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Abstract. The advent of single-cell or single-molecule sampling techniques allowed the study
of abnormalities in small subsets of cell populations as well as subtle differences of evolving
biological phenomena. A major challenge in this effort is the quantification of statistical dif-
ferences between the probability distributions of measured quantities; particularly when small
perturbations or small distributional changes need to be detected. Here, we propose to use as
a discriminative tool the Rényi divergence whose key advantage is its ability to highlight dif-
ferences between probability tails. In addition, we describe an algorithm which is based on a
variational representation formula for the Rényi divergence and implicitly estimates it by solv-
ing an optimization problem. We evaluate the discrimination performance on both synthetic
and real datasets. The proposed algorithm is able to detect distributional differences which are
below 0.5% and quantify the trade-off between number of samples and neural network complex-
ity. The comparison with existing density ratio approaches reveals that the proposed method is
significantly better when the dimension of the data is moderately high (e.g., larger than 10).
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1 INTRODUCTION

Population datasets emerge in many scientific fields such as biology [1, 2], ecology [3],
epidemiology [4] and molecular motion in biochemistry [5, 6] to name a few. Particularly in bi-
ology typical population datasets now consist of tens of thousands of samples measuring dozens
of quantities of interest. For instance, high dimensional single-cell technologies, such as flow
and mass cytometry [7], are able to capture the abundance of up to 40 proteins on thousands of
cells simultaneously. Such moderate to high dimensional datasets cannot be screened out man-
ually (e.g. through scatter plots) and computational approaches are required for the detection
of clusters and differences in the data. Despite the recent proposal of computational tools that
handle single-cell population data [2, 8], a major challenge in the characterization of cellular
heterogeneity still remains. Indeed, it is often the case that rare sub-populations exist in the
samples which are very difficult to be detected due to their low abundance levels. For instance,
stem and progenitor cells are underrepresented in the total cell population therefore; they are
rarely detected using general-purpose methodologies over large populations of cells.

Statistical quantities such as the mean value and the covariance matrix are not sufficient dis-
criminative metrics because they do not capture the complete probabilistic characteristics of the
two populations. On the other hand, a probability distance or a divergence could capture all the
statistical information induced by the observed sample distributions. Additionally, probability
distances which are sensitive to small perturbations and be able to detect small distributional
changes are ideal choices. In this paper, we suggest using Rényi divergence as an approach
to discriminate between two population datasets. Rényi divergence has the advantage that its
hyper-parameter controls how much weight to put on the tails of the distributions thus it can
become very sensitive to rare sub-populations inside the population datasets (see Figure 2 for
three examples).

The estimation of the Rényi divergence becomes feasible with the use of a variational rep-
resentation [9, 10, 11]. Variational representations essentially transform the estimation of a
divergence to an optimization problem over an infinite-dimensional function space. Then, the
function space is approximated by a neural network parametrized space in a similar fashion to
[12, 13, 14, 15]. Thus, we present and then evaluate an algorithm that estimates the Rényi diver-
gence which we named NERD (Neural-based Estimation of Rényi Divergence) algorithm.The
utilization of neural networks offers additional advantages such as the ability to handle high
dimensional data as well as any type of input data with the trade-off being the requirement for a
large sample size; a limitation which is already alleviated in practice by the production of large
amounts of single-cell measurements per experiment.

We first evaluate NERD algorithm on synthetic data where the ground truth is known. NERD
is capable of handling high-dimensional data better than state-of-the-art methods such as ITE
[16]. We assess the behavior of the estimator as a function of various hyperparameters such as
the number of samples, the rarity of the sub-population and the choice of function space. We nu-
merically show that NERD algorithm is capable of accurately estimating the Rényi divergence
in high dimensions given enough sample size. We also compute the discriminative capabilities
of NERD between single-cell populations. The two populations consist of cells from healthy
participants as well as healthy cells contaminated by a small portion of “sick™ cells. We show
that NERD algorithm can discriminate confidently when the percentage of rare subpopulation
is above 0.2% and the number of available samples is above 40K.
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2 DEFINITION AND PROPERTIES OF THE RENYI DIVERGENCE

Let Q and P be two probability measures (or distributions) on a measurable space (€2, M).
The Rényi divergence of order o > 0 with o # 1 of @) with respect to P is defined as [17, 18]

R (@QIIP) i= o TogEr [(j—ﬁ)} 1)

when Q and P are mutually absolutely continuous! with respect to each other, otherwise,
Rao (Q]|P) = oo. The ‘ratio’ Z—g is the Radon-Nikodym derivative of () with respect to P
which always exists due to the imposed absolute continuity condition. The defining properties
of a divergence are that (a) it is non-negative and (b) it equals to zero if and only if () = P.
Despite not being a distance since it is neither symmetric nor satisfies the triangular inequality,
divergences are widely used for the comparison of probability distributions.

In some studies, the definition of Rényi divergence utilizes the factor ﬁ (cf. [19, 20, 9])
1

instead of PCEE nevertheless, we prefer the definition (1) due to the symmetry property

Ra Q[ P) = Ri-a (P[] Q)

when 0 < o < 1. Using this symmetry property, the definition of Rényi divergence is straight-
forwardly extended to a < 0 (e.g., R_1 (Q || P) := Ra2 (P || Q)).

The definition of Rényi divergence is extended to o« = 1 where the limit equals to the
Kullback-Leibler divergence defined by

Q)

Dis (QI1P) = [ 1oz 540 @
when ) < P, otherwise Dy, (Q||P) = +oco as well as to & = 0 where the limit equals to
the reverse?> Kullback-Leibler divergence. Interestingly, several other divergences are linked
to Rényi divergence. Rényi divergence has an one-to-one and onto correspondence with a-
divergence [21] where Rényi divergence can be obtained as an affine transformation of the log-
arithm of the a-divergence. Rényi divergence is also related to Hellinger distance [22] as well
as to y2-divergence [22] for particular values of «. Figure 1 summarizes those relationships.
Further properties of the Rényi divergence can be found for instance in [23, 20, 9].

1 - reverse 1
3 log(reversefda + 1) Dpr =4 log(l = I ?I.-.'] Dy 7 log(Lys + 1)
. 2 - 18 2 g .
\\_ Renyi -1 0 1/2 1 2 o

Divergence

Figure 1: Rényi divergence as a function of its order « and its connections to other divergences. The case o = 0.5
relates with the Hellinger distance while the cases o = 1 & 2 relate with Kullback-Leibler and (Pearson’s) x?
divergence, respectively. Rényi divergence is reverse symmetric around 0.5 thus the cases a« = 0 & — 1 relate with
reverse Kullback-Leibler and reverse (i.e., Neyman’s) x2 divergence, respectively.

"We say that @ is absolutely continuous with respect to P if for every measurable set A € Q, P(4) = 0 =
Q(A) = 0. Itis written as < P.
’In the sense that the order of Q and P has been reversed.

114



A. Tsourtis, G. Papoutsoglou and Y. Pantazis

2.1 Rényi Divergence Highlights Distributions’ Tail Differences

Existing literature has shown that Rényi divergence is capable of efficiently bounding the
probability of rare events and more generally of risk-sensitive observables of a distribution
[18, 24, 25] through its order parameter. Intuitively, the order parameter as a power factor of the
density ratio leverages the amount of weight put on the tails of the distributions. For instance, in
[24], to discriminate between rare events from distributions with infinitesimal small differences
the order had to be sent to infinity.

We demonstrate this sensitivity property of the Rényi divergence through a series of ex-
amples. First, we consider two zero-centered univariate Gaussian distributions with different
standard deviations®, Q@ = N(0,0?) and P = N(0,02). The Rényi divergence of () with
respect to P is given by [26]

Llog 2 4 lo o3 > ifac?+ (1 —a)o? >0
Ra(@IP) = | 1850 T mem iy ooi F =)ol =0 g,
+00 otherwise

As « approaches to the ‘“finiteness’ limit — ot e the Rényi divergence takes exponentially-large
values resultmg in an unequivocal dlscrlmmatlon between the two distributions. Gomg one step
further, if 07 = 02(1+ ¢) with ¢ being a small number then « should be of order O(e™!) in order
to efficiently discriminate between the two distributions. Figure 2(a) demonstrates this behavior
for two values of €. Analogous discriminative capacity is observed when the Rényi divergence
between a Gaussian distribution with full covariance matrix and a Gaussian with diagonal co-
variance structure is calculated. In this second example, let () be a zero-mean Gaussian with

p
1

the identity matrix (i.e., independent components). Figure 2(b) presents the Rényi divergence
as a function of its order. As it is evident from the plot, there are both positive and negative «’s
of order O(p!) that assign very large values to the Rényi divergence implying that even very
small correlations between variables could be detected when |a| becomes sufficiently large.
Additionally, both Gaussian examples show that large values for the order may result to infinite
Rényi divergence and there is a finiteness limit for « that should not be exceeded. Therefore,
caution must be placed on the choice of the order value. As a rule of thumb, the “closer” the
two distributions are the larger the value of « can (or must) be set.

In this paper, we suggest exploiting this sensitivity property and distinguish between statis-
tical populations of data that differ slightly by containing samples from rare sub-populations.
Rare sub-populations are hard to detect exactly because of their rarity. Therefore, we aim to
search for the highest value for Rényi divergence by tuning «. As a third and more relevant
motivation example, Figures 2(c) & (d) present the Rényi divergence between a mixture of two
Gaussians (Q = (1—w)N (1o, 02) +wN (111, 0})) with w corresponding to the percentage of the
less probable population and a Gaussian (P = N (0, 02)). Under this particular setting, there
is an optimal « that maximizes the Rényi divergence. Additionally, the smaller the percentage
of the less probable population the larger the value of the optimal « is. This is consistent with
the two previous examples in the sense that distributions with smaller differences require larger
values of «v in order to obtain larger Rényi divergence values.

covariance matrix >, = ] and P a zero-mean Gaussian with covariance matrix equal to

3In this paper, we always consider P to be the baseline (or unperturbed) distribution while @ is the different or
perturbed one.
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Figure 2: Rényi divergence of @) (perturbed) with respect to P (unperturbed) as a function of « between: (a)
two 1D zero-mean Gaussian distributions with different variances (03 = 1,07 = 1+ ¢), (b) two 2D zero-mean
Gaussian distributions with different covariance structure (p: correlation coefficient between the two elements
of the perturbed Gaussian) and (c¢)-(d) between a mixture of two Gaussians and a Gaussian distribution (w: the
percentage of the second mode in the mixture).

2.2 A Variational Representation Formula for the Rényi Divergence

By definition, the estimation of Rényi divergence requires either the knowledge of the den-
sities of the probabilities involved or an approximation of their ratio. An alternative approach is
to transform the estimation problem into an optimization problem via the utilization of a vari-
ational representation. A variational representation formula is essentially a lower bound of the
divergence for which the optimal solution gives rise to the divergence value. It consists of two
mathematical ingredients: the function space where the optimal solution will be searched for
and, the representation expression, called here the ‘objective functional’, whose optimization
leads to the value of the divergence.

The following theorem, proved in [11], states that Rényi divergence is the solution of a vari-
ational optimization with an objective functional which is the difference of two risk-sensitive
observables (i.e., the expression inside the curly brackets in (4)).

Theorem 1. Let P, () be two probability measures on (2, M) and o € R\ {0, 1}. Then,

Ra (QIIP) = sup {

1 1
. log Eg[e 9] — = log Ep[eo‘g]} : 4)
gEM,(Q) @

where My, () is the space of all (real-valued) measurable and bounded functions from ) to R
and we assume the conventions +00 — 0o = —o0 and —o0 + 00 = —0Q.

The optimal solution under appropriate conditions provided in [11] can be explicitly written
as g* = log %, and, the aim of this paper is to approximate g* as accurately as possible. Finally,

taking o — 1, we recover the Donsker-Varadhan variational formula for the Kullback-Leibler
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divergence [27] which is given by

D (QIIP) = sup {Eqlg] — logErle?]} )
gEM,(Q)

Hence, equation (4) can be seen as a generalization of the Donsker-Varadhan formula to the
Rényi divergence. Similarly, the Donsker-Varadhan formula with the order of () and P reversed
is obtained when o — 0.

3 NEURAL-BASED ESTIMATION OF RENYI DIVERGENCE (NERD)

The variational formula in (4) is still not fully practical because (a) the expectations cannot be
explicitly computed since () and P are not known, and (b) the infinite dimensional space of test
functions (i.e., of ¢’s) needs to be restricted to a parametric representation that can be handled by
a computer. Regarding the first issue, the expectations are replaced by their statistical averages
using a finite number of samples. This approximation fits well with our setting since we only
have access to samples from the distributions of interest. Moreover, as the number of samples
tends to infinity, the statistical averages converge to the respective expectation values.

For the latter issue, we concentrate to 2 = R? and parametrize the space of all measurable
and bounded functions with neural networks of bounded activation function for the output layer.
Letting # € R? be the parameter vector with the weights and biases of the neural network, our
aim is to optimize gy : RY — [—M, M] where M is a user-defined clipping factor. In our
experiments we enforce the boundedness condition via the use of M tanh (M) as the activation
function of the output layer. The error induced by this second approximation can be controlled
using (a) Lusin’s theorem [28] where the space of all measurable and bounded functions is
replaced with all continuous and bounded functions with arbitrary accuracy and (b) the fact that
a large enough neural network is a universal approximator of continuous and bounded functions
[29, 30].

The parameters of the neural network are estimated using stochastic gradient ascent because
we are searching for the solution that maximizes the objective functional. The pseudo-code of
the neural-based Rényi divergence estimator is provided in Algorithm 1. When o« = 1 or 0,
we apply the finite sampling approximation formulas stemming from the Donsker-Varadhan
variational representation (5).

3.1 Statistical Properties of NERD

The asymptotic consistency of NERD has been shown in [11, Theorem 2]. However, sta-
bility and consistency results as well as bias-variance trade-offs for finite number of samples
is an open and active problem even for the Kullback-Leibler case [31, 32, 33]. The main en-
cumbrance stems from the fact that both terms in the objective function of Rényi’s variational
representation are sensitive to tail events and the variance of the estimator could grow exponen-
tially with the true value of the divergence [33]. A partial solution proposed in [33] sets a small
clipping factor M applied to the output of the final layer which results in reduced variance for
the estimator at the cost of larger bias especially when the value of Rényi divergence is high
since the maximum possible value for the estimator is 2M/. As it is already presented, NERD
algorithm has adopted the clipping operator. In the following section, we propose a different
approach to reduce the variance by utilizing a different, more regularized function space for the
optimization problem.
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Algorithm 1 Neural Estimation of Rényi Divergence (NERD)
Input: Sample matrix X € R¥*? ~ (), sample matrix Y € RY¥*? ~ P, order parameter ,
neural network gy(-), batch size m and learning rate \,,
Output: Rényi divergence estimate: }A%év
1: 0 < Initialize_Neural_Network()
2: while not converged do

3: Choose randomly m samples from X: {z;}7, and from Y: {y;}I",
4: Compute the variational expression:
R(9) = ! log 1 Zm: ela=Dgo(zi) _ 1 log 1 Xm: 90 (y3) (6)
a—1 m < o m <
5: Update the neural net’s parameters:

0+ 6+ )\lrng(6>

6: end while
7. Compute the variational estimate using all samples:
1 1< (N
RY = log — (a=D)go(zi) _ ~ oo — age(vi) 7
g a—1OgN;e aOgN;e 0

3.2 Using Lipschitz Continuous Functions as Test Functions

The space of test functions can be selected differently. The cost of choosing a subset of
M, (£2) is that a lower bound —but not necessarily strictly lower— for the divergence is obtained.
Given that we are interested in alleviating the impact of finite sampling on the approximated
risk-sensitive observables, we propose to use Lipschitz continuous functions with Lipschitz
constant K as the function space over which the optimal solution will be sought for. The 1-
Wasserstein distance, which is also defined on the Lipschitz function space but uses a different
objective functional, has shown significantly better stability and convergence properties during
the training of GANSs [14, 15]. Thus, we anticipate improved statistical properties such as
reduced variance in our experiments. Theoretically, it has also been shown that the function
space replacement from measurable to Lipschitz functions retains the divergence property for
the a-divergence [34] hence it is also retained for the Rényi divergence.

From an implementation perspective, the only difference for NERD algorithm is the removal
of the clipping function and the addition of a gradient penalty term in (6). The new formula is
given by

1 1 & 1 1 &
log — (a=1)go (i) _ Zlog — age(yi)
a—lOgleZ;e aOgm;e

+ )\GP% ;max (0, 1Vega(2:)]]? — K) )

R(0) =
()

where z; = w;z; + (1 — u;)y; and u; ~ U(0, 1) fori = 1, ..., m. We remark that this is the one-
sided gradient penalty and it is only activated when the square of the gradient’s norm is above
K. The two-sided gradient penalty which is valid for the Wasserstein distance is not applicable
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for the Rényi divergence since the norm of the gradient is not everywhere equal to one for the
optimal test function.

4 RESULTS

In this Section, we test the accuracy of the proposed algorithm on two synthetic examples
as well as its discriminative efficacy on one real biological dataset. Our aim is to numerically
evaluate the performance of NERD algorithm on the statistical estimation of Rényi divergence
and also explore the Rényi’s order parameter that leads to the most efficient discrimination be-
tween two sample distributions with small sub-population differences. Our results are compared
against a state-of-the-art density ratio approximation algorithm implemented by the Information
Theoretical Estimators (ITE) toolbox [16].

4.1 Experimental setup

In Section 3, we presented two variants of the NERD algorithm depending on the chosen
space of test functions: 1) the space of continuous and bounded test functions referred to as
NERDg,, and ii) the space of Lipschitz continuous test functions referred to as NERDy,;,,. The
boundedness condition of NERD¢, is enforced through a bounding factor A/ > 0 on the ac-
tivation function of the final layer. In contrast, the Lipschitz continuous condition is enforced
through the addition of a regularization term that depends on two hyper-parameters: the Lip-
schitz constant K > 0 and the regularization coefficient A\qp. Both M and K are capable of
affecting the trade-off between estimation bias and estimation variance with smaller values fa-
voring reduced variance with the cost of increased bias. Table 1 summarizes the value ranges
of all (hyper-)parameters that appear in our numerical experiments.

Neural network hyperparameters were set following a similar rationale as in [12] where the
Kullback-Leibler case was studied and the implementation is carried out using TensorFlow2*.
Specifically, we employ fully-connected feed-forward neural networks with [ = 3 layers, vari-
able number of units per layer and tanh(-) as activation function for the hidden layers. The
number of units per layer is primarily dependent on the dimension of the data while the number
of trainable parameters is typically of order O(10?). Given that the sample size of the the stud-
ied datasets is between O(10%) — O(10°) we anticipate no overfitting. For the sake of fairness,
both NERD variants share the same architecture (i.e., hidden layers, number of units per layer,
activation function) except the activation function of the output layer which is different.

We apply Adam optimizer [35] as the training algorithm with its default hyperparameter
values. The learning rate is set to \;, = 0.0005 for the synthetic examples while the number
of iterations was N;; = 20000. Due to slower convergence, the respective values for the real
dataset are \;. = 0.01 and N;; = 60000. Moreover, we set a large value to the batch size so that
samples from the tails are included in the statistical average with high probability at each step.

We also set the hyperparameter of the ITE-based estimator that defines the number, £, of
nearest neighbors. Since the computational cost increases non-linearly with &, ITE becomes
prohibitive for high dimensions and large sample sizes. We found that setting £ = 20 is a
balanced choice for approximating the Rényi divergence in our experiments.

Finally, our primal goal in the synthetic examples is to assess the accuracy of the estimator,
hence, we fix the order of the Rényi divergence to o« = 0.5. Such order value provides a
stable statistical behavior with low variance for the estimator relative to the other values of a.
In contrast, for the real dataset example, we provide results for a range of « values excluding

4Code will be available upon acceptance.
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Table 1: Parameters’ symbols, their categorization and range in our experiments.

Parameter Explanation Association Range
N No. samples Data set O(10%) — O(10°)
d Dimension Data set [1,50]
w Sub-population proportion Data set [0.002,0.2]
p Correlation coefficient Data set [0,0.9]
| a \ Order | Rényi divergence | [0.1,0.9] |
’ k \ No. nearest neighbors \ ITE \ 20 ‘
M Boundedness const. NERD (bounded) [1,50]
K Lipshcitz const. NERD (Lipschitz) [1,10]
Aap Gradient penalty NERD (Lipschitz) 0.1
Ny No. iterations (training steps) Training alg. (10000, 150000]
m Batch size Training alg. 4000
Air Learning rate Training alg. [0.0005, 0.01]
l No. hidden layers Neural network 3
0 Vector w/ weights & biases Neural network —
Dimension of ¢ Neural network | O(10%) — O(10%)

« € {0, 1} wherein the variance of the estimator might become very large [32, 33].

4.2 Rényi Divergence Estimation on Synthetic Data

4.2.1 Between a Gaussian Mixture Model (GMM) and a Gaussian

In our first example we consider () to be a 1-D bimodal distribution (mixture of two Gaus-
sians) and P a 1-D Gaussian distribution. The first mode of () will be referred to as the main’
mode and the second one as the 'rare’ mode, inspired by biological data terminology of main
and rare cell sub-populations. The mean and variance of P and of the main mode of () were set
equal to one another. Specifically,

Q=1 —w)N(ug,00) + wN (11, 07) 9)
P = N (o, 00)

where the p’s and the o’s denote the means and variances of the distributions and w is the
probability of the rare mode. In our simulations, we set 1o = 0, 0p = 1 for the main mode and
=101 = }l for the rare mode. The upper panels of Figure (3) illustrate the convergence of
all estimators as the sample size increases. As expected, larger sample sizes reduce the variance
of the estimators and /N = 50000 is sufficient for this example. Additional experimentation not
shown here revealed that similar results are obtained for other values of 11, 0 and a.

The lower panels in Figure 3 depict the effect of the probability of the rare mode w on
the estimation of the Rényi divergence. Since the percentage of samples between the main
and the rare mode of () is controlled by w, we consider the range between 0.3% and 10%
as being representative of the frequencies found in cases of rare cell populations in disease-
like situations. Apparently, as w decreases it becomes harder to differentiate between () and
P. Interestingly, both NERD variants are more accurate both in terms of variance and bias in
discriminating between slightly different sample distributions for the same sample size. On the
other hand, the ITE estimator has undeniable difficulties with small values for w due to its large
variance.
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Figure 3: Estimated Rényi divergence between a GMM with two modes and a Gaussian distribution using both
variants of NERD algorithm and ITE with the order fixed at « = 0.5. Upper panels: As the sample size N
increases, all methods converge to the exact Rényi divergence value (red solid line) with decreasing variance. Here,
we set w = 0.2 and quantiles in the box-plots are estimated over 10 independent runs. Lower panels: Estimated
Rényi divergence as a function of the sub-population proportion w. Here, the sample size is N = 40000. Evidently,
both variants of NERD exhibit less bias and reduced variance relative to ITE-based estimator for w < 0.05.

4.2.2 Between Two High-dimensional Gaussians

In this example, we let () and P be two zero-mean multivariate (standardized) Gaussian
random variables of dimension d with different covariance matrices. We impose the element-
wise correlation corr(x;, xgﬂ) = &;;p to the samples © ~ Q where i,j = 1,...,% and §;
is Kronecker’s delta. In contrast, no correlation is assumed for the samples y ~ P. We test
how the estimation accuracy of both variants of NERD changes with increasing dimension as
well as correlation coefficient. This setting is quite challenging because as dimension increases
the probability mass concentrates in a ball around the origin whose radius is exponentially
decreasing with respect to the dimension. Moreover, as the correlation coefficient increases
the intersection between the supports of the sample distributions is significantly reduced which

could result in large estimation errors.
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Figure 4: Rényi divergence between two multivariate Gaussian distributions as a function of the correlation
coefficient p and the dimension d. The red solid line represents the exact Rényi divergence, whereas each boxplot
corresponds to the 2nd and 3rd quantiles of the estimator over 10 independent iterations. In all cases, we set
M = 50 and K = 5. Upper panels: We compare two d = 4-dimensional Gaussians and draw N = 50000
samples for each. Both NERD variations are close to the exact Rényi divergence value, whereas ITE slightly
overestimates it. Middle panels: With dimension being d = 20 and sample size being N = 150000, NERD with
Lipschitz continuous functions provide the most accurate estimates relative to the others. N;; = 20k]. Lower
panels: For d = 50 and N = 300000 samples, the variance for both NERD variations is high and increases as the
correlation coefficient increases. ITE-based estimator has no variability but its estimate is entirely inaccurate.

Figure 4 presents the estimation results for the three methods considered in this paper as a
function of dimension and correlation coefficient p. We consider three values for the dimension:
d = 4 (upper row of panels), d = 20 (middle row of panels), and d = 50 (lower row of panels)
while we range p € [0.1,0.9]. When p < 0.5 our results indicate that all three methods provide
satisfactory divergence estimations. When p increases, both NERD variants accurately estimate
the Rényi divergence for d < 20 with small variance. In contrast, the variance increases sig-
nificantly as p increases (lower panels) revealing that even larger sample size is required. This
finding is in partial agreement with the results in [33] where it is shown that variance of this
variational-based estimators may grow exponentially with the value of the Rényi divergence.
On the other hand, we found that the NERD/,;,, estimator has less variance relative to NERD,
especially for p = 0.9 revealing that the restriction of the function space to Lipschitz continu-
ous functions as presented in Section 3.2 is beneficial from a statistical estimation perspective.
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Finally, despite having very low variance in all cases, ITE-based estimation is inaccurate for
large values of p even for d = 4.

Concerning the computational cost in CPU time, the most important factors are the sample
size N and the dimension d. The training of neural network’s parameters scales linearly with
N and in most cases with d too while ITE approach which is based on k-nearest neighbors
does not scale efficiently neither with N nor with d. Despite being architecture and dimension
dependent, we advocate that the break even point in terms of computational cost between the
NERD and ITE approaches is for sample size N approximately between 5 - 10* and 10°. We
also remark that NERD;, is approximately twice as slow as NERD¢, due to the additional
computational cost induced by the regularization term.
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Figure 5: Rényi divergence estimates of NERDy,;, (K = 1), NERD¢, and ITE when comparing healthy against
disease-contaminated distributions, over varying o when the abundance of disease samples is set to w = 0.2 (left
panel) and w = 0.05 (right panel). Errorbars are computed over 5 iterations. Both NERD variants generate similar
consistent results while ITE estimates have shift and scaling issues making it untrustworthy.

4.3 Detecting Sub-populations in Single-Cell Datasets

Using data from [36], we test the efficacy of NERD to discriminate distributions from real
biological settings®. Specifically, we consider single cell mass cytometry measurements on
16 bone marrow protein markers (d=16) coming from healthy and disease individuals with
acute myeloid leukemia. The dataset consists of more than 150K healthy and 25K disease cell
samples. Before analysis, data were transformed using the inverse hyperbolic sine arcsinh()
transformation with a cofactor of 5, which is typical in order to have comparable supports across
dimensions. Following [8] we mix healthy and disease samples at decreasing frequencies. For
this, we first split the healthy samples randomly into two equally sized subsets X and Y. Then,
we replace a predefined percentage of samples in X with disease samples; that is, {20%, 5%,
1%, 0.5% and 0.2%} of cells. The resulting distributions () x and P reflect the properties of
settings where rare, disease-associated cell populations must be detected from otherwise healthy
samples.

Figure 5 shows the Rényi divergence estimates for various o € (0, 1) and two values for the
sick cells percentage. Both NERD variants and ITE estimate positive values for the divergence
thus they do discriminate the healthy distribution Py from )y when w = 0.2 (left panel). When

SData were accessed from https://community.cytobank.org/cytobank/experiments/
46098/illustrations/121588

123



A. Tsourtis, G. Papoutsoglou and Y. Pantazis

w = 0.05 (right panel), NERD algorithm continues to produce positive values and be able to
discriminate between the two distributions, however, ITE estimates are negative for several
values of «. It seems that ITE approach has shift and scaling issues. Those estimation errors
can be partially reduced by increasing k at the cost of significantly higher computational effort.
We additionally remark that the curve of the NERD-estimated Rényi divergence as a function
of its order is in accordance with Figure 2(c)-(d) in the sense that as « increases the value of
the divergence does also increase. Even though the distributions of the biological data are not
normal, this consistency in the behavior of Rényi divergence suggests that NERD algorithm
correctly estimates the divergence value.
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Figure 6: Histograms of repeated NERD estimates (60 runs) when trying to discriminate between two healthy
datasets R, (Py||Py) (blue color) and between a healthy dataset and a dataset contaminated with sick sub-

population with proportion w%: R, (Qx||Py) (orange color). We consider two sample sizes: N = 78797
samples per distribution (upper panels) and % samples (lower panels). As the rare sub-population of sick cells
decreases in numbers, it is harder to discriminate between the healthy and diseased distributions.

Finally, we investigate the limits of NERD algorithm in discriminating between healthy and
sick cell contaminated distributions. Apparently, as w approaches 0, it becomes more difficult
to distinguish the two distributions because the number of sick cells amounts to few dozens.
Similarly, sample size is an important factor in order to generate statistically significant out-
comes. Figure 6 presents histograms of repeated estimates of Rényi divergence with o = 0.5
computed via NERD;, algorithm for the healthy vs healthy case (blue color) and diseased vs
healthy case (orange color). In the upper row of panels, we use all available data while the
sample size is halved in the lower row of panels. As it is evident from the x-axis, the estimates
of Rényi divergence for the healthy vs healthy case is doubled for the lower panels revealing
that sample size is indeed a crucial factor for accurately estimating the divergence which is zero
for this case. Moreover, histograms are separated for values of w above 0.005 for both sample
sizes. On the other hand, there is overlap of the histograms when w = 0.002 especially for
the halved sample size. This is also evident from the Kolmogorov-Smirnov (KS) test computed
on the histograms. Table 2 reports the p-value and the statistic of the KS test using build-in

124



A. Tsourtis, G. Papoutsoglou and Y. Pantazis

function kstest2. Overall, we conclude that sick cell proportion below w = 0.002 cannot
be detected with NERD for a = 0.5 and sample size below N = 40000. Nevertheless, when
we increase « to 0.8, differences between the histograms start to emerge (last row in Table 2)
showing that larger values for o could assist in discriminating even rarer sub-populations.

Table 2: p-values and statistic for the KS test. Apart from one case, KS test suggests that the two distributions are
different.

« w p-value KS stat | samples
a=05| 1% |1.5x107% 1 N~ T9K
a=05]05%]94x10""| 098 N
a=05]02%]36x10"*2| 051 N
a=05| 1% |78 x107% 1 N/2
a=05]05%|49%x107% | 0.96 N/2
a=0.51]02% 0.0068 0.3 N/2
a=0.8]02%| 1.4x107° | 0.433 N/2

S CONCLUSIONS

In this paper, we propose an efficient discrimination approach based on Rényi divergence
to quantify the difference between population datasets and answer whether or not two sample
population come from the same distribution. The estimation of Rényi divergence is performed
via the optimization of functions parametrized by neural networks. We investigated the per-
formance of the presented algorithm (NERD) on several synthetic and real biological datasets.
We showed that both NERD variants accurately estimate the Rényi divergence and discrimi-
nate rare sub-populations in the data given sufficiently-large number of samples. Therefore, its
potential to be used as a screening and/or detection tool in single-cell applications is high. As
future work, we target towards devising novel techniques that reduce the estimator’s variance
and require smaller sample sizes.
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