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Abstract.
The paper presents a strategy for adaptive sequential decomposition of the design domain

and for localized surrogate modeling via polynomial chaos expansion. The proposed method
combines adaptivity of localized surrogate modeling and sequential sampling. The iteration
process of the decomposition and sequential sampling balances between exploitation of the
surrogate model and exploration of the design domain. The proposed methodology is especially
beneficial for highly non-linear functions, which are extremely challenging for and approxima-
tion by polynomial chaos expansion. The obtained numerical results confirm its superiority over
a single global surrogate model and a recently proposed technique based on similar concepts.
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1 INTRODUCTION

It is typically highly computationally demanding to create a single global polynomial chaos
expansion (PCE) approximation of a mathematical model with high local non-linearity. Com-
putational requirements grow rapidly with both the maximum polynomial order p of PCE and
the dimension of a given stochastic model. Unfortunately, in the case of functions with local-
ized non-linearities, the use of high order p is necessary despite the fact that a major part of
the function could have been approximated with significantly lower p. A possible solution to
this problem is a selection of a sparse set of basis functions by the best-model selection algo-
rithm, which can dramatically reduce the number of basis functions and thus the number of
evaluations of the original mathematical model.

Another solution, investigated in the present paper, is to divide the whole design domain into
sub-domains in which approximation by a low-order PCE suffices. This contribution presents
a novel algorithm for the iterative identification of the sub-domain containing significant non-
linearity and approximation of the whole original function by local PCEs. The proposed algo-
rithm is based on the concept of active learning governed by a recently proposed variance-based
adaptive sequential sampling [8]. Active learning for PCE can greatly improve an accuracy of
the surrogate model by sampling in area of interest [10, 14], here we employ it to identify sub-
domains containing significant non-linearities. Each sub-domain has its own PCE surrogate
model and thus it is possible to effectively reduce p and associated size of experimental design.

2 POLYNOMIAL CHAOS EXPANSION

The PCE represents the quantity of interest (QoI) Y obtained as a result of the original
mathematical model M(X), as a polynomial expansion of an another random variable ξ called a
germ with a known distribution. A set of polynomials, orthogonal with respect to the probability
distribution of the germ, are used as a basis of the Hilbert space of all real-valued random
variables of finite variance. The orthogonality condition for all j ̸= k is given by the inner
product of the Hilbert space defined for any two functions ψj and ψk with respect to the weight
function pξ (probability density function of ξ) as:

⟨ψj, ψk⟩ =
∫
ψj(ξ)ψk(ξ)pξ(ξ) dξ = 0. (1)

Orthogonal polynomials ψ corresponding to common probability distributions pξ can be cho-
sen according to Wiener-Askey scheme [13] or numerically constructed in case of arbitrary
probability distributions [12]. In the case ofXXX and ξ being vectors containing M random vari-
ables, the polynomial Ψ(ξ) is multivariate and it is built up as a tensor product of univariate
orthogonal polynomials.

The QoI Y = M(XXX), can then be represented as [3]:

Y = M(XXX) =
∑

α∈NM

βαΨα(ξ), (2)

where α ∈ NM is a set of integers called the multi-index, βα are deterministic coefficients
and Ψα are multivariate orthogonal polynomials. For practical computation, PCE expressed in
Eq. (2) must be truncated to a finite number of terms P . The truncation is commonly achieved
by retaining only terms whose total degree |α| is less than or equal to a given p.

From a statistical point of view, truncated PCE is a simple linear regression model with
intercept. Therefore, it is possible to use ordinary least square (OLS) regression as simple
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non-intrusive solution. In order to use OLS for β estimation, it is necessary to first obtain
nsim realizations of theXXX and the corresponding results of the original mathematical model Y ,
together called the experimental design (ED). Then, the vector of deterministic coefficients β
is calculated using data matrix Ψ as

β = (ΨTΨ)−1 ΨTY . (3)

The optimal size of ED is clearly affected by the number of terms P dependent on M and
p. Therefore, it is typically useful to find sparse solution using advanced model selection al-
gorithms such as Least Angle Regression (LAR) [2, 1], orthogonal matching pursuit [11] or
Bayesian compressive sensing [4] to find an optimal set of basis functions further denoted by A.

Once the PCE is constructed, the first statistical moment (the mean value) is simply the
first deterministic coefficient of the expansion µY =

〈
Y 1

〉
= β0. The second raw statistical

moment,
〈
Y 2

〉
, can be obtained as

〈
Y 2

〉
=

∫ [∑
α∈A

βαΨα (ξ)

]2

pξ (ξ) dξ =
∑
α1∈A

∑
α2∈A

βα1βα2

∫
Ψα1 (ξ)Ψα2 (ξ) pξ (ξ) dξ

(4)

=
∑
α∈A

β2
α

∫
Ψα (ξ)2pξ (ξ) dξ =

∑
α∈A

β2
α ⟨Ψα,Ψα⟩ .

Considering the orthonormality of the polynomials, it is possible to obtain the variance σ2
Y =〈

Y 2
〉
− µ2

Y as the sum of all squared deterministic coefficients except the intercept (which
represents the mean value). Note that the computation of higher statistical central moments –
specifically skewness γY (3rd moment) and kurtosis κY (4th moment) – are more complicated
since they require triple and quad products in Eq. 4. These can be obtained analytically only
for certain polynomial families, e.g. formulas for Hermite and Legendre polynomials (and their
combination) can be found in [7].

3 ACTIVE LEARNING-BASED DOMAIN ADAPTIVE LOCALIZED PCE

The core of the proposed approach further referenced as Domain Adaptive Localized PCE
(DAL-PCE) is a sequential decomposition of the input random space D for the construction
of local approximations. The proposed methodology aims to iterativelly decompose the design
domain D into nD smaller non-overlapping sub-domains Di ⊂ D and to create localized piece-
wise low-order PCEs that are valid only in individual sub-domains Di. The constructed set of
low-order PCEs can approximate highly non-linear functions with significantly lower ED in
comparison to a single global PCE. The whole iterative process contains the following main
steps after the construction of the initial global PCE and its first splitting into two parts:

1. identification of sub-domain associated with the highest variance density;

2. splitting of the identified sub-domain;

3. extension of the experimental design in the identified sub-domain;

4. constructions of local PCE for a new sub-domain.
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The significant advantage in comparison to the existing methods is an active learning feature
which identifies a single sub-domain, which is further processed for construction of local PCE.

An active learning is employed in these two specific tasks: (i) identification of an important
sub-domain, that is, a domain that is either large compared to other sub-domains or that is
associated with a high local variance (see Eq. 8); and (ii) identification of the best positions for
additional samples extending the current ED in the selected sub-domain (see Eq. 5). Each of
these steps must be based on a criterion that balances exploration of the input random space with
exploitation of the surrogate model, which in our case is in the form of a PCE. The Θ-criterion
for adaptive sequential sampling [8] is employed for both steps:

Θ(ξ(c)) ≡ Θc =
√
σ2
A(ξ

(c)) · σ2
A(ξ

(s))

ave variance density

lMc,s
vol.

. (5)

The exploration aspect is maintained by accounting for the distance lc,s between a candidate
ξ(c) and its nearest neighboring realization from the existing ED, ξ(s) as

lc,s =

√√√√ M∑
i=1

|ξ(c)i − ξ
(s)
i |2. (6)

The exploitation component aims to sample points in regions with the greatest contributions
to the total variance of the QoI σ2

Y , i.e. at points with the highest variance density (see Eq. 4)
defined as

σ2
A(ξ) =

[ ∑
α∈A, α̸=0

βαΨα (ξ)
]2
pξ (ξ) . (7)

The selection process to identify the most important sub-domain for further processing is
governed by extending the Θ-criterion as follows

Θi = Wi · exp (Q2
i )

weight of subdomain

·
√
σ2
Ai
(ξ(c)) · σ2

Ai
(ξ(s)) lMc,s

Θc in ith subdomain

. (8)

This extended criterion aims to identify sub-domains of the input random space associated with
the maximum value of Θc, while simultaneously accounting for the size of each subdomain and
the accuracy of the existing local PCE. Θc is calculated for a rich pool of screening global can-
didates, while the volume of each sub-domain Wi and the leave-one-out error Q2

i are calculated
for existing sub-domains. When the approximation is perfect (Q2

i = 0) the true volume of the
sub-domain is used. Meanwhile, a poor approximation with Q2

i ≫ 0 leads to increased volume.
The complete surrogate model is assembled from the nD local PCEs as

Y ≈
nD∑
i=0

∑
αi∈Ai

βαi
Ψαi

(ξ)1Di
(ξ), (9)

where 1Di
(ξ) represents indicator function, i.e. 1Di

(ξ) = 1 only if ξ ∈ Di and 1Di
(ξ) =

0 otherwise. In other words, to approximate the original model at any point, it suffices to
determine the one relevant sub-domain and use the corresponding local PCE. Notet that, each
local PCE has its own set of basis functions Ai and corresponding coefficients βαi

, which can
be obtained by any model-selection algorithm. In this paper the OLS and LAR algorithms are
employed, but generally any non-intrusive technique can be used.
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4 NUMERICAL EXAMPLE

The PCE is constructed using the UQPy package [9] and for the comparison, the original
implementation of the recently proposed stochastic spectral embedding (SSE) [6] is used from
the UQLab package [5]. To compare both methods with a single global PCE, the relative mean
squared errors ϵ are calculated for all three approximations f̃ on a validation set containing
a large pool of 106 integration points generated by crude Monte Carlo according to:

ϵ(XXX) :=
E
[(
f(XXX)− f̃(XXX)

)2]
D
[
f(XXX)

] , (10)

where E[] and D[] are the mean value and variance operators, respectively. To show representa-
tive results of the proposed DAL-PCE algorithm, the calculations were repeated 100 times, and
the same settings of the algorithm were selected as follows: maximum local polynomial degree
p = 2, minimum number of samples for local PCE construction nsim = 1.5P and β are ob-
tained by LAR and OLS algorithm. Minimum number of samples in sub-domains required to
justify an expansions for SSE was set identically to DAL-PCE and polynomial order is adap-
tively selected in the range p ∈ [2, 6]. Since the SSE is not a sequential approach, the presented
results were obtained for 10 discrete sample sets of increasing size.

The numerical example is a simple 1D function [6] that is difficult to approximate with PCE
due to the third, highly nonlinear “exp” term:

f(X) = −X + 0.1 sin(30X) + exp(−(50(X − 0.65))2), X ∼ U [0, 1]. (11)

The poor performance of a single global PCE learned from 200 samples is depicted by the blue
line in Fig. 1c where it is clear that a single global PCE is not able to accurately approximate
the function even for a high number of samples and high maximum polynomial order adaptively
increased as p ∈ [5, 25]. This function was originally developed to demonstrate the efficiency
of the SSE based on domain decomposition and thus it is a natural choice for comparison of the
proposed method and SSE.

Fig. 1a-b show a typical realization of the DAL-PCE where the algorithm sequentially de-
composes the domain and adds additional samples to the ED. Specifically shown are the 4th and
11th iterations. The boundaries of sub-domains are represented by blue vertical lines and red
dots show the positions of samples in the ED. Once the algorithm discovers the highly nonlinear
region (the steep peak caused by exp), it it took seven iterations for the algorithm to divide the
sub-domain containing the important peak and add samples to sufficiently describe the original
model and create local low-order PCEs.

Of course, these figures show only one realization of the algorithm and the decomposition is
dependent on the initial ED. Therefore, it is necessary to repeat the algorithm many times with
random initial ED to assess convergence. Fig. 1d shows convergence of the error ϵ from 100
repeated trials. The single global PCE is unable to accurately approximate the original function
even when using high p and thus the ϵ does not converge, as expected. Both methods based on
domain decomposition (DAL-PCE and SSE) achieve great accuracy already for 200 samples.
However, the DAL-PCE consistently has 1–2 orders of magnitude higher accuracy than SSE for
the given number of samples. Although active learning might lead to lower accuracy (higher ϵ)
initially (for small nsim = 10–20) as it is dominated by exploration, it rapidly improves once it
identifies important features and begins to favor exploitation.
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Figure 1: (a), (b) The adapted domain and ED before (iteration 4) and after (iteration 11) exploration and discovery
of the exponential part of the mathematical model. (c) Final surrogate models from global PCE and DAL-PCE.
(d) Convergence plot comparing the mean square error for global PCE SSE, and DAL-PCE. The convergence
plots for Global PCE and DAL-PCE show continuous mean value ±σ intervals from 100 repeated trials, while
those for SSE are plotted for several discrete ED sizes.

5 CONCLUSIONS

The paper presents a novel methodology for a decomposition of the design domain and
construction of localized PCEs based on active learning. The proposed DAL-PCE method
leads to very efficient construction of approximation of highly non-linear functions thanks to
(i) sequential decomposition of the design domain and (ii) adaptive sequential sampling in the
subdomains. Both tasks are accomplished by employing a generalized version of the recently
proposed criterion, which balances between exploration and exploitation within an active learn-
ing setting. The DAL-PCE was compared to a recently proposed SSE developed for similar
problems and it clearly shows the benefits of active learning in the task of a decomposition as
well as in extending of ED. Further work will be focused on application of the DAL-PCE to
more complicated examples with higher number of input random variables and examples with
discontinuities.
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