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1 INTRODUCTION

Plates are very important structural elements, which are widely used in civil and mechani-
cal engineering. The common examples of plates are slabs in civil engineering structures,
bearing plate under columns, many parts of mechanical components. In this chapter, we con-
sider bending of such plates subjected to lateral loads. The bending stiffness of a plate de-
pends on the cube of its thickness. The classical theory divides plates into following groups:
thin plates with small deflection, thin plates with large deflections, and thick plates.

The following assumptions are made in the small deflections theory of thin plates:

a) There is no deformation in the middle plane of the plate. This plane remains neutral

during bending.

b) The normal to the middle plane of the plate remains straight and normal to the de-

formed middle plane.

c¢) The normal stresses in the transverse direction to the plate are negligible.

The above assumptions on which A.E.H. Love based his plate theory were proposed by
Gustav R. Kirchhoff [1]. Consequently, thin plates with small deflections theory are called
Kirchhoff-Love plate or Kirchhoff plate for short. This theory is suitable for plates with length
of span at least 10 times the thickness. Many engineering problems lie in the above category
and satisfactory results are obtained by the classical thin plates theory.

If the span is less than 10 times the thickness, the thin plates assumptions (a) and (b) no
longer apply. The Reissner-Mindlin plate thick plates theory, which accounts for shear defor-
mations, or a three dimensional analysis can be recommended for such plates [12].

Limit analysis of plates in bending has been studied analytically and numerically [11]—-[23].
Due to limitations of analytical methods, alternative numerical approaches such as finite ele-
ment methods (FEM), meshfree methods or isogeometric analysis (IGA) have been developed.

In [24] a dual algorithm has been developed to calculate simultaneously both the upper and
lower bounds of the plastic collapse limit and shakedown limit of thin plates. We reformulate
a similar algorithm as deterministic equivalent of a chance constrained program in which the
lower bound and upper bound limit and shakedown load of plate under uncertain strength is
computed.

Limit and shakedown analysis state problems as a mathematical programming. If the
strength of a plate is a random variable, we may consider the problems as a stochastic pro-
gramming problem. Many models of stochastic programming have been proposed such as ap-
proximate polyhedral dynamic programming [25]-[27], nominal solutions [28], measurement-
based optimization [29], [30], worst-case and distributional robustness analysis [31]-[33], ro-
bust optimization [34], recourse programming [35]-[37] and chance constrained optimization
(CCOPT) [38], [39]. In this paper the CCOPT approach is used to treat the problem of shake-
down analysis of plate under uncertainty condition of strength. If the thickness deterministic
and the yield stress is distributed normally or lognormaly a deterministic equivalent formula-
tion can be derived, which allows a most effective numerical calculation of limit and shake-
down loads for a prescribed failure probability of the structure.

2 BASIC RELATIONS IN THIN PLATE THEORY

In this section the necessary relations are listed using the notations as indicated in the plate
element shown in Fig. 1.
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Figure 1: Plate element with internal moment resultants

Let u,v and W be the displacement at any point (X, Y,z) in the plate. Similar to elasticity

theory, the inelastic behavior of thin plates is analyzed under Kirchhoff’s assumption that the
normal to the middle plane of the plate remains straight and normal to the deformed middle

plane. This assumption yields U =—-z—, v=—-z— and the strains are obtained as
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T . . . . .
Here {x} = [ Xx Xy ny] is the vector of curvatures. The kinematic relations can be written as

follows:
1 =-VWw, (2.2)

where y is the curvature rate vector and W is the transversal velocity.

2.1 Yield criteria

Similar to fully plastic beams, the limit state of greatest load carrying capacity is obtained
for a double rectangular distribution of the stresses across the thickness h of the plate. There-
fore, the limit values of the bending moments in the X and y directions and of the twisting

moment are

— M, =0, — M _=0,—. (2.3)
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Contrary to the bending of beams, however, the normal stresses o, and o, are not equal

to the yield limits in uniaxial tension; rather, they must satisfy a yield condition for plane
stress, taking into account the in-plane shear stress o, . The out-of-plane shear stresses,

0,,0,, are usually neglected. Consider a general yield condition of the form

f(oy.0,,0,)=0 (2.4)

applicable to plane stress states. In a fully plasticized cross section, the stresses o,,0,,0,, are

constant. Expressing (2.4) in terms of bending and twisting moments, we have the corre-
sponding yield criterion for a plate,

AM, 4M
f[4MX y XyJ:o. (2.5)

h > h* * n’
As an illustration, the von Mises yield criterion can be written in the form
f(o,,0,,0,)=0;—0,0,+0, +30,, -0, =0. (2.6)

Expressing from (2.6) stresses in terms of moments, the criterion takes the form

f(MX,My,MXy)EMf—MXMy+M§+3MX2y—M§:0 (2.7)
in which
h2
MOZO'O?. (2.8)

In matrix form, the von Mises yield criterion can be written as follows:
f(m)=+vm'Pm-m, =0, (2.9)

T . . .. .
where m = {an M,, Mxy} is the vector of bending and twisting moments, m, =M, is the

fully plastic limit moment per unit length of a plate section and o, is the uniaxial yield stress

of material,
2 -1 0
P= 1 -1 2 0]. (2.10)
0 0 6

A more complex yield surface of plates and shells has been considered in [40].

3 STATIC APPROACH WITH CHANCE CONSTRAINED PROGRAMMING
Consider a convex polyhedral load domain L and a special loading path consisting of all
load vertices Isk(k =1,...,m) of L. The total moment m(x,t) at a point x € Q of the consid-
ered plate /7 at time t is decomposed into an elastic reference moment m®(x,t) and a re-
sidual moment p(x,t). Here, m®(x,t) denotes the fictitious moment that would appear in a
purely elastic reference structure #” = under the same loading conditions as the original struc-
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ture, and p(x,t) represents a residual moment field that is induced by the evolution of plastic
strains

m(x,t) =m(x,t) +p(x,1). (3.1

According to Melan’s static shakedown theorem the structure will shakedown, if there ex-
ists a time-independent residual moment field p(x) such that the yield condition is satisfied
for any loading path at any time t and in any point x of the plate. Based on this lower bound
theorem, for a plate made up of elastic perfectly plastic material, the maximum enlarging of
the load domain allowing still for shakedown, characterized by load factor o~ that can be ob-
tained by solving the following optimization problem:

o =maxa
. Vpx)=0 inQ (3.2)
f [amE (x,t)+ ﬁ(x)] <m,

By discretizing the entire problem domain Q into finite elements and applying the Gauss-
Legendre integration technique, egs. (3.2) can be rewritten in the following form:

O =maxo

.ZWN in Q (3.3)

f(am +p)<m, Vi=LLNG Vk=1m

in which B, is the deformation matrix, W, is integration weight at Gauss point i and NG de-

notes the total number of Gauss points of the structure.
Let us now consider the situation that the plastic moment of the plate is not given but must
be modelled m, =m (@) a random variable on a certain probability space. Under uncertainty,

the inequalities in (3.3) are not always satisfied, the probability of the i" yield condition is
required to be satisfied is greater than some reliability level y,. Problem (3.3) becomes a

chance constraint stochastic program:

o =maxa

ZWBT_ = in Q (3.4)
s.t.:

an[ﬂamm+ﬁg—mme£O]2wi Vi=LNG Vk=1,m

Let the plastic moment m, (@) be distributed normally with mean x; and standard devia-
tion o, in short m, (a)) ~ N (u,,07). Based on the methodology of chance constrained pro-

gramming, problem (3.4) can be converted into a equivalent deterministic program as shown
in [10], [11]:
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o =maxaoa

ZWN in Q (3.5)

f(ami +p)< u—xo, Vi=1,NG Vk=1,m

where x=® () is the inverse normal cumulative distribution function (normal quantile
function) of the plastic moment at Gauss point i.

Let the plastic moment m;(w) be distributed lognormally. This means that In[m,(@)] is
distributed normally with mean 4 and standard deviation o, , in short

ln|:mi (a))] ~ N (u,,0)). The stochastic program (3.4) can be relaxed into an equivalent de-

terministic optimization problem after some transformations [2,3]:

o =maxa

' 2wBTp, =0 inQ (3.6)

f(am] +p,)<e ™ Vi=1,NG Vk=1m

4 KINEMATIC APPROACH WITH CHANCE CONSTRAINED
PROGRAMMING

An upper bound to the shakedown limit of plates can be obtained using the kinematic
shakedown theorem which has following two statements:

Upper bound: Shakedown will occur for a structure subject to repeated or cyclic loads, if
the rate of plastic dissipation power exceeds the work rate of external forces for any admissi-
ble plastic strain-rate cycles and all loading paths.

Lower bound: Shakedown cannot occur, if the rate of plastic dissipation power is less than
the work rate of external forces for any one admissible plastic strain-rate cycle or any one
loading path.

In this investigation, we use von Mises yield criterion. The power of plastic dissipation per
unit area of the plate can be formulated as a function of strain rate:

D, =0, Q¢ 4.1)

where (with (2.10))

Q=P

wl»—‘

4 2 0
2 40 (4.2)
0 0 1

The plastic dissipation power of the plate domain Q can be written

h/2

D..(4) = j j D,dzdQ=m j 1" QydQ (4.3)

Q-h/2

in which m; is the plastic limit moment per unit length of a plate section is computed as (2.8)
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We introduce here an admissible cycle of a plastic curvature field Ay®. At each load vertex,

the plastic curvature rate may not necessarily be compatible at each instant during the time
cycle, but the plastic curvature accumulation over the cycle is required to be kinematically
compatible such that

m
A’ =5 =Viw (4.4)
k=1
Based on the above statements and the mathematical programming theory, an upper bound

of the shakedown load factor can be found by solving the following convex nonlinear pro-
gramming (the superscript p is neglected for simplicity):

" =min iJ.A D, (1) dQ
k=1

AP =Y q9=VW inQ
Z:‘ 4.5)

s.t..iw=0 on o0Q

> [ mE(x, B dQ =1
gfgm( N

We denote the nodal variables of the finite element by u=[w ow/ox ow/ 8y]T . The dis-
cretized formulation by FEM is as follows:

m NG
a’ = minZZWi m, \/XlQX.k

k=1l i=1

Z Vi=1,NG (4.6)

k=1
m NG
2 2 Wi
k=1 i=I

If the yield stress of the material is random, then the plastic moment is an uncertain quanti-
ty and the objective function of (4.6) is a stochastic variable. Firstly, we must properly define
the minimum of a random function. This can be done in such a way that one looks for a min-
imum lower bound 7 of the objective function under the constraint that the probability of vio-

lation of that bound is prescribed in [39]

S.t.:

min7
m NG

Prob[ZZwi My (@) 15 Qs nj =
k=1 i=1

sy g, =Bu  Vi=1NG

(4.7)

N

k=1
m
Z WI |km

k=1 i

@

Problem (4.7) is a stochastic program, which can be converted into an equivalent determin-
istic program by using a chance constrained programming technique [10], [11].
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m NG
a = minZZWi (l‘i _Kai)VXI<QXik
k=1 i=1
Y -Bi  Vi=LNG 45)

In case of a lognormal distribution of strength, the stochastic problem (4.7) can be convert-
ed into the equivalent deterministic program (4.9) by using the duality property [3]:

m NG

at = minZZWie(”‘_m‘)«/ﬁQxik
k=1 i=1
S i Bt Vi=1.NG 4.9)

5 A DUAL ALGORITHM FOR SHAKEDOWN ANALYSIS OF A KIRCHHOFF
PLATE

For the sake of simplicity, we set some new notations:
kik = Win/ink ) ty = (Q_m )T mii ) Bi = WiQmBi ) (5.1)
where
Ql/2Q71/2 — I Q — (Q1/2 )T QI/Z (5 2)

By substituting (5.1) into (4.10) one obtains a simplified version for the upper bound of the
shakedown limit load (primal problem)

m NG

o’ =min Z Ze(”‘fm‘)wll'(:kkik

k=1 i=1

>k, -Bu=0 Vi=1,NG (5.3)

In order to allow a direct nonlinear of the nonsmooth optimization problem, a ‘smooth reg-

ularization method’ can be used for overcoming this technical problem. For this purpose, a
very small positive number & is added to D, (k,). An efficient technique for large-scale
optimization problems, which are successfully applied in [9] is used. Using a penalty method
to eliminate the first constraint in (5.3) leads to the penalty function

m . L1 T 1
F, = NZG:{ZQ(MKQ)\/R;L]‘{W +& +§(2kik _ﬁiﬁj [Zkik _ﬁil‘lj} ) (5.4)
k=1 k=1

i=1 [ k=l
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where C is a penalty parameter such that ¢ = 1. The corresponding Lagrange function of (5.4)
is
NG m
L= Fp—a[ZZklkt,k —1}. (5.5)
i=1 k=l

We denote

B, - —c[il}ik -ﬁiaJ . (55)

By employing Newton method to solve the Karush-Kuhn-Tucker (KKT) conditions of the
Lagrange function (4.17) and after some manipulations, one gets the following system:

Kdu=-Kui+f +f,(¢+da), (5.6)
in which
NG n n
K=> B/E'B,
i=1
NG T Tk
f,=-> B/E, ZMIK (B, +at; ) —= (5.7)
i=1 |kk|k +50
NG m
f,= ZBTETIZM& \/kT kzl +50 ik
i=1 k
and

ki,

Jkik, +& (5.8)
—
E, =E+ZM;kl,/kZ;kik +é&,
k

The system (4.19) with the two last terms on the right-hand side may be interpreted as the
linear system arising in purely elastic computations with the global stiffness matrix K. The

matrix E;' plays the role of the elastic matrix. Solving this system by the same procedure as

M, =e“ "+ (B, +at,)

for the purely elastic calculation will ensure the kinematic boundary condition for the dis-
placement rate to be satisfied automatically. We have the incremental vectors of nodal varia-

bles u, curvature rate k, and B, as follows :
du = du, +du, (o +da)
dk, =(dk,), +(dk,),(a+da) (5.9)
dp, = (dp,), +(dB,), (e +da)

where
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du, =-u+K'f,
du, =K' 'f,

(di, ), =-M,/ ik, + (dB,), - (m,k,k KTk, + 2B, )
(dkik )2 = _M;\/k;(l‘(ik +& (dBi )2 _M;kl\/kT kzk + &ty (5.10)
(dBi )1 = _Ei_liM;mikik _E; {ﬁidﬁl _(ikik _ﬁiﬁﬂ_ﬁi
k k=1
(dBi )2 = _Ei_lﬁidl-l2 _E;l iM; \/k;\km + g()ztik
k

and

(a+da)=—="= : (5.11)

The vectors dg,dk,,,dp, and da are actually Newton directions, which assure that a suit-

able step along them will lead to a decrease of the objective function of the primal problem
(5.3) and to an increase of the objective function of the objective function of the dual problem

(3.8). Based on (5.9-5.11) we can update the vectors of .k, , p, and & . The dual algorithm
for limit and shakedown analysis is presented in detail in [3].

6 NUMERICAL EXAMPLES

We investigate a L-shape plate subjected to uniform pressure. Length L =10m, plate
thickness t =0.1m, the mean value of yield stress E(o,) =250MPa and the standard devia-
tion o =0.1E(o,) .The reliability level is assumed y =0.9999 . Let us calculate limit and
shakedown load factors.

~— L/2 —==—L/2 4—1

Figure 2: L-shape plate loaded by a uniform pressure
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Figure 3: Convergence of limit load factors
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Figure 4. L-shape Plate: rounding at the corner
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Authors Lower bound  Upper bound

Leetal. [15] - 6.219

Tran et al. [24] 6.044 6.173 deterministic
6.022 6.190

Present 3.785 3.882 normal
4.135 4.242 lognormal

Table 1: Limit load factor in comparison for case of simple supported plate

For shakedown analysis, the stress singularity at the sharp reentrant corner has to be re-
moved by rounding the plate at the corner as shown in Figure 4. The FE mesh is made with
380 DKQ elements. Table 2 shows the limit and shakedown load factors if a uniform load

varies in the domain ¢ = [O 1] . If we compare with the upper and lower bounds in Table 2, the

limit load factors are similar. The convergence of shakedown load factors is shown in Fig-
ure 5.

(e}

4]

N

w

Shakedown load factor

- Upper bound - deterministic

=== | ower bound - deterministic

—th = Upper bound - lognormal distribution

1F =l = _Lower bound - lognormal distribution ||

e Upper bound - normal distribution

=== | ower bound - normal distribution

O | 1 | I I I I
2 4 6 8 10 12 14

Iterations

N
T
I

Figure 5: Convergence of Shakedown load factors
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Lower bound Upper bound

5.979 6.224 deterministic
Limit analysis 4.137 4.273 lognormal
3.805 3.909 normal
5.339 5.355 deterministic
Shakedown analysis 3.619 3.677 lognormal
3.363 3.382 normal

Table 2: Limit and shakedown load factors for plate in Figure 4

7 CONCLUSIONS

Reliability analysis of plates and shells calculates the failure probability after structural de-
sign for a given loading [13]. We have presented a probabilistic design method for plates,
which allows the most effective numerical calculation of limit and shakedown loads for a pre-
scribed failure probability of the structure with stochastic plastic moment. The implementa-
tion of the extension to stochastic loading, obtained in [2], is under preparation. The
stochastic programming approach can be proposed as a method for structural optimization.
Skakedown analysis has the advantage that it yields a design, which is optimum for all possi-
ble time-variant loadings in a considered load domain [41], [42].
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