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Abstract. Solving a Reliability-Based Design Optimization (RBDO) problem is a challeng-
ing task, especially in the presence of complex systems that are modeled using computation-
ally expensive numerical solvers. This topic has been extensively investigated in the litera-
ture. Amongst the proposed strategies, the Sequential Optimization and Reliability Assessment
(SORA) method implements a decoupled resolution of the RBDO problem by sequentially iterat-
ing between deterministic optimization and reliability analysis. The idea of SORA is to solve, at
each iteration, an equivalent deterministic optimization of the RBDO problem. This is achieved
in a region that is considered as feasible, by shifting the constraints by a distance derived from
the target failure probability. Once the deterministic optimization is performed, a reliability
analysis phase is achieved by solving another optimization problem, in order to update the
shifting vector for the next deterministic optimization problem. In this paper, we propose to
solve the optimization problems in SORA with a Bayesian approach through an active learning
strategy based on multi-fidelity surrogate models. First, the surrogate models are built in an
augmented space where design variables and uncertain variables are combined. Second, the
computational cost of SORA is reduced by taking advantage of lower fidelity solvers to build
the surrogates. The merits of this innovative framework are demonstrated on an analytical test
case as a well as on a realistic test case involving the optimization of a sounding rocket subject
to a probability constraint on the target altitude to reach.
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1 Introduction

The design and optimization of complex systems under uncertainties often involves Reliability-
Based Design Optimization (RBDO) techniques. This type of approaches involves a reliability
analysis phase during the iterations of the optimization process, thus allowing for the estima-
tion of the probability of failure of the system as the design is optimized. A design variable
can, for instance, represent the diameter of a component. The design optimization is carried out
as the system is constrained by a probability of failure required to be below a target threshold.
Classically, uncertainties are classified into aleatory and epistemic uncertainties. In the context
of RBDO), it is possible to distinguish two types of aleatory variables: the controlled uncertain
variables may relate to design variables (e.g., uncertainty on the diameter of a piece due to man-
ufacturing defect) while the uncontrolled uncertain variables may reflect the stochastic effects
in the system environment (e.g., wind gusts).

The most naive way to solve an RBDO problem involves a nested loop approach, referred
to as the two-level approach in [1], in which a reliability analysis is performed at each itera-
tion of the optimization process. Reliability analysis requires to estimate a multidimensional
integral which may involve a large number of simulation code calls. In the literature, several
other approaches have been developed to solve RBDO problems in order to reduce the number
of reliability analyses along the optimization process [2, 3]. These methods include single-
level approaches, which rely on the rewriting of the optimization problem by integrating the
reliability constraints with optimality conditions [2]. They also include decoupled approaches
that consist in decoupling optimization and reliability analysis [3]. The Sequential Optimization
and Reliability Assessment (SORA) method is one of the most promising decoupled approaches
since it allows to converge faster to the solution of the RBDO problem by verifying the prob-
abilistic constraints through a local, linear approximation of the constraint function boundary
using a First Order Reliability Method (FORM) [4, 5]. Nevertheless, these advanced strate-
gies still require a large number of calls to the direct code (also referred as high-fidelity code),
thus remaining unaffordable for complex and accurate, yet computationally intensive solvers in
industry.

A complementary reduction of the computational cost of SORA may be achieved by re-
placing the direct code by a surrogate model in the objective function and/or in the constraint
function [6, 7, 8]. Bayesian optimization achieves the optimization of the design variables us-
ing surrogate models (e.g., Gaussian Processes (GPs) [9, 10]) that are enriched with a limited
number of additional calls to the high-fidelity solvers in regions of interest. These regions of
interest are those of higher probability for obtaining the minimum of the objective function
while satisfying the constraints. GPs have the advantage of providing the user with a prediction
on the entire domain of definition and an associated confidence level in the prediction (uncer-
tainty associated to the prediction) [11, 12]. In the literature, GPs are widely used to perform
surrogate-based optimization, including RBDO [6, 7, 8]. Traditionally, surrogate models are
built either in the space of design variables or in the space of uncertain variables. A framework
allowing to construct the surrogate model in an augmented space, combining uncertain space
and design space, has already been proposed in [7, 13] as a means to save and reuse information
along the iterations and improve the process of optimization under uncertainty. However, in
the context of Bayesian RBDO, as this approach leads to a possibly significant increase of the
dimension of the input space, many calls to the high-fidelity code may be required to obtain an
accurate surrogate model, thus making it computationally expensive.

One way to reduce the cost for the construction of the surrogate model is to aggregate mul-
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tiple sources of information, with the use of lower-fidelity models. These solvers with different
fidelities are used to build multi-fidelity surrogate models for the RBDO strategy. Low-fidelity
models are less expensive and less accurate than the high-fidelity solver, thus introducing addi-
tional modeling uncertainties. For example, the aerodynamic simulation of an aerospace vehi-
cle can be carried out with a CFD RANS (Computational Fluid Dynamics, Reynolds Averaged
Navier-Stokes) code (high fidelity), or with an Euler-type CFD code (low fidelity, simplifica-
tions on viscosity). RANS calculations present a higher prediction accuracy than Euler calcu-
lations but for a larger computational cost. Several multi-fidelity techniques have been investi-
gated based on GPs [14, 15, 16]. The most common method is the Auto-Regressive Model (AR1
[15]), which is appropriate when the outputs of low-fidelity and high-fidelity codes present lin-
ear dependencies [17]. The description of both aleatory and epistemic uncertainties that relate
to the accuracy of the different fidelities of the surrogate models should be carefully taken into
account in the workflow of multi-fidelity RBDO. This is a challenging task and an active field
of research [18, 19, 20, 21].

This article proposes a modified SORA method, named MFB-SORA for Multi-Fidelity
Bayesian SORA. This strategy is based on three different contributions. It mainly consists
in coupling the SORA framework with Bayesian optimization, taking advantage of the bene-
fits of SORA while minimizing the overall calculation cost of the method by using surrogate
models. In addition, a framework for reusing surrogate information throughout the optimization
process based on the augmented space is adopted. Surrogate models are enriched all allong the
SORA process in the joint space combining design and uncertain variables. Finally, in order
to take advantage of multiple sources of information, multi-fidelity surrogate models are built
and enriched during the Bayesian optimization in the augmented space to reduce the global
computational cost of the SORA method.

This paper is organized as follows. Section 2 introduces a brief state of the art of RBDO
techniques and multi-fidelity optimization approaches. Section 2.1 presents the formulation
of the RBDO problem and several techniques to solve it, as well as the augmented space for-
mulation. Then, Section 2.2 presents multi-fidelity Bayesian optimization. Section 3 presents
the proposed SORA approach based on multi-fidelity Bayesian optimization in the augmented
space. The approach presented in this paper is compared with other approaches reported in the
literature, such as double-loop and standard SORA. They are assessed on different test cases in
Section 4. The first case is an analytical test case and the second is an aerospace test case of
greater complexity with multidisciplinary simulation models for the optimization of a sounding
rocket considering different uncertainties. Perspectives and conclusion are presented in Sec-
tion 5.

2 State of the Art

The following brief state of the art introduces the main bricks for the Multi-fidelity Bayesian
RBDO approach. First, the existing RBDO formulations are described with a focus on SORA.
Then, the concept of augmented space defining a joint domain combining the design variables
and the uncertain variables is presented. Eventually, multi-fidelity Bayesian optimization is
briefly presented in order to efficiently solve an optimization problem when different fidelity
models are available.
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2.1 Reliability-Based Design Optimization (RBDO)

2.1.1 Problem formulation

An RBDO problem [22] is an optimization problem under uncertainty. There are different
ways to formulate such a problem. In the present paper, the chosen formulation is derived from
works presented in [3, 20]. The objective function of the RBDO problem is assumed to be
deterministic and depends on the value of deterministic vectors d of size ny and p of size n,,.
The variables d are classical design variables and the variables p correspond to some hyperpa-
rameters associated to the aleatory variables X. Consider for instance the mass of propellant
to optimize, while the final mass is uncertain due to uncertainty during the fueling operation
before launch. The propellant mass can be represented as the Gaussian variable X ~ N (p, 02)
with a mean p that is optimized corresponding to the target specification and a certain variance
o2 related to fueling operation.

The random variables representing the aleatory parameters of the problem may be of dif-
ferent nature. They may be controlled because they are linked to an optimization parameter
or uncontrolled. The former will be represented by X, and parameterized by p, as described
above, with a corresponding probability density function (PDF) ¢xp. The latter will be denoted
by Z, with a corresponding PDF ¢;. The sizes of the random vectors X and Z are respectively
nx and ny. In the optimization problem, it is possible to consider deterministic constraints.
In addition, the presence of uncertainties leads to the presence of probabilistic constraints, i.e.,
involving a constraint function ¢(-) subject to aleatory variables describing the uncertainties of
the system, and/or design variables. In the following, it is assumed that the system failure oc-
curs when the function ¢(-) is negative. In this work, probabilistic constraints are modeled by
failure probabilities with an associated target failure probability not to be exceeded (denoted by
P}), i.e. Pg(d,X(p),Z) < 0] < P}. For the sake of simplicity, and because the study deals
with optimization under probabilistic constraints, deterministic constraints will not appear in
the formulation of the problem to be solved. The corresponding RBDO problem thus reads

P[g:(d,X(p),Z) <0] < P}, fori=1,...,n,
min f(d, p) S.t. d < d < d+ (1)
o p<p<p’

where f(-) is the objective function to be minimized. It is assumed that f(-) depends on the
deterministic parameters d and p, defined in the optimization domain [d~,d* ] and [p—, p*], and
is subjected to the n, constraints involving g;(-) that are, in turn, dependent to the parameters
d as well as to the uncertain parameters X and Z. In this formulation, Ptﬂ- represents the target
maximal failure probability of the i probabilistic constraint.

2.1.2 RBDO approaches

Several techniques for solving RBDO problems have been proposed in the literature [7, 22].
The difficulty in RBDO is that at each iteration of the optimization process, a calculation of the
probability of failure of each constraint must be performed. In order to solve such an optimiza-
tion problem in practice, different types of methods have emerged, as shown in Figure 1: the
two-level approaches [1], the single-level approaches [2] and the decoupled approaches [3].

The first and most direct technique to solve an RBDO problem is the two-level approach.
It leads to a reliability analysis problem nested in an optimization one, where the outer loop
solves the minimization problem, while the probability of failure of each probabilistic constraint
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Figure 1: Classification of RBDO techniques

is estimated at each iteration of the optimization. An intuitive but expensive way to solve the
reliability analysis is to calculate each probability of failure with a Monte-Carlo sampling [23].
A more efficient probability estimation has been proposed by Nikolaidis and Burdisso [24].
They developed the reliability index approach (RIA) using the First Order Reliability Method
(FORM) [4, 5], which allows for the analytical calculation of the probability of failure via a
linear approximation of the limit state function at the Most Probable Failure Point (MPFP).
In order to find the MPFP, an auxiliary optimization problem involving the constraint function
gi(+), is solved. In their research work, Tu et al. [1] proposed an alternative two-level approach
called Performance Measure Approach (PMA) which consists of an inverse reliability problem
(using an inverse FORM [25]), based on the search of the point with minimum performance that
remains consistent with a target probability; the Minimum Performance Target Point (MPTP).
Indeed, the auxiliary optimization problem to find MPTP is easier to solve than the one to find
the MPFP.

Alternatively to two-level approaches, single-level approaches (or single-loop approaches)
consist in reformulating the RBDO problem as a problem without direct reliability analysis.
The probabilistic constraints are replaced by equivalent optimal conditions (for instance based
on Karush Kuhn Tucker optimality conditions [26]). The goal is then to solve this new deter-
ministic optimization problem in a single-loop procedure that minimizes the objective function
while respecting the constraints. Based on this idea, Liang et al. developed the Single Loop
Approach [2].

Finally, the decoupled approach aims at decoupling the optimization part from the reliability
assessment. This concept is devised in the SORA method introduced by Du and Chen [3]. This
technique sequentially solves a deterministic optimization (DO) problem and a reliability as-
sessment (RA) via an inverse FORM technique. For that purpose, the probabilistic constraints
are replaced by equivalent deterministic constraints shifted by a certain distance consistent with
the desired acceptable failure probability P}. The key idea is to solve the deterministic opti-
mization problem in a region considered as feasible with respect to the probabilistic constraints.
The shifting vector is updated at each sequential loop iteration via the MPTP update (inverse
FORM reliability analysis loop).

Despite the efficiency of these alternative techniques as compared to double-loop approaches,
the costs of high-fidelity codes may render them unaffordable for complex industrial problems.
In order to lower the computational cost of RBDO problem, Surrogate-based approaches have
been developed [6, 7, 8]. The key idea is to replace the objective and constraint functions by
surrogate models built from a database of simulations. These approaches have been coupled
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with the the different categories of RBDO formulations presented above.

2.1.3 The Sequential Optimization and Reliability Assessment (SORA) method

As previously stated, the RBDO approach in the present paper is based on SORA. We detail
here the general framework of this method. The problem to solve is defined by Eq. (1). The
sequential loop starts by initializing the shifting vector to zero and the random vector Z to its
mean value my. Then, a deterministic optimization problem is solved. Here, each probabilistic
constraint is replaced by an equivalent deterministic shifted constraint. During this optimization
process, the uncertain variables Z are fixed at the MPTP, i.e., at their critical values consistent
with the target failure probability P}E (or at their mean value for the first iteration of SORA)
and the uncertain variables X are shifted with the shifting vector. At the k™ sequential step of
SORA, the deterministic optimization problem is therefore defined as

S; L Z](\IZI)DTP,i) >0 fori=1,...,n4

ar (2)
p

g:(d
d® pk) — arg min f(d,p) st < d”
’ P

R
dp +

p -
d
p

//\ //\
NN

(k)

where s; " is the shifting vector and ZMI)DTP ;, the MPTP of the random vector Z related to the

constraint function g;(-). The pair {dgk ), pfk )} is the solution of the deterministic optimization

problem at iteration k.

Then, following the deterministic optimization phase, a reliability analysis is carried out with
the design vector d and the parameter vector p fixed at their respective optimal value de“) and
pS!“) from the previous step. The reliability analysis amounts to solving an optimization problem
which involves an inverse FORM to determine the MPTP. This search of the MPTP stands in

the following optimization problem:

uf = argmin G;(d%, u) st. Juf =3¢ fori=1,...,n
u

g 3)

where dff) is the optimal design parameter d of the k" deterministic optimization, G;(d,u) =
gi(d, T 3 (u)), with T (-) the appropriate iso-probabilistic transformation parameterized by
P *

the aleatory variables (X and Z) at the solution point pfkk), and u = 7;(k) {X,Z} . The target

distance f3] is related to P}, by f = —®~'(P},), where ® is the cumulative density function
(CDF) of the normal distribution. The solution given by the inverse FORM procedure is then

{X](\f]))mi, Zl(\fp),Tpvi} T(k>( ¥). The MPTP value of the random vector Z is updated for the

next DO, and the shlftlng vector becomes

Sz(kﬂ) = Pik) - Xl(\ilfl)JTP,z" 4)
The SORA method iterates equations Eq. 2, Eq. 3 and Eq. 4, as shown in Fig. 2 until a
stopping criterion is reached. At the convergence, the shifting vector as well as the DO solution
should stabilise.
In the literature, the SORA approach have been coupled with surrogate models. For instance,
a modified version of SORA have been introduced by Song et al. [20]. It proposes to build and

enrich the surrogate models of the objective function and the constraint functions by active

130



Initialize (k=0)
{si¥, ZMPTP,i(k)}

Y

\[ Deterministic Optimization
'K Solve Equation (2)

' {d*(k),p*(k)}

\

& (41 = P00 Xyporp Reliability Assessment
i * MPTP, i Solve Equation (3)

A

k k
{XMPTP,i( )'ZMPTP,i( )}

No Convergence ? Yes >{ End of SORA

Figure 2: Flowchart of SORA method

learning, and then replace the exact functions in SORA by the corresponding surrogate models,
thus allowing for a considerable reduction of the computational cost of both the optimization
and reliability steps. However, some limitations for this approach should be stated. Indeed, the
surrogates are built upstream of the RBDO problem, so the enrichment is not guided by the
optimization problem nor by the reliability analysis. In addition, the enrichment of the GP over
the entire input space means that the surrogate is not particularly accurate and reliable around
the optimum. It might also lead to some unnecessary high fidelity model evaluations in regions
of poor interest with respect to optimization or reliability analysis.

2.1.4 Augmented Space framework for surrogate-based RBDO techniques

As previously stated, surrogate-based techniques aim at reducing the computational cost of
RBDO. The description of the domain of definition for the surrogate model is of prime impor-
tance especially in the context of RBDO with the presence of the design space and uncertain
space (with some possible interaction via the distribution parameters of the uncertain variables
that can be considered as optimization variables). In Eq. (1), the objective function depends
on deterministic parameters while the constraints depend on both deterministic parameters (the
design variables) and uncertain parameters (the random variables).

Building the surrogates for the constraint functions g;(X, Z|d{®, pik)), with respect to the
current value of dff ) and pik) , at each iteration of the optimization process, prevents from reusing
the surrogate between iterations as the domain of definition may change. Alternatively, building
the surrogate in an augmented space alleviates this limitation. Au [13] proposed to define a new
joint input space for the definition of the surrogate model that spans both the design variables
and the uncertain variables. More details on the construction of the augmented space are found
in [7].

In Eq. (1), the probabilistic constraints depend on the design vector d, the random vector
X following a PDF parameterized by the vector parameter p, and the random vector Z. The
construction of the augmented space is thus defined as the tensor product of the “confidence
region” of each variable, corresponding to the region in which the surrogate model is built in
order to avoid extrapolation difficulties.
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The confidence region DD, for the design variables d, is defined by its deterministic bounds:

nd

D= X [di,df]. (5)

i=1

We now define the corresponding confidence regions X and Z for each random vector X
and Z. The random vector X is parameterized by the design variables p € [p~,p*]. For such
a vector, the confidence region is defined according to the probability of sampling outside the
constructed area noted «x, at the lower and upper bounds p; and p;r, forj =1,...,n, (in the
case where p is the mean of X). These probabilities are defined such that x; = F 1 (ax)and

Xjlpy
o = F)’(]?‘p; (1 — ax), where F ;;p]__ and F);]?‘p; are the inverse CDF of X; at the lower and

upper bounds p;” and p;-r, respectively. The corresponding confidence region thus reads

X=X [z7,2]], (6)
j=1
As before, let us define the probability a; of sampling outside the area for the variable
Z. The lower and upper bounds are defined symmetrically around its mean, such that z, =
F Z_kl(a z)and 2 = F. Z_kl(l — az). The corresponding confidence region reads

Z=X |z,% ] (7
k=1

Finally, the augmented space S is constructed by a Cartesian product of the marginal confi-
dence regions of each variable S = D x X x Z.

This approach allows to make the most of the information learnt during both optimization
and reliability analysis. Yet, the large dimension of the augmented input space may prevent
from building an accurate surrogate in the presence of expensive solvers, thus leading to a
sub-optimal solution. Multi-fidelity techniques might then be considered provided that lower
fidelity models are available. Then, both the high-fidelity model and the lower fidelity models
may be evaluated to build surrogate models of the objective and constraint functions in the
RBDO strategy, at a reduced overall computational cost.

In the next paragraph, multi-fidelity surrogate construction techniques are briefly introduced.

2.2 Multi-fidelity Bayesian Optimization

2.2.1 Description of Auto-Regressive models

Multi-fidelity approaches based on GPs have been extensively documented in the literature
[14, 15, 16]. Among them, the Auto-Regressive (AR1) approach [15] is one of the most pop-
ular ones thanks to its simplicity of implementation. AR1 is based on the hypothesis of linear
dependency between two consecutive levels of fidelity. Each level of fidelity ¢ is replaced by a
GP and a linear relationship is prescribed between two successive GPs. AR1 has been chosen
for the MFB-SORA algorithm in the present work, without loss of generality. Indeed, other
multi-fidelity approaches could be used depending on the assumption regarding the relationship
between the different fidelities.

For each GP f;(-) corresponding to the level of fidelity ¢ (with ¢ € [1,...,n;]), the prior
mean function is often assumed to be constant and a covariance function k(-,-)) is chosen.
The linear dependency between GPs reads f;(X) = p;—1(X) fi—1(X) + 7:(X), where v;(-) is a GP
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corrector with prior mean /i.,, independent of f;_1(-). The scaling function p,_;(-) represents
the linear correlation between two successive fidelities ¢ and ¢ —1. In practice, this factor is often
assumed to be constant, and is an additional hyperparameter to be learnt. The hyperparemeters
of the n; GPs of the problem are learnt at once within a large optimization problem. Considering
a constant scaling factor, the formulation of the GP reads

fe(X) = proafiea(X) + (x). (8)

An alternative training approach is proposed by Le Gratiet and Garnier [27] where GPs are
trained sequentially under the assumption of nested training DoEs for the different fidelities.
This recursive construction allows to avoid too large optimization problem when the n; are
learnt simultaneously. In the recursive construction, the GP prior f;_() in Eq. (8) is replaced
by the GP posterior f;* ;(-). With this formulation, at the level ¢, the hyperparameters to learnt
are the ones of the GP corrector and the scaling factor p; ;. Once the multi-fidelity GP has been
trained, the predictive mean y(-) and variance o;%(-) for each level t are defined by

1 (X) = proapify (X) + i, + kxar, K (Ve = proapd o (X) — 12,), )
0% (X) = pr107, (%) + kax — b K kL (10)

where M, is the number of data at level ¢, K, 1 is the block of the covariance matrix correspond-
ing to the DoE {X}, )} at fidelity ¢ with X, = [x},...,x"*], x! is the i data point of the DoE
at fidelity ¢, kg, = [k(x,X}), ..., k(x,x/")], and (4%, is the posterior mean of ().

As previously stated, we propose to combine a multi-fidelity Bayesian optimization approach
with the SORA procedure. Now that the construction of the GP surrogates for the different
fidelities has been detailed, the following parts introduce Bayesian optimization and how it
integrates multi-fidelity.

2.2.2 Bayesian Optimization (BO) approach

Classical BO approaches are based on active learning strategies [28] in which a surrogate
model is enriched. Let us consider the following constrained optimization problem:

IIélAI} f(x) s.t. g(x) =0 (11)

where f(-) is the objective function and g(-) is the constraint function, both depending on x,
defined on X.

The surrogate models for f(-) and g(-) are constructed and enriched from a limited DoE. The
enrichment of the DoEs should improve the prediction of the surrogates in the areas of interest
along the optimization process in the purpose of targeting the global minimum of the objective
function while satisfying the constraint. The enrichment process results from solving an auxil-
iary optimization problem of maximizing an acquisition function. It is chosen to work with two
acquisition function that will be coupled, one to target the global optimum of the problem and
one for the constraint handling. In the context of unconstrained optimization, the probability of
improvement (P1) [29, 30], the expected improvement (EI) [28] and the lower confidence bound
(LCB) [31, 32] are popular examples of acquisition functions for DoE enrichment. A new point
is selected by minimizing (or maximizing) the chosen acquisition function, and then is evalu-
ated on the exact objective function f(-). The LCB acquisition function has the advantage of
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providing each iteration with the solution of the optimization problem (based on surrogates and
considering the variance prediction associated to the multi-fidelity GPs). Due to the important
exploration component of EI, stopping criterion of the entire SORA process might be difficult
to define compared to LCB enrichment criterion. In the following, it is chosen to use the LCB
function without loss of generality for the proposed framework. It is defined as follows:

LCB(x) = pf(x) — a = 0¢(x), (12)

where 1(-) and 0% (-) represent the predictive mean and variance of the objective function f at
the point x, and the parameter « is a scalar parameter specifying the exploitation/exploration
balance.

In a constrained optimization context, specific functions have been developed in order to
exploit the information of the surrogate model of g(-), such as the probability of feasibility
(PF) [33] or the expected violation (EV) [34]. In the following, we shall use the EV function
without loss of generality for the proposed method. The idea of EV is to use the prediction of
the surrogate of the constraint and its associated uncertainty to evaluate the risk of violation of
the exact constraint function. The EV is defined as

— g (X — g (X
BV = )« & (28 ) b oy 0 (S22, (13
Ty Ty
where ®(-) and ¢(-) are respectively the CDF and the PDF of the normal distribution, and ,(-)
and 03(-) denote the predictive mean and variance of the GP of the constraint function. Finally,
the new point to enrich the DoEs is chosen such that

x"" = arg min LCB(x) st. EV(x)<T (14)
xeX
where 7' is a threshold corresponding to the maximum accepted constraint violation.
When models of different fidelities are available, the BO acquisition function must be adapted
in order to solve the optimization problem efficiently. In the following, BO with multi-fidelity
is presented.

2.2.3 Multi-fidelity Bayesian Optimization (MFBO)

In order to enrich the multi-fidelity surrogate model along the BO process, in addition to the
location of the new point to be added to the DoE, it is necessary to determine which level of
fidelity will be used to evaluate the point selected.

Different strategies have been proposed in the literature [35, 36, 37, 38, 39, 40]. A possible
approach is to solve Eq. (14) with the LCB function defined using the prediction mean and vari-
ance of the higher-fidelity GP. Let LCB(¢, x) and EV (¢, x) denote the LCB acquisition function
and the EV function computed at x with the surrogate predictions for fidelity ¢. Then, a fidelity
selection criterion is used to select the level of fidelity t"** of the model to be evaluated at the
new chosen point x"". In their paper, Meliani et al. [41] developed a criterion based on the
variance reduction o2 ,(t, x"") resulting from adding the point x"" at fidelity level ¢, weighted

red

by the cost of each fidelity, defined as

t nl—l
a6, X"Y) = > 02 ,(x) [ | 2, (15)
i=1 j=i
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where aiyi and p; are respectively the variance of the GP corrector at fidelity ¢ and the scaling
factor in Eq. (8). Finally, the pair {x"", "} is selected by solving

x"" = arg min LCB(ny, x) st. EV(n,x)<T
xeX

(16)

= arg max Trealt,X"™)

new
te{l,...,n;} COSttotal(t)2

where n; corresponds to the highest level of fidelity, costio () = 22:1 c;, with ¢; the cost of
fidelity level 1.

The major concepts have been summarized in this section. They are now combined in the
Multi-fidelity Bayesian SORA approach, as detailed in the following section.

3 Multi-fidelity Bayesian Sequential Optimization and Reliability Assessment (MFB-
SORA) Method

3.1 Proposed method framework

Similarly to the standard SORA approach, the optimization problem is formulated as a se-
quence of two optimization problems: deterministic optimization (DO) and reliability analysis
(RA). In the present work, the SORA method is modified so that both the deterministic opti-
mization and the reliability analysis (Eq. (2) and Eq. (3)) are solved using multi-fidelity BO.
This allows to benefit from the computational efficiency and robustness of BO methods. In
practice, multi-fidelity surrogate models of the objective function f(-) and of the constraint
functions g;(+) are constructed and enriched all along the SORA procedure. This strategy lim-
its the evaluation of the exact objective and constraint functions to the regions of interest with
respect to the optimization problem and the reliability analysis. Moreover, the construction of
the surrogate model of g;(-) in the augmented space allows to exploit the data from previous it-
erations of the SORA procedure, so that fewer and fewer evaluations of the exact objective and
constraint functions should be required as the SORA iterations progress. With this approach, the
respective DoEs for the objective and constraint functions are enriched throughout the SORA
process, thus improving the accuracy of the surrogate prediction.

Figure 3 presents the MFB-SORA flowchart devised with the multi-fidelity BO and the en-
richment strategies for the multi-fidelity DoEs in the bi-fidelity case (¢ € {LF,HF}). Here,
{X }Ei), y}i)} and {Xg(fz, J/g(k)t} are respectively the DoEs for the objective function f(-) and
constraint functions ¢;(-) at fidelity level ¢, and iteration k& of SORA. The lay out of the modi-
fied SORA procedure applied to RBDO problem Eq. (1) is displayed in Algorithm 1.

When ARI is used, the multi-fidelity DoEs should be nested. The DoEs of each fidelity of
f(+) are enriched during the DO cycles. Similarly, the DoEs of each constraint function g;(-) are
enriched with the same points during the DO phase. Then, the constraint functions g;(-) become
the objective function for the optimization problem Eq. (3) for the RA phase. The DoEs of g;(+)
are then enriched during RA. Since the surrogate of g;(-) is constructed in the augmented space,
its multi-fidelity DoE must be enriched in this space. Indeed, during the DO, the DoE of g;(+)
is enriched with respect to the deterministic parameters (shifted by sgk)) while the uncertain
variables are fixed. During the RA, the DoE of g;(-) is enriched with respect to the uncertain
variables while the design variables are fixed. Furthermore, as the AR1 formulation is used,
when a data point is added to a high-fidelity DoE, it should also be added to the lower-fidelity
ones in order to respect the nesting assumption. Enrichment strategies are detailed in sections
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Figure 3: Flowchart of the proposed MFB-SORA method.

3.2 and 3.3.

3.2 Multi-fidelity Bayesian Optimization for Deterministic Optimization

The first optimization sub-problem to treat is the one in Eq. (2). The strategy to solve this
problem is the same as presented in Section 2.2.3. First, a limited DoE is selected and enriched
using the LCB acquisition function. The respect of constraints are handled by the EV function,
which has the advantage of targeting the area where the constraints are violated, based on the
GP prediction and its associated variance. This allows to directly control the tolerated violation
for each constraint. In the DO phase of the proposed SORA approach, the location of the new
point is selected such that

new

qpo = arg min LCB¢(n;, q) s.t. EVy, (0, Quised) < T3 for i=1,...,n, (17)
q

where q = {d, p} is the vector of the design variables, LCB(n;, q) denotes the LCB for the
high-fidelity (¢ = n;) surrogate prediction of f(-) at the point q, and EV, (n;, q) denotes the
expected violation for the high-fidelity (¢ = n;) surrogate prediction of g;(-) at the point q,¢.q =

{d, p— sgk) Z(»k) denotes the current shifting vector for constraint g;(+).

Then, the level of fidelity is selected as in Eq. (16),

}. The vector s
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Algorithm 1 MFB-SORA algorithm for two level of fidelities denoted LF and HF for Low
Fidelity and High Fidelity respectively.

k<0 > SORA loop counter
sgk) «—0,fori=1,...,n,4
ZI(\/’;%TPJ «—my,fori=1,...,n,4
) (k)}
{ reri t={LF,HF}

(k) (k) -_
{28, ygi’t}t—{LF,HF} (fori =1,...,n,)
while (stopping criterion not reached) do
### DO phase
. (k) (k)
Inputs: { fit 7yf gz ts ygi,t}t_{LF’HF} and {S(k)7 ZMPTP,i}
Run: Solve Eq. (2) > See Algorithm 2
fqk) (k) x®) k)
Outputs: {dfk ), Px } and { I ,yft s Xgits yg“t}t:{LF,HF} updated
### RA phase
for:=1,...,n,do
Inputs: {X;_’“g,yﬁ} and {d* ,pik)}
— v ") t={LF,HF}
Run: Solve Eq. (3) > See Algorithm 3
Outputs: {X(k) zk) } and {X(k) y(“} updated
MPTP,i» “MPTP,i 9t Y9t {1 b gy
k k k
Sz( e pl - Xl(vu)DTP
end for
k—k+1
end while
2 new
t%ew = arg max M (18)

te{1,...,n;} COSttotdl(t)

where o7, ;(t, ) denotes the variance reduction of the surrogate model of the objective function
f(-) if the selected point qf5y) is added to the fidelity ¢, and costyi(f) denotes the total cost due
to the objective function f(-) and constraint functions g;(-) if the selected point is added to the
fidelity .

Algorithm 2 presents a pseudo-algorithm of the DO stage solved by multi-fidelity BO, where

Apo s = {d p— sgk), Zl(\ffl))TP Z} denotes the shifted point in the augmented space correspond-
") po

new

ing to qpy. As stated above, the new data point is always added (i.e., at each iteration) to the
lower-fidelity DoE of f(-) and g;(-) because of the choice of the sequential training for the AR1
model.

For this optimization problem as well as for the next one, the stopping criterion is the same.
It is based on the distance between two successive new points added. Specifically, the stopping
criterion is met whenever two consecutive new points proposed by the enrichment criterion are
within a defined vicinity. Then the algorithm has converged and the solution is the last selected
point.
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Algorithm 2 Multi—ﬁdelity BO for DO
. (k) (k) ~s(k)
Require: { i ,yf Xgl by Vit }t={LF )

Ensure: {d(k } and {X Y ,y}t , Xg(lkt, ))g(f } updated

t={LF,HF}

and {s(k), ZI(JICI),TPJ} (fori=1,...,n,)

while (stopping criterion not reached) do
Construct multi-fidelity surrogates of f(-) and g;(+)
qpo < Solve Eq. (17)
o < Solve Eq. (18)
k (k) new
X]EL)F‘_XfLFU{q and nyF nyFU{fLF qm0)
k new new
Xg( LF < Xg( Lr VY {qDO,AS and y . LF < yg( Lr Y {9 (apo AS)}
if t5) ="HF’ then
k k new k neW
X;&F&X( FU{‘I and y}&F fHFu{fHF Q=)

new

k new k new
Xg( %{ g HF {qDO,AS and yéi,HF yé )HF v {9 (apo AS)}
end if
Update the surrogates of f(-) and g,(+)
end while

3.3 Multi-fidelity Bayesian Optimization for Reliability Assesment

The second step of SORA is the reliability assessment. It is solved for each constraint by a
multi-fidelity BO approach using the surrogate model of g;(-). Working in the augmented space
allows to inherit from a surrogate that already contains information from previous SORA itera-

tions, through the multi-fidelity DoE {Xg(kt, ygf’ } { ; The surrogate model of each g;(-)
t={LF,HF

is then enriched independently, on the “slice” d*k) of the augmented space. The optimization

problem Eq. (3) corresponding to the RA phase is solved in a standardized space where the

iso-probabilistic transformation is defined by pik) and Z. For the sake of clarity on the notations

and the functions in the optimization problem, Eq. (3) is recast as

mlngl(d(k) w) s.t. H7;£kk)(W)|| = 3, (19)

where w = {X Z} is the vector of the random variables in the physical space.

As achieved for DO, the multi-fidelity BO carried out with active learning by selecting new
data points to improve the multi-fidelity surrogate model prediction and to find the optimal point
corresponding to the MPTP. For each constraint function g¢;(-), with i = 1,. .., n,, the location
of the new point wg\' is such that

new

Wra = argmin LCB, (n;, w) s.t. H7;;k) (w)| = 5 (20)
where LCB,, (n;, w) denotes the LCB for the high-fidelity (¢ = n;) surrogate prediction of g;(-)
at point w. Then, the level of fidelity is selected as presented in Eq. (16):

2 new
. Ured,g (t Wr )
A —argmax —————————

2(:HCW
tefT,..m}  COStioa (1)

21

where o7,y , (£, -) and costi (t) respectively denote the reduction of variance for the GP of g;(-)
and the total cost due to the evaluation of g;(-) when the selected point is added to the fidelity ¢.
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The lay out of the RA block solved with multi-fidelity BO is presented in Algorithm 3, where

WRA AS = {dff), X, Z};e[:v is the point in the augmented space corresponding to wg’y'.

Algorithm 3 Multi-fidelity BO for RA
Require: {Xg(.kz, yg(’“i} and {df,f“), pik)}
v ") t={LF,HF}
Ensure: {Xf\ff,m, Z(RQ?,TP,Z} and {Xg(fi, )
while (stopping criterion not reached) do
Construct surrogate of g;(-)
wia < Solve Eq. (20)
tga < Solve Eq. (21)
k k W k k W
Xy = Xye o (Wias) and - Ve < Vilte v {0l (Wit}
if (g} ="HF’ then
Xg(k%-IF — Xg(k%IF o {Wﬁe/XV,As and ) g(k)HF 2 g(k)HF Y {ng F(Wrﬁe,XAs)}
end if
Update the surrogate of ¢;(+)
end while

} updated
t={LF,HF}

4 Computational experiments

The proposed RBDO methodology is here applied and assessed on two test cases in terms
of computational performance with respect to alternative approaches (SORA and double-loop).
The first test case presents with an analytical function while the second test case correspond
to the design of a sounding rocket. The RBDO strategies are implemented in Python, using
the SMT package [42] (Surrogate Modeling Toolbox) for the construction of the surrogates. In
order to evaluate the contributions of each piece of enhancement of SORA, the implementation
and assessment are devised in three steps.

First, BO is integrated to SORA to solve the optimization sub-problems. This approach is
named Bay SORA in the following. The surrogates of the objective function and constraints
functions are constructed. The domain of definition for the objective function remains the same
along the SORA process, while the domain of definition for each constraint changes at each step
of SORA, and for each DO and RA step. Therefore, an initial DoE {X’s, Vs} is constructed for
the objective function and enriched along the steps of SORA. Whereas at each step of SORA, a
surrogate model of each constraint is built from a new DoE {X 9130, ygo} for the DO phase, and
{X ;A, y;A} for the RA phase. These DoEs are constructed using a Latin Hypercube Sampling
(LHS) in the design space with 3 = (n, + n,,) points for the DO and in the uncertain space with
3 = (nx + nyz) points for RA.

Next improvement stands in reusing the information of the different surrogate models built
along the iterations of SORA process by working in the augmented space. This strategy is
denoted as Bay SORA AS. For the objective function (similarly to Bay SORA), a DoE {X 't yf}
of 3  (nq + n,) is generated in the design space at the beginning of SORA and then enriched
along the steps of SORA. For each constraint, a DoE {X),, ),. } is constructed at the beginning
of the SORA process in the augmented space with 3 = (ng + nx + nyz) points. This DoE is
then enriched in the augmented space with respect to the design variables during the DO (with
Z fixed) and with respect to the uncertain variables during the RA (with d fixed). Theses DoEs
are then transmitted and enriched along the iterations of the SORA process within each new
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optimization problem (DO and RA).

Finally, the last improvement stands in integrating the multi-fidelity approach in the con-
struction and enrichment of the surrogate models in the augmented space. It is the proposed
approach of this article is denoted as MFB-SORA.

The multi-fidelity DoEs, (as in Bay SORA AS), are constructed respectively in the design
space and in the augmented space, and enriched along the SORA process. The multi-fidelity
DoE { X} 1r, Xt ur, ViLF, Yy nr} is generated by LHS with the same 3 « (n; +n,,) in each fidelity
for the objective function. The multi-fidelity DoE {Xgiva, Xy HE s Vgi LFs ygi,HF} is generated
by LHS with the same 3 = (ng + nx + nz) for each fidelity, for each constraint function. In
order to respect the necessary condition of nested DoEs for the AR1 training strategy, the multi-
fidelity DoEs are nested and during the optimization process, a point added in high-fidelity is
automatically added to the low-fidelity model.

Each enhanced version of SORA (Bay SORA, Bay SORA AS and MFB-SORA) is imple-
mented on both test cases and compared to the classical SORA technique. For the analytical
test case, a two-level RBDO approach using a Monte-Carlo approach RA step is also imple-
mented. It should be noted that currently, only one repetition of each method is performed on
each test case. The evaluation of the robustness of the convergence with respect to the initial
choice of DoE will be investigated in further works.

It should be noted that the OpenTurns [43] library was used for the optimization solver.
Namely, 'LN_COBYLA’ was used for the double-loop approach as well as for the DO and RA
optimization problems in the classical SORA approach. Finally, when Bayesian approaches
are used, the new computational points for the DoE enrichment are obtained by an ’AUGLAG’
approach for DO, and "LN_COBYLA’ for RA. For all the Bayesian optimization problems,
the surrogate models of the objective and constraints functions are constructed in a normalized
space. For the stopping criterion of the BO processes, one consider that each DO and RA have
converged when the distance between two consecutive selected points is less than 5 * 1072 in
the normalized space.

4.1 Analytical case

The first example consists of a 3-dimensional nonlinear objective function f(-) subjected to
two nonlinear probabilistic constraints, such as:

]P)[gi(d07x(p07pl)720) < O] < P},z fori = 172

min f(do, po, p1) s.L. { —0.5 < dy, po, ;1 < 2.5

do,po,p1

where X = [ X, X1] is a random vector of two independent Gaussian variables such that X, ~
N (po,0.2) and X; ~ N (p;,0.2) and Z, is a random variable such that Z, ~ A(5,0.4). The
target probability of failure is set for each constraints to PJ’§71 = P}Z’Q = (0.01. Two fidelity models
(LF and HF) of each function f(-) and g;(-) are considered. They are denoted as { fir(-), fur(*)}
and {g; 1r ("), giur(")},_, 5> and are defined such that:

. { fur(do, po,p1) = 24 (po — 1.5)% + (1.2 — py # do)? + 2+ (dy — 1.8)?
fue(do, po. p1) = 0.5 % fur(do, po, p1) + 2% po — (1.2 — py * dy)?

o { gl,HF(d07X<p07pl)7 Zo) =10- do * (XO + 1) + (\/ ZO + 2) + X1 —15
g1..r(do, X(po, p1)s Zo) = 2.5 * g1.ur(do, X(po, p1), Zo) — do * (X7 + 1)
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o gg’HF(do,X(po,pl), Zo) = 02 * (1 + d0)2 + X1 — Z() + 25
QQ,LF(de(}?o,Pl), Zy) = 0.2+ 92,HF(d07X(p0,P1), Zy)+ 1+ dy— 2y

For each function, it is assumed that the low-fidelity model is 10 times cheaper to evaluate
than the high-fidelity one. We set cip = 0.1 and cyr = 1. Table 1 presents the optimal solutions
obtained for each compared methods (two-level RBDO, traditional SORA and the three modi-
fied SORA approaches). Moreover, Table 1 provides the optimal objective function value and
the constraint values at the optimum. The optimal point is denoted as x°P'. Table 2 compares
the computational cost (in terms of number of LF and HF model evaluations) of the modified
SORA approach after adding each presented contribution. The cost calculated in the last column
presents the total number of exact function calls. For the last row (the multi-fidelity method),
the total cost is evaluated by weighting the number of calls to each fidelity by its associated
calculation cost, such as ¢y = 7LE * CLF + MHE * CHE-

Table 1: Optimum obtained by each method for the analytical test case.

X = [do, po, p1]™" fur(XP)  Ppa(xP)  Ppa(xP)
Two-level approach || [ 2.5, 0.42, 1.09 | 6.47 0.01 0.01
SORA [ 2.5, 0.42, 1.09 ] 6.47 0.01 0.01
Bay SORA [25,042,1.00] 647 0.01 0.01
Bay SORA AS [ 2.5, 0.42, 1.09 | 6.47 0.01 0.01
MFB-SORA [ 2.5, 0.42, 1.09 | 6.47 0.01 0.01

All the methods provide the same optimum, regarding the location of x°"* and the corre-
sponding objective function value. This solution is feasible since the probability of failure of
each constraint is equal to the limit value P .

All methods providing the same solution, let us compare the computational costs of each
method. The last column gives the total cost in terms of equivalent number of HF model evalu-
ations. The double-loop approach combined with Monte Carlo simulation is expensive in terms
of number of HF model evaluations. Considering the modified versions of SORA, regarding
the computational cost, each improvement of SORA provides a reduction in the number of
calls to the HF model. The integration of BO (Bay SORA) divides this total calculation cost by
about five times. Indeed, Bayesian approaches have the advantage of being able to solve global
optimization problems with a limited number of evaluations of the exact models which is inter-
esting in a computationally intensive context. Then, the construction of surrogate models in the
augmented space (Bay SORA AS) provides even better results: the computational cost is then
divided by more than eleven compared to the classical SORA method. This result is interesting
since only by reusing the surrogate information acquired in the previous SORA iterations, the
surrogate-based SORA method improves by a factor two its efficiency. The last contribution
by adding a low-fidelity model (MFB-SORA) and the construction of multi-fidelity surrogate
models finally allows to further improve the efficiency of the modified SORA method. The
corresponding total cost of this method is ¢y = 117 = 0.1 + 58 = 69.7. This cost is therefore
23 times smaller than the classical SORA method. These first analyses need to be confirmed
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Table 2: Comparison of the computation cost of the proposed method for the analytical test case.

Number of Number of = Number of
evaluations evaluations evaluations  Total Cost
of fur (") of g1,ur(+) of gonr (")
Two-level approach 123 ~12x10" ~1.1x107 ~2.3x 107
SORA 248 624 722 1594
Bay SORA 50 141 141 332
Bay SORA AS 37 49 50 136
MFB-SORA 32|LF 43|LF 42|LF 117|LF
19|HF 19|HF 20|HF 58|HF

on a more complex test case. For that, in the next section, a sounding rocket design problem is
considered.

4.2 Sounding Rocket case

The physical test case deals with an optimization problem of a single-stage sounding rocket.
Sounding rockets are suborbital launch vehicles that are often used to carry out scientific exper-
iments to study the atmosphere. These rockets perform a first powered phase using either one
or multiple stages, then a complete ballistic flight to reach their apogee. Finally, a reentry phase
is achieved until landing in the ground or in the sea (Figure 4).

Altitude profile

300 — Altitude
End of boost
250 MECO
= 200 === Fairing Jettison
E. Tajectory apogee
L 150 Fallout impact
= .
Z 100
50
0 =
0 100 200 300 400 500 E00
time [5]

Figure 4: Sounding rocket trajectory (MECO: Main Engine Cut-Off)

In this test case, a RBDO problem of a single-stage solid propellant sounding rocket is carried
out (Figure 5). This test case involves a multidisciplinary process involving several disciplines
such as trajectory, aerodynamics, structure and propulsion (Figure 6).

These disciplines interact together and the overall design process is implemented using
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Figure 5: Illustration of solid propellant single stage sounding rocket with the different design parameters (d and
p)
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Figure 6: Illustration of the multidisciplinary process of the sounding rocket test case

OpenMDAO [44]. Two fidelity levels are involved, depending on simplifications in the dis-
ciplines relative to the aerodynamics and structure. It is assessed that the computational cost of
the low fidelity model is ten times lower than the high fidelity: ¢ g = 0.1 and cyp = 1.

In order to collect data or perform experiments at a given altitude Altgpogee, it is crucial to
ensure with a high level of confidence the probability of reaching this target altitude at the
apogee. The RBDO problem consists in minimizing the Gross Lift-Off Weight (GLOW) while

ensuring to reach a target altitude at apogee.
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An illustration of single-stage sounding rocket trajectory is given in Figure 4, with an altitude
at apogee of 300 km. During the trajectory, the fairing of the sounding rocket is jettisoned in
order for the payload to perform the experimentation. The corresponding optimization problem
can be formulated such as:

min  GLOW(dy, dy, po, p1)

do,d1,po,p1

s.t. P [Alt(do, dl, X(p(), pl), Z()) < Altt

apogee] <P ;
where:
* d is the stage diameter (m), with 0.2 < dy < 0.6,

* d; is the combustion chamber pressure (MPa) for the solid rocket propulsion, with 9 <
dy <11,

po is the propellant mass (kg), with 350 < py < 500,

py is the throat area (m?) of the nozzle for the solid rocket engine, with 1« 1073 < p; <
2.5 %1073,

Zy 1s the uncertainty on drag parameter for the aerodynamics modeling during ascent
phase.

The parameters {dy, d1, po, p1} are the design variables. X = [ X, X;] and Z; are the random
variables such that Xy ~ N (po,0.1), X1 ~ N(p1,0.25) and Z, ~ N(0,0.1). The random
vector X models uncertainty due to the manufacturing process of the sounding rocket (for the
throat area of the rocket engine) and the fueling operation before the launch. Moreover, 2
characterizes the uncertainty on the modeling of drag during ascent phase. Due to these different
uncertainties, the sounding rocket has different trajectories. Two multidisciplinary processes are
considered in this test case a LF and a HF process with differences regarding the aerodynamics
and the structure disciplines. For the structure, the low fidelity models involves a statistical
relationship between the inert mass as a function of the propellant mass whereas the high fidelity
model computes the masses of all the elements (nose cone, equipment bay, nozzle, engine, etc.)
of the stage). Considering the aerodynamics discipline, low fidelity models are calibrated with
respect to expert knowledge whereas for high fidelity models, an early design aerodynamics
code (MISSILE [45]) is used.

Figure 7 shows the dispersion of the trajectories (using the Low-Fidelity and the High-
Fidelity models), over 50 realizations of the aleatory variables, of the sounding rocket and the
comparison between its maximum altitude and the threshold to reach. In Figure 7, two differ-
ent sets of trajectories are shown: one computed with the HF code and one with the LF code.
These two fidelity models leads to similar trajectories by with some discrepancies due to the
simplifications in the low fidelity models of the aerodynamics and the structures.

The objective of the design study is to optimize GLOW with respect to the design parameters
of the sounding rocket while ensuring that the probability of not reaching the target altitude (in
red in Figure 7) is less than a certain probability of failure. This target probability of failure
is set to P; = 0.001. The different fidelities of each functions are denoted { fir(-), fur(-)} and

{gLr ("), gnr(+)}-
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Figure 7: Dispersion of trajectories of the sounding rocket due to uncertainties, computed with the HF code and
the LF code

Table 3 presents the optimal solution and its corresponding objective and constraint value
given by each compared method (SORA, Bay SORA, Bay SORA AS and MFB-SORA). The
optimal point is denoted as x°?'. Table 4 compares the computational cost of each method. The
costs calculated in the last column are computed as for the analytical case.

Table 3: Optimum obtained by each method for the sounding rocket test case.

X = [do,dy,po, pi ] fup(X°P)  Ppi(x°P)
SORA [ 51.1, 97.5, 43.8, 14.8 |  683.47 0.001
Bay SORA [ 51.1, 97.4, 43.8, 14.8 |  683.47 0.001
Bay SORA AS || [ 51.0, 98.1, 43.8, 14.7 ]  683.47 0.001
MFB-SORA [ 51.0, 97.0, 43.8, 14.9 |  683.47 0.001

For this physical case, all the methods provide similar results for optimum (with some small
differences regarding the location of x°?"). Some of the components of x°?* vary a bit depending
on the methods used. This variation is explained by the fact that the solution of the problem
is on a plateau, and thus several combinations of input parameters provide the same objective
function value. Indeed, all solutions provide the same objective function value, and are feasible
with respect to the probabilistic constraint. The value of Py at the optimal point (x°') is equal
to the limit value P;.

Let us compare the corresponding computational costs of each method. In this case, the
double-loop method could not be tested, due to the computational cost of the codes used (im-
possibility to carry out a number of multidisciplinary process evaluations in the magnitude of
107). As for the first case, the computational cost of the standard SORA approach is compared
to the various SORA improvements. Each improvement of SORA provides a reduction in the
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Table 4: Comparison of the computation cost of the proposed method for the sounding rocket test case.

Number of evaluations Number of evaluations Total Cost
of fur(") of gur(-)
SORA 1773 2281 4054
Bay SORA 133 253 386
Bay SORA AS 105 122 227
MFB-SORA 82|LF 103|LF 185|LF
31|HF 35|HF 66|/HF

number of evaluations of the HF code. Bay SORA divides the global computation cost of SORA
by about ten times, by integrating Bayesian optimization. This result is very promising since
it shows the interest of using surrogate models to reduce the computation time, especially in
the case of complex systems. Then, the construction of surrogate models in the augmented
space improves the efficiency: the cost of Bay SORA AS method is 18 times lower than the
classical SORA. The idea of reusing the surrogate information acquired allows to reduce the
cost as well as for the analytical case. Finally, using the information provided by a lower fi-
delity model with the proposed MFB-SORA approach, total cost is reduced by about 48 times
(Ctota = 185%0.14+66 = 84.5). Each contribution improves the efficiency of the classical SORA
method.

5 Conclusions

In the present work focused on Reliability-Based Design Optimization (RBDO), extensions
of the Sequential Optimization and Reliability Assessment (SORA) have been proposed. SORA
approach is an efficient alternative to two-level formulations of RBDO problems decoupling
optimization from reliability analysis and transforming the process into a sequence of deter-
ministic optimization problem and reliability analysis problem. Moreover, reliability analysis
is solved using First Order Reliability Method (FORM) leading to another optimization prob-
lem. In the present paper, three different improvements of classical SORA have been proposed.
First, the use of Bayesian Optimization using surrogate models in order to solve the optimiza-
tion problems at each iteration of SORA has been proposed. Second, the idea is to reuse the
information of the surrogates learned during the iterations of SORA by constructing these sur-
rogates in an augmented space combining the domain of definition of the random variables
and the design variables. Finally, in order to reduce the computational time, the approach has
been modified to take into account information from different levels of fidelity, through a multi-
fidelity framework. Each of the contributions made to SORA have been tested and compared
on two different test cases: an analytical test case and a physical test case involving the design
of a sounding rocket under the probabilistic constraint of reaching a certain altitude considering
different uncertainties.

Each of the improvements of SORA allowed to obtain the feasible solution for each test case
problem. These results were compared to reference results provided by classical methods (clas-
sical SORA and two-level approach). Each SORA improvement reduces the number of eval-
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uations of the HF simulation code. The integration of Bayesian optimization allows to solve
the optimization sub-problems (deterministic optimization and reliability analysis) of SORA
with a limited number of exact model evaluations, which is interesting in an intensive compu-
tational context. Secondly, the construction of surrogate models in an augmented space allows
to even more reduce the costs of calculation. Indeed, just by reusing the information (through
the Design of Experiments - DoEs) of the surrogate along the SORA iterations, the number of
calls to the HF code during the enrichment of the surrogates are reduced. Indeed, closed to the
SORA convergence, the solved optimization sub-problems are similar to the previous SORA
iteration. As a result, the transmission of information learned during iterations allows the fol-
lowing optimization sub-problems to be solved with fewer and fewer HF code evaluations as
the surrogate models are already accurate. Finally, the MFB-SORA method presented in this
article proposes to use information from different levels of fidelity by constructing multi-fidelity
surrogate models in this augmented space. The first analyses presented in this paper have shown
that the proposed MFB-SORA method drastically reduces calculation costs, which presents a
real advantage in a context of complex systems where calculation costs are expensive.

Future works will investigate the robustness of the method according to the initial DoEs.
Repetitions of each method will be performed considering different initial DoEs. In addition,
different criteria for multi-fidelity enrichment will be compared. Another way of improvement
of the proposed method would be to consider other multi-fidelity surrogate models than Auto-
Regressive 1 (AR1), where the robustness of MFB-SORA could be confronted to test cases
presenting non-linear dependencies between fidelity models.
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