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Abstract. The blood flow characteristics found in our larger vessels are unsteady, particularly
around the heart valves and bifurcations. In the case of stenosis, or narrowing of the vessels,
the flow may transition to turbulence. To understand the dynamics of the forces acting on the
blood components and the vessel wall, simulations using computational fluid dynamics (CFD)
are commonly applied. The severity of the stenosis can be determined by accurately assessing
the fluid flow, which can also serve as a risk indicator for potential thromboembolic events.
Motivated by the vessel’s geometry being a factor that highly influences the flow characteristics,
we investigate here the impact of changes in geometry on turbulence using multi-fidelity models,
which are based on Gaussian processes. The objective is to develop a multi-fidelity model to
construct a high-fidelity estimate by combining numerical simulations from spectral element-
based direct numerical simulations (DNS) and finite volume-based Reynolds-Averaged Navier-
Stokes (RANS) simulations. Specifically, a co-kriging-based model with Gaussian process is
used to combine various levels of fidelity (RANS, DNS). To vary the blood vessel geometry, the
stenosis’s severity and eccentricity are considered uncertain input parameters. A multi-fidelity
model is then used to predict the consequences of said uncertainties on the mean pressure
drop across the vessel and the wall shear stress, the quantities of interest directly linked to the
biological activity of the vessel. Using data of different accuracy, the multi-fidelity technique
allows us to optimize the accuracy and cost of predictions.
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1 INTRODUCTION

According to World Health Organization (WHO), cardiovascular diseases (CVD) are one
of the most common causes of death worldwide1. An abnormal narrowing of human arterial
vessels, known as stenosis, is often caused by a local plaque buildup. In the case of plaque
rupture, there is an increased risk of downstream blockage that may result in stroke, a leading
cause of death and disability [1]. Consequently, there has been, and still is, extensive research
focused on understanding plaque initiation and buildup to predict and identify risk potential
and improve treatment efficiency. From an engineering perspective, detailed flow analysis has
gained increasing attention with the increased available computational power. This has allowed
us to understand the disease dynamics better and estimate its contributing factors. However,
measuring wall shear stress (WSS) and hemodynamic parameters in vivo remains a challenge
[2]. Despite being an attractive alternative, simulating with a variation of multiple parameters
incurs a high computational cost. Moreover, the input parameters for these models are never
precisely known due to patient-specific conditions and measurement noise [3]. Also, there is
a lack of knowledge and models to determine the payoff of risk versus complications of the
operation itself [4]. Therefore, considering and quantifying the uncertainties arising from the
patient-specific analysis is essential to improve our understanding of CVDs.

The Monte Carlo (MC) method is commonly used for uncertainty propagation. MC necessi-
tates many input random variable samples to calculate the output variables repeatedly. A large
number of samples are required for accurate estimates. However, the computational cost can be
a significant obstacle [5]. To overcome this barrier, surrogate models have been designed, also
known as metamodels, proxy models, model emulators, or response surfaces [6]. These models
approximate the primary features of the complex model in the space of inputs or parameters,
resulting in an improved accuracy versus cost trade-off. While providing inexpensive approxi-
mations using sparse data, these models may need to represent the quantities of interest (QoIs)
accurately. Furthermore, obtaining a surrogate model to a complex model may still requires
unaffordable computational cost, mainly when dealing with a large number of parameters (the
curse of dimensionality) [7].

Gaussian processes (GP) [8] are widely used for regression, classification, and prediction
due to their flexibility in modeling relationships between a model’s input and outputs. Initially
developed in geostatistics by Daniel Krige as the “kriging” model to predict ore grades from
spatially correlated sample data in South African gold mines, it was later formalized by Math-
eron [9]. Since then, GP models have gained popularity in various fields, including finance,
healthcare, marketing, computer vision, and robotics. GP models are beneficial for problems
requiring interpolation and extrapolating of limited and noisy data, providing probabilistic esti-
mates of the prediction error. In terms of prediction accuracy, GP models have been shown to
outperform other popular models, such as adaptive regression splines, support vector machines,
and neural networks [10].

The multivariate extension of kriging is called co-kriging [11]. Co-kriging employs a sparsely
sampled target variable compared to a densely sampled auxiliary variable. The spatial corre-
lation between the target and auxiliary variables is modeled using a covariance function. This
allows for estimating the target variable at unobserved locations based on the observed values
of related variables. Thus co-kriging enables the fusion of the variable fidelity (high and low)
data to develop predictive models. The idea of incorporating information from simulations at
different levels of fidelity is useful when the simulations at a higher level of fidelity are more

1https://www.who.int/health-topics/cardiovascular-diseasestab=tab1
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expensive but, at the same time, significantly more accurate than simulations at a lower fidelity
level. The higher-fidelity simulations can be used to model the correlation between the target
variable and related variables. The co-kriging method was extended by [12] using the GPs for
multi-fidelity regression. The multi-fidelity regression method has been further improved to in-
clude several levels of fidelities to handle large data sets [13], and made computationally more
efficient by applying a recursive algorithms [14]. A predictive model that calibrates each com-
puter model to the next fidelity level and then calibrates the highest fidelity simulator to field
measurements was proposed by [15]. The latter employs the Gaussian process to represent all
fidelities and corrections and a Bayesian hierarchical model to combine different sources of in-
formation for predictions. This model has been adapted and applied to turbulent flow problems
in Ref. [16]. A class of Bayesian neural networks was developed by [17]. They trained the
model using variable fidelity noisy data to learn function approximations and resolve inverse
problems based on partial differential equations.

There is a need to improve the understanding of problems in the analysis of hemodynam-
ics. The evaluation of flow responses from the Navier-Stokes equations can be computationally
expensive. Developing optimization methods requiring the fewest number of data samples has
been of utmost importance [18]. Recently, there has been an increased interest in enhancing the
predictions from the Reynolds Averaged Navier-Stokes (RANS) models. They play a significant
role in ensuring engineering designs’ reliability, safety, and efficacy. However, there are lim-
itations to using the data available from the measurements in hemodynamics. Patient-specific
data, for instance, can be difficult, expensive, or even impossible to get, and ethical concerns
might limit the amount of data provided [19]. Therefore, it is desirable to have the fusion of
data from different fidelity levels of computer simulation, which will provide a more accurate
characterization of the disease and facilitate improved planning and delivery of the treatment.
The literature on multi-fidelity methods in haemodynamics remains limited. Only a handful of
studies have explored the application of multi-fidelity in haemodynamics research, making it
an area ripe for further investigation. The estimation of hemodynamics parameters using model
inversion that employs GP and Bayesian optimization [20], multilevel multi-fidelity (MLMF)
Monte Carlo estimator method based on spatial complexity and varying spatial resolution [21].
Their approach has proved to be efficient for uncertainty propagation in large-scale hemody-
namic problems. A fusion framework motivated by scalable supervised learning algorithms to
explore cross-correlations between variable fidelity blood flow models was proposed in Ref.
[20]. The high-dimensional optimized response surfaces are constructed while minimizing the
number of expensive function evaluations. The framework was robust in the presence of model
inaccurate low-fidelity models or noisy measurements.

A multi-fidelity approach between a 3D cardiac model and a simplified 0D version to speed
up an efficient parameter estimation algorithm was proposed in Ref. [22]. This method leads to
a fast and computationally efficient personalization method of the 3D model. A bi-fidelity Un-
certainty Quantification (UQ) framework for 3D hemodynamic simulations was proposed based
on a multi-fidelity stochastic collocation scheme in Ref. [23]. The low-fidelity model was used
to inform the global searches over the parameter space and to help the high-fidelity reconstruc-
tion. The low-fidelity model assisted the high-fidelity reconstruction and global searches across
the parameter space. Various cardiovascular flow cases, patient-specific artery geometries, and
combinations of high- and low-fidelity models, such as 2D models and unconverged solutions,
were used to assess the method’s efficacy. A hybrid 3D and 1D model approach to determine
the physiological condition of coronary lesions based on patients’ specific data was presented
in Ref. [24]. This hybrid model reduced the computational cost by approximately 1000 times.
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In addition, the 1D reduced-order models naturally addressed the challenges associated with
treating boundary conditions for 3D models.

In the present work, we investigate the mean pressure drop across the vessel and the wall
shear stress (WSS) hemodynamic parameters most commonly reported as risk indicators in
hemodynamic research. The data from Direct Numerical Simulations (DNS) and Reynold’s
Averaged Navier-Stokes (RANS) simulations are combined within a multi-fidelity framework
[12]. Due to the conceptual differences between these models, correlation or correction coeffi-
cients are used to establish a connection and build a multi-fidelity model.

The remaining parts of the paper are organized as follows; Section 2 briefly overviews the GP
and the multi-fidelity framework employed in this work. This section also presents numerical
modeling parameters and briefly describes the DNS (high-fidelity) and RANS (low-fidelity)
simulations. The results and discussions are presented in Section 3 followed by conclusions in
Section 4.

2 METHODOLOGY

This section briefly overviews kriging (a Gaussian process) and co-kriging used for this
work. The description of the numerical case is then presented.

2.1 Gaussian process

This section briefly discusses the Gaussian Process (GP); for a complete overview, readers
are referred to Ref. [6, 8]. Consider a regression model for a quantity of interest y,

y = f(x) + ϵ, (1)

where x = [x1, x2, · · · , xp] is the input vector, and ϵ is the noise in the observed data that can
be assumed as a white noise with zero-mean Gaussian distribution:

ϵ ∼ N (0,σ2). (2)

The function f(x) in Equation (1) can be represented by a GP with a mean function m(x) and
covariance function k(x, x′

):

f(x) ∼ GP(m(x), k(x, x′
)), (3)

m(x) = E[f(x)], (4)

k(x, x′
) = E[(f(x)−m(x))(f(x′

)−m(x′
))], (5)

For our case, we assume zero-mean Gaussian distribution. Therefore, m(x) = 0. k in Equa-
tion (5) is the covariance kernel of the GP, the choice of which is based on the likely patterns
and the smoothness of the underlying data in the space of the inputs. Gaussian (quadratic ex-
ponentiated), exponential, Matérn, periodic, and polynomial kernels are a few kernel functions
that are widely used [8]. It is possible to combine different kernel functions by addition, mul-
tiplication, and convoluting to model complex functions. In the present work, we employ the
Gaussian kernel known as the quadratic exponentiated kernel:

k(x, x′
) = σ2

f exp

(
−||x − x′||2

2λ2

)
, (6)

287



Shaima Magdaline Dsouza, Saleh Rezaeiravesh, Philipp Schlatter, Lisa Prahl Wittberg, T. Christian Gasser

where λ (length scale) and σ2
f are the hyper-parameters optimized by maximizing the marginal

likelihood given a set of data (X,Y). Once the Gaussian process is defined, the posterior func-
tion (at samples X∗) is obtained that is conditioned upon the given observations as p(Y∗|X∗,X,Y).
The estimation of the posterior function requires constructing a covariance function K∗ between
the data X and X∗. The corresponding mean and the variance m(Y∗) and var( Y∗) at the test
value X∗ can be obtained as:

m(Y∗) = K∗TK−1Y, (7)

var(Y∗) = K − K∗TK−1K∗. (8)

2.2 Co-kriging

Co-kriging surrogate modeling [25] can combine two data sets. Further improved results or
outcomes can be obtained by incorporating more low-fidelity and fewer high-fidelity samples,
an advantage when high-fidelity samples are either difficult to obtain or computationally costly.
The observation vector for the co-kriging model X has both the observations from the low-
fidelity Xlf = Xlf1 , Xlf 2, · · · , XlfN lf and high-fidelity model Xhf = Xhf 1, Xhf 2, · · · , XhfNhf ,
stacked together: X = [Xlf ;Xhf ]

T , with the corresponding sample function values written as
Y = [Ylf ;Yhf ]

T . The GP model for two processes can be given as follows:

Zhf = ρZlf +Zd, (9)

where ρ and Zd are respectively the correlation coefficient and the difference between the high-
fidelity Zhf and low-fidelity models Zlf . The covariance for the kriging model in Equation (6)
is employed to get the kernel for the co-kriging model [26]:

k(Ylf (Xlf ),Ylf (Xlf )) = k(Zlf (Xlf ),Zlf (Xlf )) = Ψlf (Xlf ,Xlf ), (10)

k(Yhf (Xhf ),Ylf (Xlf )) = k(ρZlf (Xhf ) +Zd(Xhf ),Zlf (Xlf )) = ρΨlf (Xlf ,Xhf ), (11)

k(Yhf (Xhf ),Yhf (Xhf )) = k(ρZlf (Xhf ) +Zd(Xhf ), ρZlf (Xhf ) +Zd(Xhf ))

= ρ2Ψlf (Xhf ,Xhf ) +Ψd(Xhf ,Xhf ),
(12)

The overall kernel matrix KCK is given by:

KCK =

[
Ψlf (Xlf ,Xlf ) ρΨlf (Xlf ,Xhf )
ρΨlf (Xlf ,Xhf ) ρ2Ψlf (Xhf ,Xhf ) +Ψd(Xhf ,Xhf )

]
. (13)

The estimation of the mean and variance of the multi-fidelity model at X∗ are similar to the
kriging model; refer to Equation (7) and Equation (8), respectively. We employ the co-kriging
framework available in GPy 2 in this work.

2.3 Numerical modeling and flow parameters

A vessel diameter D and length 19D were considered, with no-slip boundary conditions
prescribed at the wall. Concentric and eccentric stenosis with the diameter Ds were investigated;
see Figure 1. The severity of the stenosis is defined as the percentage reduction in the area:

SI =
D2 −D2

s

D2
× 100, (14)

2https://github.com/SheffieldML/GPy
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Figure 1: Schematic diagram showing axisymmetric and non-axisymmetric stenotic vessels.

The shape of the stenosis S(z) is such that the cross-section of the vessel is a circle along the
vessel [27]:

S(z) =
D

2

[
1− SI(1− cos2π

(z − z0)

Ls

)

]
, (15)

where z0 and Ls denote the onset and total length of the stenosis, respectively. The eccentricity
in the stenosis geometry is given:

e(z) = E
D

2

[
SI(1− cos2π

(z − z0)

Ls

)

]
. (16)

where E ∈ [0, 100] (the values are in percentage), with e =0 specifying the stenotic vessel with
no eccentricity.

The low-fidelity RANS simulations and high-fidelity DNS were performed at a Reynolds
number (Re) of 2000, based on the bulk velocity through the vessel (Ub) and the vessel diameter
(D). The parabolic velocity profile for laminar fully developed Poiseuille flow was imposed at
the inlet. The Reynolds number was selected to encompass a wide range of turbulent scales to
ensure both relevance of the low-fidelity RANS and manageable computational time for high-
fidelity DNS. We assume blood to be a Newtonian fluid; this is a reasonable assumption for the
rheological behavior of blood in the larger blood vessels [28]. The plaque is modeled as rigid
(calcified) structures and only affected the fluid flow by constricting the flow channel (vessel
lumen).

2.4 Details of DNS and RANS

The open-source Computational Fluid Dynamics (CFD) software Nek50003 was used in this
study. The incompressible Navier-Stokes equations are discretized in space using a spectral
element method using high-order Galerkin approximations with tensor-product polynomials
bases. The polynomial order Pn-Pn−2 was used to formulate the velocity and pressure curves.
The bases in each grid element used for the DNS was made up of polynomial order Pn = 9 in
each spatial direction, where there are E = 4940 hexahedral elements. The domain has about
3.6 million grid points [27].

The open-source code OpenFOAM4 was used for the RANS simulations using the k-ω shear
stress transport (SST) model [29]. This model has been used for blood flow in arteries and

3https://nek5000.mcs.anl.gov/
4https://www.openfoam.com/

289



Shaima Magdaline Dsouza, Saleh Rezaeiravesh, Philipp Schlatter, Lisa Prahl Wittberg, T. Christian Gasser

veins, stenotic blood vessels, atherosclerosis (plaque buildup), aneurysms (ballooning of blood
vessels), and heart valve flow simulations [30]. The k-ω SST model is often preferred for sim-
ulating these problems due to its ability to capture boundary layer and free-stream turbulence
effects [30]. For RANS, the mesh consisted of C =1401820 hexahedral cells. The resolution
was chosen after performing the convergence study on the residuals. The steady-state simula-
tions were performed using the SimpleFOAM solver. The mesh resolution was such that the
number of grid points in RANS and DNS were close to each other. Since, the main focus was to
obtain a multi-fidelity model without extracting information from the different levels of mesh
resolution.

3 RESULTS AND DISCUSSION
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Figure 2: Schematic representation of the samples from SI and E corresponding to low-fidelity RANS ( ), high-
fidelity DNS ( ), and validation set (DNS values are taken as truth) ( ).

The stenosis test case as represented in Figure 1 was considered with two random input vari-
ables, i.e., variation in SI and variation in E. For the current study, we assumed a severity be-
tween 40% and 70% (refer to Equation (14)), a range within which medical decision-making is
challenging. The stenosis geometry was chosen between the axisymmetric to non-axisymmetric
by varying the parameter E in Equation (16). The stenosis severity significantly affects the
WSS [31], and is known to be an atherosclerosis risk factor [32] because of the inflammatory
response from the endothelial cells, causing the remodeling of the vessel. Thus, time-averaged
WSS across the stenotic vessel and mean pressure drop across the stenotic vessel were investi-
gated. Figure 2 illustrates the analyzed range of input variability and the data samples used for
constructing the co-kriging multifidelty and kriging models.

The instantaneous coherent structures, isosurfaces of a negative contour of the λ2 criterion
for the case with maximum severity and fully eccentric vessel ((SI,E)=(70,100)), represents
the nature of turbulent breakdown in the post-stenotic flowfield as shown in Figure 3. In the
region close to the center of the stenosis in Figure 3, the vortices are observed that extend along
the vessel length from 3D up to 13D. These vortices are deemed essential in the flow transition
from laminar to turbulent [27]. The quantities that are of intertest to assess the stenotic vessel
are mean pressure drop and WSS.

The comparison of the mean pressure drop at the reference values from DNS GPR model,
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Figure 3: Instantaneous coherent structures (vortices) identified by using the isosurface corresponding to the 4.0
value of the λ2 criterion for the case with SI=75% severity and fully eccentric E = 100 stenosis.
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Figure 4: (a) The truth versus prediction of the mean pressure drop across the stenotic vessel using the co-kriging
model, (b) the joint PDF of the mean pressure drop.

and at the validation points ( ) are shown in Figure 4(a). For this case, we construct a kriging
model (truth) by using the DNS available at ( ) and ( ). It can be observed that the predictions
are close to the truth (dashed line); also, the ±1.96σ (where σ is the standard deviation of the
prediction) are shown as error bars in Figure 4(a) around the predicted values. This implies
that the predictions are 95 % confident to lie within the range of the error bars in Figure 4(a).
The joint and marginal Probability Density Function (PDF) of the truth and the predictions are
found using the KDE (kernel density estimation) method and are shown in Figure 4(b). The
marginal PDF of the predictions is close to the reference as observed from the Figure 4(b).
The predictions of WSS from the multi-fidelity model are compared with the kriging models
obtained from only using the DNS data (points ( ) in Figure 2) which we refer to as DNS GPR
(Gaussian Process regression). A similar GP model that uses the RANS data (all ( ) points
except ( ) in Figure 2) is referred to as RANS GPR. All the points except the samples ( ) in
Figure 2 are used to train the linear multi-fidelity co-kriging model. The WSS occurring on the
stenotic vessel is projected on the rectangle such that the length of the rectangle is the length of
the stenotic vessel and the breadth is the range of azimuthal angle [−π, π]. Figure 5 shows the
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(a) DNS (b) RANS

Figure 5: The WSS contour for the DNS and RANS with (SI,E)=(40,100); the wall of the stenostic vessel is
projected on to a rectangle with the length and breadth equal to the length of the vessel and the range of azimuthal
angle respectively.

Table 1: ±1.96σ around the predicted WSS along the streamwise direction for azimuthal angle 0 (refer to Figure 5)
at the position of stenosis 2D to 4D using RANS GPR, DNS GPR, and co-kriging multi-fidelity model.

(SI,E) RANS GPR DNS GPR Multi-fidelity model
(70,50) 2.005048 2.283755 0.133722
(60,30) 1.365022 1.623082 0.113875
(60,0) 0.903891 0.581707 0.120253
(50,80) 0.522102 0.698840 0.074726
(40,30) 2.425342 1.19060 0.144965

WSS contours for both DNS and RANS for the case, (SI,E)=(40,100) of the input variables
(refer to Figure 2). The predictions for the five different (SI,E) are shown in Figure 6(a) -
Figure 6(e) respectively. It can be inferred that the multi-fidelity co-kriging model predicts
the WSS along a streamwise direction better than using the RANS GPR and DNS GPR in all
the cases. Also, it can be seen that the kriging from the high-fidelity model (DNS GPR), by
using the same points as in the multi-fidelity co-kriging model, obtains better predictions than
the low-fidelity model (RANS GPR). The minimum value of the WSS in the stenotic zone
is underestimated by RANS as seen from Figure 6(a) - Figure 6(e), also at certain instances
leads to overshooting. The position of the minimum wall shear stress occurrence is also best
estimated using the multi-fidelity model compared to the kriging models. The predictions and
±1.96σ around the mean value of the predicted WSS is shown in the Table 1.

4 CONCLUSIONS

The current work aimed to obtain high-fidelity predictions of the quantities of interest in the
space of the parameters by combining low-fidelity RANS and high-fidelity DNS. A straight
blood vessel with the stenosis is studied with varying area reduction and eccentricity. The focus
was to predict the WSS and mean pressure drop in the streamwise direction that occurred due
to this in the stenotic region. An efficient method based on co-kriging that uses a difference
factor between the two fidelity models and the correlation factor combines the low-fidelity data
with high-fidelity data. This methodology can be applied to more complex cases with patient-
specific geometries. Regarding computational performance, the method can be improved by
studying the sensitivity within the parameter fields. The non-linear relationship between the
data available from the different fidelities will be explored as an extension of the present work.
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(b) (SI,E)=(60,30)
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(c) (SI,E)=(60,0)
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Figure 6: The prediction of the time-averaged WSS along the streamwise direction for azimuthal angle 0 (refer to
Figure 5) at the position of stenosis 2D to 4D, refer to Figure 1.
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