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1 INTRODUCTION

Robustness is commonly defined as the ability of a system to maintain constant performances
under variations of its inputs and is usually attributed to Taguchi [1, 2]. Together with reliability-
based approaches, robustness consists in one of the major metrics used to include and alleviate
the influence of uncertainties on engineering systems. While the definition is common, many
metrics have been proposed to measure robustness [3], some deterministic [4, 5, 6, 7], some
stochastic, i.e., using statistical moments [8, 9, 10]. This first kind is more suited for cases of
large interval uncertainty. In this context computationally efficient approaches exist for particu-
lar system behaviours (e.g. linear or quadratic) based on interval algebra but in the general case
the problem comes to a nested min-max problem.

Two-level optimization problems are very computationally intensive and are usually in-
tractable when associated with an expensive system’s model. Surrogate modelling techniques
is an efficient way to alleviate this issue and many methods have been proposed in this frame-
work [8]. The principle is to calibrate an emulator of the expensive numerical model using a
limited number of evaluations called a Design of Experiments (DoE). While this calibration
step is computationally intensive, once calibrated, the surrogate model can be used to solve the
nested optimization problem with a very limited computation burden. One scheme have been
particularly popular among surrogate-based technique is the scheme of adaptive Kriging. The
principle is to take advantage of the Kriging’s standard deviation, as an indicator of the localized
prediction uncertainty. Using this quantity, schemes have been developed to iteratively build a
near-optimal design of experiment aiming at minimizing the influence of the prediction uncer-
tainty on a quantity of interest. EGO [11] for efficient global optimization is a very popular
global optimization methods that falls in this category.

The main difficulty is how to efficiently solve the nested optimization problem with the
adaptive-Kriging framework. The problem is that Kriging surrogates provides predictions in
the shape of a Gaussian process and active learning schemes rely on the Gaussian nature of the
prediction to guide the calibration. In the context of Robust design optimization the quantity of
interest is not the prediction itself but its optimum on a given sub-space. While this optimum is
a random variable its distribution is not available in closed form in the general case.

Several approaches have been proposed in the literature to implement EGO in this context,
mainly relying on obtaining empirically its statistical moments [12], using metrics based on con-
fidence intervals [13] or solving two nested EGO algorithms [14]. The authors have proposed
a method of the second kind which, while efficiently converging, requires the evaluation of nu-
merous metrics based on various optima. They induce a complex scheme of up to five nested
optimization and is intractable using continuous global optimization. Therefore this scheme,
as the ones based on empirical metrics, rely on finely sampling the input space reducing the
problem to a discrete optimization. Such a discretization induces a limited error on small di-
mension problems taking advantage of the fast evaluation of the surrogate but scales very poorly
in higher dimensions because of the memory that a dense sampling grid would require.

An alternative approach is proposed in this work where EGO 1s implemented on the outer
optimization loop and the statistical information required for the active calibration are estimated
in the inner loop using extreme value distributions. This approach relies on strong simplification
hypothesis (see section 3) and provides biased statistical information. However, this metrics is
only used to guide the training of the surrogate by self-comparison for multiple designs. This
approach allows us to implement EGO in a very straightforward way in the outer loop without
requiring any sampling. However, in the current state of the method, the inner-loop estimator
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is still evaluated by sampling on the associated sub-space. The space covered by sampling is
already reduced to the uncertain dimensions thus alleviating the dimensionality issues, but the
goal is to ultimately use a standard global optimization algorithm and completely avoid fine
sampling.

In this paper the formalization of the problem is first given in Section 2 with both the robust
design optimization (RDO) and adaptive Kriging formalism. The proposed learning function
is detailed in Section 3 followed by the description of the associated algorithm in section 4.
The convergence and overall performances of the method on two analytical function are dis-
cussed and compared to a method based on confidence intervals in section 5. Conclusions and
complementary discussed are given in Section 6

2 FORMULATION OF THE PROBLEM
2.1 Robust design optimization

This work is focused on robust optimization in cases of interval uncertainty corresponding
for example to early design stages when only expert’s judgement information is available on the
uncertain parameters. This type of problem consider a large interval on input variation in the
evaluation of the robustness. In addition the goal is to develop a method widely applicable so
no assumptions are taken with respect to the behaviour of the system.

Consider a system of d € N dimensions such that the variables affecting it can be sorted into
two kinds, D € R are the design parameters that are to be optimized; the design space is
considered bounded by the interval Ip. U € R% are the uncertain parameters that can take any
value within the associated interval /;;. Consider an accurate physical model M of the system
such that the scalar performance of interest y can be numerically estimated as y = M (D, U)
forany (D,U) € (Ip, Iy).

The robustness metric Ay of a design D is defined as the amplitude of performance over the
interval of uncertain parameters /;;. The optimal design D* is the one minimizing the amplitude
of variation and is simply defined as:

D* = argmin (Ay(D)),

Delp
(1)
D" = argnin (ax (M (D,09) = pin ( (D, 1) ).

The general RDO problem and its main quantities are illustrated on a simple dummy problem
in figure 1. The problem is intrinsically nested and with the considered definition of robustness
it requires solving two optimization problems in the inner loop. The resolution using global
optimization algorithm is usually intractable when associated with numerical models simulating
the physics of the system. In this work this limitation is lifted using the surrogate modelling
approach and more precisely the well known EGO [11] algorithm.

2.2 Adaptive Kriging approach

The principle of the surrogate modelling techniques is to calibrate an emulator M of the
model M, which will mimic it’s behaviour while being extremely fast to evaluate. Many mathe-
matical object have been successfully used as surrogates e.g. support vector regression[15, 16],
polynomial-chaos expansion [17] or response surface modelling [18]. The surrogate in this
work is based on a Gaussian process, refereed to as Kriging, and its calibration can be seen as
a Bayesian updating. For more details on Kriging models and their calibration the readers can
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Figure 1: Illustration of a dummy robust design optimization problem and its solution

referred to [19]. Due to the Gaussian nature of the prediction, the estimated performance for
a given set of inputs is a Gaussian random variable with parameters (u, o) dependent on the
inputs:

~

M(D7U) NN(H(DvU)7U(D>U)) ()

For the sake of clarity, after being first properly introduced once, the inputs dependency
of random variables and related parameters or quantities will be noted with subscripts for the
rest of the paper, e.g., M p,u- The popularity of Kriging surrogates can be partially attributed
to the availability of the posterior standard deviation o which can be seen as an estimation of
the localized prediction uncertainty. This information have been exploited to develop so-called
active-learning schemes where the design of experiment used for calibration is built iteratively
in a near optimal way. The principle comes from acknowledging that the Kriging prediction un-
certainties do not have homogeneous consequences on the uncertainty of the quantity of inter-
est. Some areas of the input space then have a greater influence and require a finer requirement
and vise versa. This idea has been developed into many adaptive calibration algorithms dedi-

cated to specific problems with a strong popularity among uncertainty quantification problems
[20, 21, 22].
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In practice the iterative calibration is driven by a so-called learning function which aims
at estimating the individual contribution of any input sample to the uncertainty of the goal
quantity. The candidate associated with the highest learning function value is then evaluated
using the physical model and added to the calibration data. Such an algorithm provides an
elegant and comprehensible compromise between exploration and exploitation and have been
proven quite successfully at solving a wide variety of problems [22]. A flowchart of the general
adaptive Kriging scheme is provided in Figure 2 for illustration proposes.

Start
Initial DoE
Calibration of the evaluate the sample
surrogate and enrich the DoE

: f
find optimal next

calibration sample
(learning function)

Stopping criterion

Evaluate the
quantity of interest
using calibrated
surrogate

v

End

Figure 2: Flowchart of the general adaptive Kriging scheme.

In the context of this work, adaptive Kriging is used to solve a global optimization problem
as described in Equation 1, more precisely the outer loop. EGO is usually considered the first
adaptive Kriging algorithm and is dedicated to such a task. The associated learning function is
called E'T for expected improvement and is related to the expected decrease compared to the
current optimal value Ay,,;,. I order to explicit the expression of the expected improvement
in this context, let us first explicit the quantity of interest Ay(D). The problem is to find
the optimal robust design as described in section 2.1, as such the quantity of interest is, for
any design D, the difference between the maximum 7(D) and minimum y(D) values over the
interval of uncertain variables [,,: B

<

(D) = max (Mpy),

(D) = gg}} (Mpu), 3)

Ay(D) =y(D) — y(D).

<

Let us then consider that a Kriging surrogate M is available, and let us call 7 and y the Kriging
counterparts of i and y:
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<P

(D) = max (MQU) )

vel,

§(D) = min (MD U) , )

Ay(D) =§(D) — (D).

The three quantities described above are random variables since the surrogate M is a Gaus-
sian process. 7(D), respectively Q(D) are maximum (resp. minimum) values of a stationary
Gaussian process. The expected improvement can then be described directly as:

EI(MD,U, Ymin) = E [max (Aymm — Ay(D), O)]

. ) K 5)

EI(MD,Ua ymm) = FAy <Aymm> E <Aymm - Ay‘Ay S Aymm)
with F;  the cumulative distribution function of Ay. Considering that if Ay takes a value
higher than Avy,,;, the improvement is null, and in the other case the improvement is equal to
the decrease in Ay,,;, value. The expected improvement is then related the expected value of
Ay truncated above Ay,,;, as described in equation 5. In the case of Gaussian variables as
it is the case in the standard EGO algorithm, this expression has a closed form allowing for a
very fast estimation. However, in the problem considered in this work the distribution of Ay is
unknown.

The extrema of Gaussian processes are very difficult to estimate, close form expressions of
their distribution are only available for particular cases of covariance functions and against as-
sumptions of the process shape. [23]. Of course the distributions could be estimated empirically
by sampling the Gaussian process but such an approach would induce a discretization error, a
sampling error and would scale very poorly with increasing dimension. The RDO problem
associated with a Kriging surrogate is illustrated in figure 3 on the same example as in figure
1 and considering a Kriging model roughly calibrated with ten DoE points. All the quantities
to be represented are then random variables and are illustrated with their expected values and
standard deviation. The statistical moments of the robustness metric A, ahve been estimated
empirically by sampling the Gaussian process.

3 LEARNING FUNCTION

The proposed approach is to use the well known extreme value distributions associated with
Gaussian random variables [24] as a rough indicator of the extrema distribution of the Gaussian
process. For any set of input parameters, consider a population of n. € N samples is drawn
from the associated Gaussian surrogate prediction 1/ p,u- The maximum M p,v and minimum
M p.v of this population follow known Gumbel distributions as:
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Figure 3: Illustration of a dummy robust design optimization problem associated with a Kriging
surrogate of the system

M (D,U,n.) ~ Gumbel(7, 3)

v(D,Un,)=&"" (1 - opu + DU

B(D,Un,) =&" (1— ! ) -7
(6)

~

M (D,U,ne) ~ Gumbel(v, )

1
v(D,Un,) =d" (n_> opyu + 1pU

e

[ad neel

B(D,U,n,) :—<I>‘1( L >+v

with v and [ respectively the location and scale parameters of the Gumbel distributions,
®~! the inverse of the standard Gaussian cumulative distribution function, and 1, o respectively
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the mean and standard deviations of the Gaussian prediction. The main simplification of the
approach is then, for a given design, to use the extreme value distribution associated with the
highest expected value (resp. lowest) as an indicative distribution of the the maximum (resp.
minimum) of the Gaussian process. This approach can be seen as reducing the maximum of the
global stochastic process to the maximum of the local Gaussian variable that is the most likely
to be responsible for the global maximum and vise versa. This is a very strong simplification
assumption but it represents a convenient case to develop this first approach. More sophisticated
approaches are possible and are planned to be investigated, for example considering multiple
local maxima and their combined mixture distribution or including the local influence of co-
variance. The simplification can be expressed as:

@(D, ne) = max (MD7U> ~ MD’U(D)M

Uely,

y(D,ne) = min (MD,U> ~ M), U(D)ne

Uely,

(7

with U(D), respectively U (D), the vector of uncertainty values associated with the upper
(resp. lower) extreme value distribution having the highest (resp. lowest) expected value:

U(D,n,) = argmax (E (ﬁD,U,ne»
Uely

U(D,n.) = argmin (E (MAD’UM)) (8)

Uely

These two coordinates as well as their corresponding extreme value distributions are illus-
trated in Figure 4a. This figure is drawn on the same case and same Kriging model as Figure
3. Following this simplification, the unknown random variables defined in equation 4 are now
simple Gumbel distributions. Their parameters can be obtained by solving the two optimization
problems in the sub-space of uncertain parameters described in equation 8. The distribution of
the robustness metric Ay(D7 n.) can finally be directly obtained by simple convolution of the
two Gumbel distributions:

~

Ay (D,ne) =~ Mpg, n — MD,QD,ne
—+o00 (9)
= | fm O, -0
s2Upine =D>"e

with f4,, f;; and fy; respectively the approximated distribution of Ay D.n. and the two Gum-

bel distributions associated with ED,U( py and M p,u(p) as described in Equation 6. The idea

is also illustrated in Figure 4b where the expected value of Ay and the associated o confi-
dence interval is drawn both empirically from sampling the Gaussian process and considering
the difference of the two extreme Gumbel distributions as detailed in Equation 9. The expected
improvement metric described in Equation 5 can finally be estimated by numerical integration
(after simplification of the constants) as:

Ymin

EI (MD,ne,ymm) ~ / (Agmin — 7) fa, (7)dr (10)

T=—00
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with Ay,,.;, being the current best estimation of the minimal robustness metric in the design
space.

20 40 Ay (empiric)
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(a) Kriging estimated performances for an arbitrary (b) Projection of empirical stochastic performances
design as a function of U and associated extreme on the design axis, comparison with the simplified
value distributions difference of extreme value distributions

Figure 4: Illustration of the extreme value distributions and associated stochastic robustness
metric

4 ALGORITHM

The goal of this section is to describe the robust optimization algorithm developed on the
performance metric described in the previous section. Details of the implementation such as the
initial DoE, the choice of the n. hyper-parameter or the global optimization algorithm chosen
for EGO are briefly discussed at the end of the section.

Consider the state of the algorithm at an arbitrary step £ € N (neither initial or final). A
current best estimate of the minimal robustness metric y,,;, is available, as well as a design of
experiment in the shape of a k + k;,; by d vector X = [D*,U"],i € (1,..,k + kip;) with kjp;
being the size of the initial design of experiment. The goal of the refinement step is to find the
sample X}, providing the maximum expected improvement regarding the estimation of D* as
defined in equation 10. This sample will then be evaluated using the numerical model M and
added to the DoE for next step.

The search for the optimal coordinates is split in two parts as, form the point of view of the
adaptive-Kriging scheme, the RDO problem is only related to the design sub-space D. The
optimal design coordinates D7,; of X, are identified first using a standard global optimization
algorithm as in the EGO algorithm and as formulated in equation 14. Near-optimal uncertain
coordinates Uy, are then obtained as a by-product of the identification of D7;;.

DEI = a‘rgmax <EI (MDyneyy'rnin)) (11)

Delp

The evaluation of the expected improvement driving the optimization is done using numer-
ical integration as described in Equation 10. This evaluation requires first the identification of
the two samples U (D, n.) and U(D,n.) associated with the two “worst-case” extreme value
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distributions in the sense of their expected values as defined in Equation 8. As introduced in
Section 3 they are currently unidentified in a discrete way by sampling the uncertainty sub-
space U € Iy. As this sampling-based approach is used as a temporary first approach no strong
efforts have been put in defining a sophisticated sampling strategy. It is simply purposed to
any space-filling design such as Latin-Hypercube sampling to generate a population vector of
dimension Ny by di;. On the analytical examples tested in Section 5 Vg has been chosen equal
to dyy * 103.

Once the optimal D7,; coordinates have been found, it is proposed to only consider the coor-
dinates of the worst-case Gumbel distributions previously identified U(D*, n,) and U(D*, n.)
as candidates for the U coordinates of Xj,;. Doing so avoids solving additional optimization
problems while providing near-optimal coordinates. In order to detail the reasoning let us first
clarify what is the contribution of Uy, in the overall performances of the algorithm. As a
comparison the goal of selecting D7,; is to improve the accuracy of surrogate around possible
robustness optima. For a given D7,; the goal of selecting Uy, is then to improve the accuracy
of the surrogate at estimating the corresponding expected improvement. Since the estimation
of the expected improvement only rely on U(D, n.) and U(D, n.) they are naturally preferred
candidates. U}, is finally chosen as the candidate associated with the highest prediction uncer-
tainty, i.e. the Gumbel distribution with the highest variance:

Uj; = argmax (WT (ﬁD* U, e MD*v“"G)) (2
Ue{U,U} - -

Other implementation details are provided bellow:

* The sensitivity of the performances to the extent of the initial DoE k;,; has not been
thoroughly investigated. Scarce initial designs of experience have the potential of pro-
viding better performances as these samples are the only one not guided by the learning
function. However this approach also relies very strongly on the ability of the learning
function ability to efficiently explore the input space. For the application examples pre-
sented in Section 5 a value of £;,,; = 10 has been chosen and samples are generated using
the latin-hypercube sampling scheme.

* The global optimization of the expected improvement is performed using the interior-
point algorithm. The algorithm was choice for its wide range of applicability but no sig-
nificant performance difference was observed when compared to the sequential quadratic
programming or active set algorithms.

* At the current state of development no satisfying stopping criterion has been found. The
one proposed with the EGO algorithm based on values of the expected improvement has
been tested and found to be very prone to premature termination. This issue is probably
related to the expected improvement values being quite noisy between iterations due to the
extra layer of complexity of the RDO problem. For the applications presented in Section
5.2 the method have been ran for as many iterations as the reference method required to
converge.

* The influence of the n. hyper-parameter on the performances of the method has not been
thoroughly studied yet. From the currently limited empirical evidence available to the
authors increasing n. have a tendency to increase the mean of the robustness metrics and
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decrease its variance. Smaller values of n, have been found to be more suited to the
convergence of the algorithm and for the applications illustrated in section 5.2 a values of
n. = 4 have been chosen.

e Ideally the value of Ay,,;, used in the definition of the expected improvement should
be updated at every iteration of the outer loop of the proposed algorithm. However do-
ing so would require the resolution of an additional nested optimization problem. Even
though it would be based only on the surrogate this extra step would induce significant
computation burden. Since the accuracy of the Ay,,;, value is not of critical importance
for the convergence of the algorithm, it is proposed to formally evaluate it only once at
the initialization stage. Then, at every iteration, after having identified D7,; the perfor-
mance amplitude associated with the two samples U (D*,n.) and U(D*, n.) is evaluated,
compared with Ay,,;, and the smaller of the two is kept.

Finally, once the calibration loop is finished, the nested RDO problem as defined in equation
1 is solved using the same general nested scheme. The inner-loop quantity of interest is the
amplitude of variation Ay (D) for a given design. This quantity is estimated in a discrete manner
using the same sampling scheme as for Uj;. The outer loop problem of finding the design
responsible for the minimal value of Ay is solved using the same global optimization algorithm
as the one used to find Dy,;. No extra evaluation of the numerical model are required in this
step. The overall algorithm is illustrated by a flowchart in figure 5.

Start
v
Initial DoE
v
Calibration of the evaluate X * . and Find Up;
<+— EI <+—
surrogate add it to the DoE Update A¥Yimin
Yo AYes
no o
Stopping criterion » < Optimization sample U space
: finished?
v
Find U (D, n.)
Solve the min-max 5 and U(D,ne)
problem on the v
surrogate: get D* Evaluate: '
* E‘[ <MDaneaymin>

End

Find D7,

Figure 5: Flowchart of the proposed robust optimization algorithm.

5 BENCHMARK

The performances of the proposed method is illustrated on two analytical problems of vary-
ing complexity. The functions have been chosen from the benchmark of the previously pub-
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lished RULOK method [13] from the same authors which uses a learning function based on
confidence intervals. Since the proposed method currently lacks a stopping criterion the num-
ber of required iterations is only studied though a convergence figure.

5.1 Example 1

The first example is a simple polynomial function in dimension two with a unique global
optimal design D* = 0 and no local ones. The design space I and interval uncertainty [;; are
both equal to [—5, 5]. The performance function reads as follows:

M(D,U) =U*D — D? (13)

The problem is further illustrated in figure 6 with the system’s behavior and optimal design
point. in the same manner as the RDO problem was introduced in Figure 2.1 .

100

50 Ay(D)

y(projection)

'
o

0 5 5
D

T o
o

(a) Performance surface as a (b) Projected performances as a  (c) Robustness metric as a func-
function ofd D and U function of D tion of D and optimal design

Figure 6: Illustration of the first benchmark problem behaviour and solution

The performances of the method are illustrated in figure 7 where figure a,b and c represent
the state of the problem after iterations number 1, 6 and 13 respectively. They consist in a
comparison of the empirical surrogate estimation of the robustness metric Ay with the related
metric approximated as the difference of the two ”worst-case” extreme value distributions. It
can be seen that the bias introduced by the approximations of the method is quite significant
initially but is quickly reduced as the calibration of the surrogate progresses. It can also be seen
that while the bias is significant at the beginning, the general trend is captured, allowing for an
efficient convergence of the algorithm.

Figure 7d illustrates the convergence of the algorithm over fifteen iterations. It can been
seen that the correct solution was identified after iteration ten, corresponding to twenty total
evaluations of the model. As a reference the AK-RULOK method required between 38 and 44
evaluations of the model to converge. The performances on this example are very promising
with a potential reduction of the computation cost by a factor of two, provided a satisfying
stopping criterion can be developed.
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Figure 7: Results for the first benchmark problem

5.2 Example 2

The second example is a more challenging function in dimension two with a unique global
optimal design D* = 0 and two local ones. The design space [ and interval uncertainty /;; are
both equal to [—5, 5]. The performance function reads as follows:

M(D,U) = U.D — sin(D)U? + D? (14)

The problem is further illustrated in figure 8 with the system’s behavior and optimal design
point.

The performances of the method on the second example are illustrated in figure 9 where fig-
ure a,b and c represent the state of the problem after iterations number 1, 14 and 49 respectively
in the same fashion as for example one. The conclusions with respect to the accuracy of the
approximated robustness metric are similar as for the first example: the bias is initial significant
but the trend is capture allowing an efficient calibration of the surrogate. While the calibra-
tion progresses, the bias is quickly reduced and the used metric end up being a very accurate
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Figure 8: Illustration of the second benchmark problem behaviour and solution

representation of the difference of the surrogate extrema.

Figure 7d illustrates the convergence of the algorithm over 49 iterations. It can been seen
that the correct solution was approximately identified after iteration 11 and exactly identified
after iteration 28, corresponding to 38 total evaluations of the model. As a reference the AK-
RULOK method required between 30 and 51 evaluations of the model to converge (depending
on the confidence desired as stopping criterion). The performances are also very promising of
this example with a significant potential to provide reduced computation time compared to the
AK-RULOK method.

6 conclusions

This paper presents a new learning function for solving robust design optimisation problems
using the adaptive Kriging framework. The learning function is based on a simplification of the
problem of estimating the extrema of a Gaussian process. The proposed simplified distribution
is obtained as the difference of the extreme value Gumbel distributions correspond to the worst-
case” values of uncertain variables for any given design. This metric allows us to solve the RDO
problem using a very straightforward implementation of classical adaptive Kriging methods.
The proposed method also reduces the necessity of sampling the input space compared to other
methods from the literature which could improve of the performances evolve with problems of
increasing dimension.

The performances of the method are illustrated on two analytical benchmark problems and
compared to the results of a related method based on confidence intervals. The results are very
promising with a very fast convergence toward the optimal design. The results also show that
the approximation used to compute the robustness metric do not seem to prevent the algorithm
to efficiently guide the calibration of the surrogate. In addition the biases due to the approxima-
tions are quickly reduce while the calibration progresses.

While the results are promising a number of aspects of the proposed method are still to
be finished. An efficient stopping criterion is needed and the one proposed with the EGO
algorithm was not satisfying as far as the authors tested. Other approaches are possible and
will be investigated such as a criterion based on the convergence of the optimal design location.
In addition the sensitivity of the algorithm to several hyper-parameters needs to be thoroughly
studied such as the extent of the initial design of experiment of the artificial number of samples
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Figure 9: Results for the second benchmark problem

required in the definition of the extreme value distributions. Finally, the currently algorithm still
relies on sampling the space of uncertain variables in the inner loop of the min-max problem.
The ambition with this approach is to entirely avoid fine sampling for the input space to increase
performances on higher dimension but, from early tests, simply implementing a two-level global
optimization problem induces significant computation time and can result in inaccuracies in the
selection of the optimal sample to add to the DoE. The source of these limitations is still unclear
and needs to be investigated.
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