the Koksma-Hlawka inequality [8]
was proposed and coupled with stratified sampling in order to improve the efficiency of statis-
tical integration. Beside sequential sampling, the ideal algorithm should be able to adaptively
reconstruct the PCE using model selection algorithms in order to identify a sparse set of basis
functions 4 in each iteration.

We propose an adaptive sequential sampling strategy accompanied by a criterion designed
for non-intrusive PCE. Once a pool of candidates containing 7, realizations of the random
vector £ generated by any sampling technique is available, it is necessary to construct a criterion
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O for the selection of the best candidate balancing between the exploitation and exploration of
the design domain:

O(6) = 1/03(€9) - 3(€0) 12 (6)

The criterion is a product of two terms: the exploitation term and the exploration term. The
exploration aspect is maintained by accounting for the distance I ; between a candidate £(¢) and
its nearest neighboring point from the existing ED, £®). For the distance term we select the
Euclidean distance between the candidate and its nearest neighbor as

M
les = 4| D 167 = €7 @)
=1

The exploitation in candidate selection is motivated by our desire to uniformly cover local
contributions to the total variance, o%-. The variance can be thought of as an integral of local
contributions % (&) over the design domain indexed by coordinates £€. Once the PCE has been
established at any given stage of the algorithm, the local variance is computationally cheap to
evaluate for any location & as

€)= [ Y BaVa (6)]"pe (£). (8)
25

In the criterion we take the geometric mean of two local variance contributions representing av-
erage variance contribution of the region between the candidate and its nearest neighbor. When
this geometric mean is multiplied by the Mth power of the distance between the two points, lé‘i,
the volume (variance contribution) of an area between them is estimated. The proposed criterion
maintains a balance between exploration and exploitation, since a candidate which is close to
an existing point can only be selected if the corresponding variance density is significant. Sim-
ilarly, when a region with low contribution is being detected by the PCE, candidates from such
regions are ignored. Maximization of the proposed criterion leads to the best candidate, which
is added to active ED. The pool of candidates can be generated by commonly known LHS and
the proposed criterion is employed for the selection of the best candidate at every iteration of
sequential sampling.

4 NUMERICAL EXAMPLE

The pilot numerical study is represented by Ishigami function [6]. The function is strongly
nonlinear, non-monotonic and presents strong interactions. We set the coefficients as in [9]. Let
X ~ U[|—m,n]* and the mathematical model

Y = sin (X;) + 7sin? (X5) + 0.1X3 sin (X;) . [0y & 13.844 587 940] )

The setup of PCE was as follows: PCE is solved by non-intrusive OLS, a sparse set of the basis
functions A is obtained by LAR with maximum total polynomial order p = 10 and p = 20. The
initial ED for the PCE construction before the first step of the proposed iterative algorithm is
generated by LHS and it contains an initial screening design with ng,, = 10 realizations of the
input random vector. The results are compared in terms of the relative error in variance of Qol

B lo —oy|
€ = —

5 (10)

Oy

299



Lukas Novak, Miroslav Vofechovsky and Vaclav Sadilek

defined as the absolute deviation of the estimated variance o from the exact value oy divided
by the exact variance; and commonly used leave-one-out error of PCE approximation Q* [1].
The calculations were repeated 100 times and the orders of errors (log,) are depicted in Fig.1.
Solid lines represent mean values and the scatters represent &= o confidence intervals.
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Figure 1: Obtained results for the Ishigami function. The first two row represents the accuracy measured by € and
the second row shows Leave-one-out error Q2.

S DISCUSSION AND CONCLUSION

The paper presented innovative approach of adaptive sequential sampling for polynomial
chaos expansion. The proposed method combines adaptivity of a PCE and sequential sampling.
The sequential sampling is based on one-by-one extension of existing experimental design by
a selection of the best candidate from large pool. The best sample candidate is identified by
proposed criterion consisting of two parts: average local variance between a candidate “c” and
its nearest neighbor “s” and the Euclidean distance between them. Both parts of the criterion
together maintain the balance between exploration of the design domain and exploitation of
current form of PCE. The presented method can be easily coupled with any existing sampling
method such as LHS, which was employed in numerical example. From obtained results, one
can see significant improvement in accuracy of PCE using sequential sampling in comparison
to standard non-sequential LHS. The improvement is especially clearly visible for mid-size
ED. Moreover, the benefit of the sequential sampling is higher in case of p = 20 as can be
seen in Fig.1 (right) since the maximum polynomial order does not limit the convergence of
PCE. Further work will be focused on combination of the sequential approach with advanced
sampling schemes.
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