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Abstract. Covariance-driven stochastic subspace identification (SS1) is a frequently employed
modal analysis technique, often used in operational modal analysis (OMA) applications, as a
reliable means of recovering the modal properties of a structural dynamic system. At its core,
this method relies on a mathematical concept known as canonical correlation analysis (CCA)
that seeks to find the correlation between Hankel matrices of the future and the past observa-
tions, from a set of response sensors, measuring a dynamic system. In previous work by the
authors, a probabilistic formulation of SSI was presented that saw the replacement of tradi-
tional CCA with its probabilistic equivalent, using the theory of latent variable models. This
change in formulation provides new insight into this well established approach. Subsequently,
the probabilistic method was further extended by the authors to a so-called, fully Bayesian
approach and solved using Markov Chain Monte Carlo (MCMC) sampling to recover the pos-
terior distributions over the modal properties. The availability of the posterior uncertainty
provides additional information to the user which can impact future decision making or mod-
elling exercises. This paper presents a continuation of the Bayesian SSI formulation in the form
of a novel variational Bayesian SSI approach, capable of approximating a surrogate posterior
distribution over the modal properties. It is shown on a simple case study how suitable approx-
imations to the posterior distributions over the modal properties can be recovered that show
good agreement with the truth, whilst also encompassing the SSI estimate in the posterior. This
is also followed by a brief discussion on its overall performance and the possible limitations
and how these could be addressed.
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1 INTRODUCTION

The characterisation of structural dynamic systems is a well-established area of research and
continues to be a key component of modern engineering practice. Modal analysis is a common
type of system identification used to determine the modal properties of linear dynamic systems
from experimental data; familiar to the dynamicist as the natural frequencies, damping ratios
and mode shapes. The availability of this modal information is useful to the practitioner as
it provides a factual basis for informed decision making throughout the entire lifecycle of an
engineering structure. Rarely used in isolation, modal analysis plays a central role in a much
larger set of tools and processes such as model updating, structural health monitoring (SHM)
and digital twins.

Stochastic subspace identification (SSI) [1, 2] is a prominent modal analysis technique for
which the main objective is to estimate the linear state-space model of a structural dynamic
system from correlated sequences of observed data. An eigen-decomposition of the recovered
state-space model, obtained using traditional linear algebra techniques, yields point estimates
for the desired modal properties. Frequently employed across industry and research, SSI (and
its many algorithmic variants) continue to be a reliable means of experimental and operational
modal analysis.

Operational modal analysis (OMA), one of the leading applications of SSI and the focus
of this work, is a subset of modal analysis concerned with the recovery of modal properties
in the absence of measured input information; often the case when testing in-situ (operation).
Operational testing is routinely required due to scale, complexity, or an inability to accurately
recreate forcing conditions in a laboratory setting. This requirement is typical of in-service,
large scale structures such as civil infrastructure, aircraft and off-shore structures. The response
of these systems is instead measured during ambient excitation, which is seldom measured and
often assumed to be broadband white noise. Inevitably, OMA has gained increased popularity in
recent years due to its high economic value and convenience in many engineering applications,
especially for high-value large-scale assets [3, 4].

Most OMA techniques, including SSI, operate deterministically; recovering only point es-
timates of the modal properties and rarely accounting for or calculating any associated uncer-
tainty. However, the inclusion of uncertainty, in its various forms', has proven to be greatly
useful when tackling certain dynamics focused tasks such as; automatic selection of poles in
the consistency diagram?, modal parameter estimation [7] and robustness [8].

In recent years, Bayesian approaches to system identification have gained increasing atten-
tion in the dynamics community [9]. The successful use of Bayesian methodologies and appli-
cation of posterior uncertainty in ‘downstream’ applications (those reliant on modal data) such
as SHM and digital twins, has highlighted an explicit need to expand the scope of Bayesian
frameworks to ‘upstream’ tasks such as system identification. The ultimate objective of which
is to to recover or approximate the posterior uncertainty and in doing so, provide the experienced
dynamicist with valuable additional information in the decision making process. Furthermore,
viewing system identification as an inference problem can offer a more powerful and insightful
perspective that explicitly addresses the problem of uncertainty.

'Tt is important to note, that there are many types of uncertainty, whether that be a posterior uncertainty in
a Bayesian sense, estimates for bounds, confidence intervals, fiducial intervals, etc. In this work, a Bayesian
paradigm is used.

2This often referred to as the stabilisation diagram, however the authors believe this choice of terminology may
cause confusion with the ‘stability’ of poles referenced in control theory. Hence, the term consistency diagram is
used. This transition has also been adopted by others in the field of dynamics [5, 6].
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In previous work by the authors [8] it was shown that, through leveraging the presence of
canonical correlation analysis (CCA), covariance-driven SSI can be reformulated probabilisti-
cally through direct replacement of CCA with the theory of probabilistic projections (proba-
bilistic CCA) [10]. This was later extended, using hierarchical methods, to a novel Bayesian
interpretation of SSI [11] using Bayesian CCA [12, 13, 14] with a Markov-chain Monte-Carlo
(MCMC) sampling scheme to obtain the posterior uncertainty. As an alternative to the MCMC
approach, this paper introduces the variational inference approach to Bayesian SSI. It will be
shown how suitable approximations to the posterior distributions over the modal properties can
be recovered, with discussion on the ability of the method to accurately represent the uncertainty
over these properties and possible avenues to improve future predictions. A key advantage of
this variational approach, is the overall reduction in computational load associated with MCMC.

2 RELATED WORK

Perspectives on Bayesian system identification have existed for a number of years and over
the last decade many attempts to formulate Bayesian/Probabilistic OMA techniques have arisen
in the literature taking a variety of approaches [15, 16, 9]. The most prominent in the field of
OMA is the work of Au et.al., summarised in [17, 18], that develop a Bayesian Fast Fourier
transform (FFT) algorithm. This algorithm has subsequently led to a body of works labelled
Bayesian OMA or 'BAYOMA'’ [19, 20]. BAYOMA can be seen as the process of coupling the
Bayesian FFT algorithm with a familiar modal analysis technique, such as Frequency Domain
Decomposition [21], to recover a most-probable value and a representation of the uncertainty in
the form of a coefficient of variation. This method, although Bayesian in its initial formulation,
appears to reduce to a maximum likelihood approach since prior information is not employed
[22]. In contrast, the method proposed by this paper will aim to recover a suitable approximation
in the form of a surrogate posterior, using flexible but informative priors.

3 THEORY
3.1 Covariance-Driven SSI

Given standard derivations of covariance-driven SSI [23, 1, 24], it is widely known that
for a classically defined, output-only state-space model, the extended observability (O) and
controllability (C) matrices can be computed using the singular value decomposition (SVD)

— _ vov v T
2f}/2zfpzppm = V,AV] = VAV, (1)

where X4, is a block cross-covariance matrix between Hankel matrices of the future and past,
and X and 3., are block auto-covariance matrices, derived using matrices of lags in the form
of past and future Hankel matrices, Y, = Yq2;-1 and Y; = Yj;_1. The vectors V; and
V, correspond to the left and right singular vectors of the SVD, respectively and A neglects
sufficiently small singular values (equivalent to the canonical correlations) in A such that the
resultant state vector has the dimension d = dim([&). Consequently, the cross-covariance ma-
trix, 3 ¢,, can be decomposed into a product of the extended observability and controllability
matrices using X, = OC, such that

Lo 1/2 $1/2.¢

0 = =R ¢ = APV, )

where rank(Q) = rank(C) = d.
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3.2 Prob-SSI
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Figure 1: Graphical model of probabilistic CCA

In [8] it was shown that through simple substitution of the SVD (equivalent to CCA) in equa-
tion 1 with probabilistic CCA [10], covariance-driven SSI can be reformulated probabilistically.
The latent variable model used to make this substitution is shown graphically in Figure 1 and
described mathematically by equations,

N2, ~ N( ™z, + pt™, B0 4)
Xn|zn ~ N(Wzn + M, E) (5)

where N (11, ) corresponds to a Gaussian distribution characterised by a mean p and Covariance
3], [ represents an identity matrix, 3 is a block -diagonal covariance matrix with ) and 2

on its diagonal, p = [u); u®] and W™ is a linear transformation on the latent variable z,,
where W = [W®; W], In this probabilistic form, assuming x(*) and x® are Y 5 € RPN
andY, € RP2*N respectively, the maximum likelihood estimates (MLE) of the weight matrices
can be shown to be equivalent to the observability matrix and controllability matrix transposed.

w" = =l2vpPR = 0 6)

W(Q) _ 2}1}]/)2\[2:[_)1/2]1 _ CT (7)
where P is a diagonal matrix of the largest d canonical correlations and R is an arbitrary square

rotation matrix of size d. Although often unnecessary?, the arbitrary rotation matrix R can be
recovered through a simple post-processing step [25]*.

4 BAYESIAN STOCHASTIC SUBSPACE IDENTIFICATION

4.1 Bayesian CCA

Developing a hierarchical extension to PCCA, Wang [12] and Klami and Kaski [13] proposed
Bayesian forms of CCA by introducing prior distributions over the model parameters. This
extension to the model is shown graphically in Figure 2. The distribution over the likelihood
and the prior distribution over the latent variable z are the same as in PCCA and are exactly as

3This arbitrary rotation is often ignored as its omission still results in data being transformed into the relevant
subspace.
“Note the article contains an errata to the appendix with the relevant derivation.
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Figure 2: Graphical model of Bayesian CCA

written in equations (3 - 5), whilst the prior distributions over the model parameters are given
by,

wi ~ N(p,,,02]) (8)
U o~ WK w) )
p o~ N(0,0.0) (10)

where w; denotes the ¢th column of the full weight matrix W, where each column of W is
considered independent and therefore assumed to have its own prior of the same form, W is
shorthand notation for a Wishart distribution, and the priors over the mean p and the preci-
sion matrices ¥™ are conventional conjugate priors. Note here that unlike the PCCA model,
precision matrices are used as they simplify the variational model. Moreover, also note that
compared to [13] and [12], the sparsity inducing (ARD) prior over the independent columns of
the weight matrix has been removed.

4.2 Bayesian SSI

Akin to the derivation of Prob-SSI, CCA can be replaced with Bayesian CCA in SSI, such
that the posterior estimates for the weights WO W are analogous to the observability matrix
and controllability matrix transposed. This results in a Bayesian interpretation of SSI and thus,
an inference problem. There are several methods available to compute the posteriors, such as
MCMC, Laplace approximation and variational approximation. In this paper, a variational in-
ference scheme, similar to that employed by Wang, is used to recover analytical approximations
to the posterior.

4.3 Variational Bayes (Inference)

Variational Bayes [26, 27] is often described as an extension to the expectation-maximisation
(EM) algorithm, from a maximum-a-posteriori (MAP) estimation of the most-probable value to
a more complete Bayesian approach capable of computing an approximate (surrogate) posterior
over the parameters and latent variables. For Bayesian SSI, using a mean field approach, the
surrogate posterior g4 (z) was selected as having the following factorised form

q(z, 1, ¥, W) = q(z) [ [ a(wi)a(p)a(®) (11)

i=1
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such that

@(2n) = N (2|15, . 22,,) (12)
a(®) =w (K, p) (13)
q(wi) =N (Wil » Zw,) (14)
q(p) =N (plp, . 2y) (15)

where ¢ = {p, .3, , K_l, U, Py, Bw,, My, 2y} are the moments of the surrogate distribu-
tions. Given that the intention is to obtain a surrogate posterior as close to the real posterior as
possible, an optimisation problem arises seeking to minimise a dissimilarity function between
the two distributions. A common approach, and the one employed here, is the minimisation
of the Kullback-Leibler (KL) divergence. The KL divergence is typically chosen as it makes
the minimisation process tractable. Rather than directly minimising the KL divergence, it is
common practice to define the problem in terms of the evidence lower bound (ELBO), which
when maximised, is equivalent to minimising the KL divergence. Obtaining the ELBO is also
beneficial as it can be used to monitoring convergence. The ELBO is defined as

L(@p) = Eqy.0) [logp(x,2,0) —log q4(z, 0)] (16)

where 8 = {u, ¥, W}. Given the ELBO, and using coordinate ascent variational inference
(CAVI) [27], the distributional form of each component of the surrogate posterior and the ac-
companying statistical moment equations, can be determined in full using

~

¢ = argmin KIL(gy(z, 0)||p(x,z,0)) = argmax L(¢) (17)
o] o]

The equations and their derivations are long and tedious but necessary, requiring numerous
pages of algebra. As such, they are omitted here for space and the reader’s sanity, but can be
derived if needed.

4.4 Modal Parameter Recovery

Once posterior distributions to the observability and controllability matrices have been ap-
proximated using variational inference, the final phase is the recovery of the posterior distri-
butions to the modal properties. However, propagating uncertainty in closed form through
standard matrix problems and eigen-decompositions, two mathematical operations necessary
for modal parameter recovery, is currently not possible, meaning there is no tractable solu-
tion to the posterior. Therefore, sampling based (Monte Carlo) methods are needed to obtain
approximations to the posterior distributions of the modal properties.

S RESULTS AND DISCUSSION

To assess the identification performance of Bayesian SSI, response data was generated using
a simulated three degree of freedom (DOF) linear dynamic system with natural frequencies
wy, = {4.74,6.44,10.65} Hz and damping ratios ¢,, = {0.0015,0.0020, 0.0033}, given a white
noise excitation. The system was simulated at a sample rate of 1000Hz, generating 8192 data
points. Both SSI and Bayesian SSI were applied to the dataset and used to identify the modal

87



Brandon J. O’Connell, Max D Champneys, Elizabeth J. Cross and Timothy J. Rogers

properties of the system, assuming a model order of 20 (equivalent to 10 unique modes as poles
exist as conjugate pairs).

The prior mean for the weights p,,. was set equal to those obtained through SSI. This was
deemed a sensible and logical approach as the truth is expected to lie in somewhat close prox-
imity to the result from SSI. This significantly improves computational efficiency whilst also
reducing the likelihood of getting trapped in a local minima, a common trait in iterative optimi-
sation methods such as EM and variational coordinate ascent. The remaining prior parameters
were set as: 05, = 1074, Ko = 107°L, vy = D + 1 and ai = 1, where D is the dimension
of the dataset. Once posterior estimates for the observability and controllability matrices were
recovered using variational inference, 10 000 samples were drawn from the distributions and
used to obtain estimates for the posterior distributions of the modal properties.

Following application of both methods, full posteriors over O and C were obtained and sam-
ples drawn to obtain distributions over the modal properties. Figure 3 illustrates the prior and
posterior distributions over the natural frequencies, with indicators to the SSI found result and
the truth, and similarly, Figure 4 shows the same but for the damping ratios. Unsurprisingly,
SSI performs as expected finding estimates relatively close to the true values but with some
deviation seen. Bayesian SSI appears to perform well, recovering posterior distributions with
means close to the truth, whilst also having sufficient variance such that the distribution encom-
passes both the SSI solution and the true values, given the priors. Interestingly, the priors over
the damping ratios give greatly inflated estimates, which is expected as damping is strongly in-
fluenced by the magnitude of the dynamic response and is often hard to recover. Nevertheless,
the posterior estimates do appear to converge towards the true damping ratios, as expected.

Figures 5 and 6 also shows the prior and posterior distributions for the mode shapes of the
system. Generally, there seems to be good agreement between the posterior and the truth, as the
expectation of the distributions appearing to align well with the true modes. Another promising
observation is the removal of the spurious modes, seen in the second mode shape prior.

Lastly, Figure 7 shows the plot of obtained posterior poles, with a secondary plot better
highlighting the pole estimates near the SSI solution and truth. This plot provides an alternative
look at the posterior and is useful as it highlights the presence of posterior poles that lie in the
right-hand plane, corresponding to unrealistic estimates for the damping ratio (( < 0). The
management of this is an open research question, one discussed later in the closing remarks.
Nevertheless, regardless of whether a Bayesian approach is used, nothing constrains classical
SSI to enforce (¢ > 0).

An important feature worthy of discussion, is the apparent distributional shape of the recov-
ered properties. Locally, it could be said that the individual modal properties appear to follow a
Gaussian distribution and could be approximated as such, however, one can reason that the ex-
pected distributions cannot be analytically Gaussian due to the inherent mathematical operations
needed to recover them. Furthermore, non-Gaussian distributions over the natural frequencies
and damping ratios are expected, as the two modal parameters are physically bounded (0, co)
to ensure a real and stable dynamic system. As a Gaussian has support over the whole real
line (—o0, 00), estimates to the posterior may result in unrealistic, nonphysical estimates of
the modal properties. Again made clear through Figure 7, where the distinction between poles
corresponding to (¢ > 0) and (¢ < 0) is made.

It is also worth noting there are visible differences in the variance of the prior distributions
over all modal parameters. Despite the columns of the prior weight matrix being normally
distributed with the same variance, the same non-linear operations needed to obtain the pa-
rameters, such as the eigen-decomposition, directly alter the mapping of this variance. This
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Figure 3: Histograms of the prior and posterior distributions over the three natural frequencies, constructed from

the posterior samples.
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90

A Pole Plot Zoomed Pole Plot
Posterior Poles (¢ < 0) 015 «  Posterior Poles (¢ < 0) |
ve + wrmewmmd + Posterior Poles (¢ > 0) +  Posterior Poles (( > 0)
3+ Truth 7 Truth
O ssI
. 0.1F
2L |
o=
1L B 0.05 -
sg’ ;g ‘- O=-e - .
gﬂ 0t . cves @ coms ] ED .
g g r
= =
-1k B e e O=- .o .
-0.05 +
ol R ~@— -
3L R -0.1+
4 . . . . . . . . . . . .
-12 -10 -8 -6 -4 -2 0 2 -2 -1.5 -1 -0.5 0 0.5
Real Real x107%




Brandon J. O’Connell, Max D Champneys, Elizabeth J. Cross and Timothy J. Rogers

behaviour was largely expected from the eigen-decomposition, as all the available ‘flexibility’
is primarily used in finding the first component. This reduces the effective dimension each time
a subsequent orthogonal eigenvector is added. Consequently, this results in a reduction to the
variance of the prior for the increasing mode number. This does have its limitations, as can be
seen from the prior and posterior distributions of the third mode. Despite the variance of the
posterior increasing with the inclusion of data, there is little movement of the posterior mean
toward the truth, as the tightness of the prior heavily influences the estimate.

Considering the above, two interesting questions arise. Can more suitable priors be con-
structed such that a real and stable dynamic system is guaranteed? Furthermore, does a closed
form, analytical solution exist for a true or surrogate posterior? One could hypothesise this
could be Gamma or log normal for example. Overall, the ability to recover posterior distribu-
tions over the modal properties in this way, despite the limitations highlighted, is an inherently
useful feature of Bayesian SSI that provides a powerful insight into the uncertainty in both the
data and the SSI algorithm.

6 CLOSING REMARKS

This paper presented a novel variational Bayesian approach to covariance-driven stochastic
subspace identification (SSI) for use in operational modal analysis (OMA). It was shown that
by leveraging the presence of canonical correlation analysis (CCA) in SSI, a replacement with
Bayesian CCA can be made, thus reformulating SSI as an inference problem. As a result, ap-
proximations to the posterior distributions over the observability and controllability matrices
can be recovered in closed form using a variational inference scheme. Moreover, by extension,
approximations to the posterior distributions over the modal properties can also be recovered
through sampling; necessary due to the intractability of the posterior once operated upon by
non-linear mathematical operations, such as an eigen-decomposition. The method was success-
fully applied to response data from a simulated three degree-of-freedom linear dynamic system
and unsurprisingly, demonstrated comparable identification performance to SSI, whilst also re-
covering suitable approximations to the posteriors that include both the truth and SSI estimates
of the modal properties.

Following this body of work, future work will aim to address the issue of recovering physi-
cally meaningful posterior estimates to the modal properties. This may include the exploration
and development of a novel approach to embedding physical understanding into the priors in
this practical context. The authors will also investigate the use of the now available posterior
uncertainty to aid model order selection, without the need for consistency diagrams. The role
and inclusion of the sparsity inducing prior, used by Wang [12] but not employed here or dis-
cussed in depth, may yet play an interesting role in automatic model order selection for modal
analysis.
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