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Abstract. Notable advancements in computational power has facilitated the utilization of in-
tricate numerical methods in flood modeling in recent years. Hydrodynamic modelling ap-
proaches to predict flood inundation are robust compared to empirical approaches, which are
solely based on the statistical patterns of hydrological variables obtained from observed data.
Despite the benefits of numerical flood modelling tools, significant computational costs of im-
plementing such models at high spatio-temporal resolutions have limited their applications.
Data-driven machine learning (ML) models, designed to learn the underlying governing equa-
tions of the numerical models provide a computationally robust and fast alternative to the ex-
isting flood prediction models. However, these ML-based models often struggle to generalise
for ‘small-data’ regime tasks, which are common to simulation-based tasks in fluid dynamics.
In this study, to overcome extrapolation and over-fitting challenges of data-driven surrogate
models, a Physics-Informed Neural Network model is adopted for surrogate modelling of a hy-
drodynamic simulator developed to investigate wave characteristics and tidal dynamics in the
English Channel. A novel approach to encoding the conservation of mass into a deep learn-
ing model is introduced by including additional terms in the optimisation criterion, acting to
regularise the model, avoid over-fitting and produce more physically consistent predictions by
the surrogate. The model outlined improved performance by 10-20% across a range of metrics
compared to a data-driven alternative.
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1 Introduction

Data-driven approaches to machine learning (ML) and deep learning (DL; [1, 2]) heavily
rely on the available data to guide decisions regarding model selection and parameterization. In
this paradigm, in order to select the best model structure, one needs to determine the number of
hidden layers, neurons per layer and type of activation functions in a neural network (NN), and
thus requires the state-of-art skills and considering all possible approaches, including trial-and-
error, to reach the best model structure (e.g., neural network architecture or Bayesian network
structure [3]). The selected model is mostly compatible to the data, and in some cases to the
elicited expert opinions [4], in the sense that the best model structure minimises the goodness-
of-fit criteria. After selecting the best model structure learned from the data, parameters will be
estimated by minimising a loss function, possibly subject to some constraints on the parameters,
which is often equivalent to minimising the data-fit’ error on the training data. For instance,
in supervised learning tasks, and in particular for regression problems, this usually involves
selecting a set of parameters, 8, that minimise the mean of the squared error on the training
data,

0" = argmin L(y, f(x;0)), (1)
0

L(y, f(x;0)) = E[(y — f(x;0))’], 2)

where, x are the selected inputs, y are the corresponding observed/computed outputs, and
f(.; ) is the selected model using ML approaches, parameterised by 6. Using the loss function
outlined in Eq. (2) for optimization is a data-driven approach that solely considers the dispar-
ity between the predicted and observed target values under a given parameterization, without
incorporating external knowledge or constraints.

Supervised ML tasks can be reduced to attempting to learn some unknown distribution,
P(y|x), allowing inferences to be made about some system or real-world problem. In the case
of prediction, the task is to learn a predictive distribution, P(y* | y, X, X*), given the training
dataset D = (x,y). The deep learning literature highlight that increasing the scale of models
and data yields continuously better estimates P(y* | y, X, x*), even in highly complex settings.
However, when dealing with sparse data, an alternative method for improving the generalization
performance of machine learning models is to incorporate prior knowledge about the outputs,
denoted as 7(y). By incorporating prior knowledge into the modeling process, the resulting
model can take into account additional information beyond the training data alone. This may
allow the model to make more accurate predictions on new, unseen data, particularly when the
available training data is limited.

When applying ML approaches to address problems in engineering and environmental sci-
ence, the distribution being learned, P(y|x), is often a real physical system with known laws
governing its behaviour. However, most applications of ML in these settings, for tasks such
as inferring data-driven solutions to partial differential equations (PDEs) or applying inverse
methods for PDE discovery [5, 6, 8, 7], overlook the abundance of prior knowledge about
these systems and utilise purely data-driven approaches instead. Physics Informed Machine
Learning ([9]) was developed to tackle the shortcomings of data-driven ML methods by incor-
porating information about the underlying physical laws governing a system in the development
and training of the ML models. Through the incorporation of prior information extracted from
the physical laws governing the system, the aim is to build more physically consistent models,
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improve data efficiency, enhance generalisation, and promote transparency and interpretabil-
ity [10].

This study extends the application of Physics-Informed Neural Networks (PINNs) to com-
plex realistic problems in fluid dynamics by constructing a PINNs surrogate model [18, 11, 12,
13] for numerical hydrodynamic simulators. The model is developed for fast inference of la-
tent solutions of fluid’s free-surface elevations at high spatiotemporal resolutions, as generated
by numerical simulators solving the two-dimensional Navier-Stokes equations. Further, rather
than directly incorporating PDEs in the loss function, a novel approach to physics-informed
regularisation is developed to account for the conservation of mass in predictions made by the
surrogate model. The proposed approach is demonstrated by constructing surrogate PINNs
models for a widely used hydrodynamic simulator, Delft3D [19, 20]. The performance of the
proposed surrogate model is assessed against a data-driven approach.

1.1 PINNSs surrogate model

Advanced numerical models (i.e. simulators) have rapidly become an indispensable tools
in many scientific and engineering problems, such as fluid dynamics. Simulators can replicate
intricate physical phenomena by effectively capturing the underlying physics of the problem.
However, this typically requires a considerable amount of computational resources, in terms of
CPU/GPU-hours. Flood modelling is an example of a domain where computational methods
have gained rapid and widespread adoption, owing to the scarcity of empirical data in contrast
to the substantial flexibility offered by computational methods. The hydrodynamic models
adopted for flood modelling, such as Delft3D used here [19], implement a discrete version of the
Navier Stokes equations to simulate the underlying fluid flow accurately. However, such models
are often computationally very expensive, which highlights the necessity and significance of
developing robust surrogate models as fast alternatives.

When utilising a hydrodynamic simulator, only the boundary conditions and outputs (e.g.,
fluid depths or velocity components) are known post-simulation, such that direct access to the
derivatives is usually not possible. Previous PINNs implementations [22, 16, 6, 15, 21] over-
come this problem by regressing outputs, u(¢, z), onto their spatiotemporal coordinates such
that a(¢,z) = f(t,x), where f(-,-) is a neural network. Then by backpropagating back to the
original inputs, it’s possible to calculate % or % which can then be incorporated into the loss
function via PDE residuals. For example, if inferring latent solutions to the heat equation in
one-dimension, the governing PDE can be expressed as,

ou  0%u

By using a neural network to estimate (¢, z) and then backpropagating to obtain % and %,

repeating the process n times to obtain n'"-order derivatives, an additional term can be included
into the loss function,

2

ou 0%
; “4)

Llu,a) = (u—a)?+ |2 2
(u, 1) = (u —0)* + 5 Con

where the first term is the data-fit error term. An illustration of this existing type of PINNs
model and network architecture can be seen in Fig. (1).

The API (Application Programming Interface) of a model like this is limited in that during
inference it can only robustly generalise to settings with similar boundary conditions to those
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used during training. The standard PINNs model does not allow for flexibility in the parameter-
isation of boundary conditions during inference. [14] states that a PINNs model as outlined in
their study is agnostic to boundary conditions. However, in general, for new boundary condi-
tions, a new model or additional training data to update an existing model is likely required to
obtain good generalisation. The model proposed in this study overcomes this limitation by ex-
plicitly parameterising the boundary conditions in the neural network’s input, allowing straight-
forward inference of latent solutions under widely varying boundary conditions and without the
backpropagation requirement to obtain derivatives.
In this study, a novel PINNs-based surrogate model of the following form is proposed:

Vi f(s, s, 5)

where Y is a matrix representing predicted fluid depth in all cells (i.e., n, x n,) in the domain,
and s’ are the boundary conditions at time ¢, and f is a neural network. Based on the surrogate
model presented in Eq. (5), the fluid depths at time ¢ are regressed onto the boundary condi-
tions at time ¢ and the N previous time-steps. A flexible surrogate model of this kind has the
capability to serve as a substitute for the original numerical model.

For hydrodynamic simulators the continuity equation can be written in the following form:

A(storage) = A(sources — sinks), (6)

which forms the basis of the physics-informed loss function for the PINNs model proposed in
this study. This condition can be re-expressed for fluid depths in cell-(z, j) predicted by the
PINNS surrogate, g)fj, and true fluid depths yfj, as,

AmAyZngj—AxAyZnyj_l:AtZZs%—AtZquj, (N
i g i g i g i

where qu denotes the inflow at time ¢, meaning that the aggregate volume of fluid in the domain
predicted by the surrogate at time ¢ minus the true volume at time ¢ — 1 should equal the
aggregate inflow minus the aggregate outflow. Starting from these conditions, an appropriately
scaled physics-informed loss function is derived,

. . ReLu(d! — vt — AtY, Y st) )
LYt Yt —E Yt—Yt2 ? J "
(v, ¥) = B[ >1+< e

ReLu(vt! — of — ALY, 3, 541\
(BN,

AxAy X ng X ny

where the denominator, Az Ay X n, X n,, is the total area of modelling domain, and ReLU is the
Rectified Linear Unit function, so that ReLU(z) := max (0, z). This total loss function consists
of a data-fit error term, E[(Y" — Yt)Q], and then adds additional terms to the loss function when
the predictions made violate the conservation of mass constraints expressed through the second
and third terms.

1.2 Neural network architecture

Previous PINNs works [5, 15, 16, 17] utilised a dense fully-connected MLP (multi-layer per-
ceptron) architecture as the basis of the model (as seen in Fig. (1)). However, consideration for
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Figure 1: xample of an existing PINNs architecture, regressing latent solutions u onto spatiotemporal coordinates,
[x, ], as illustrated in [15].

alternative architectures was not made in the existing studies. In this study alternative architec-
tures were explored and preliminary testing found that a convolutional neural network (CNN),
with convolutions in 1D over vector inputs, was the best performing base architecture. There-
fore this architecture was adopted for the surrogate models presented and also highlights that
the physics-informed loss function outlined in this study does not depend on any one architec-
ture and can be applied to any differentiable network. In order to benchmark the performance
of the PINNSs surrogate, the results will be compared against an ordinary data-driven CNN, i.e.,
the same network architecture but trained purely using the MSE loss function (herein referred
to as "CNN’).

To ensure that any differences in performance between the PINN models and the CNN are
solely attributed to the physics-informed loss function, we train both models multiple times us-
ing the same initial weight configuration. By repeatedly sampling random weight initialisations,
6", and then training the PINNs model and the CNN with their respective loss functions to esti-
mate optimal parameters (as outlined in Eq. (1)), 87, the models’ test performance is averaged
over the subsequent networks to mitigate effects of favourable or unfavourable initial weights.
The test performance of the models then becomes,

L(y*, f(x")) = E{L(y", f(x"; 6)) | 67]. ©)

where (x*, y*) denote the test inputs and outputs. The physics-informed loss function is likely
highly non-convex in the parameters and therefore predictive performance could be sensitive to
the initialisation of the weights of the network. Taking expectations with respect to this variable
allows for a high level of certainty that any deviations in performance against the CNN are
entirely the result of modelling and not due to favourable/unfavourable initial conditions in the
weight-space.

1.3 Performance metrics

In order to assess model predictive performance two metrics are utilised in this study. The
first metric used is the Root Mean Squared Error (RMSE) of the aggregate water depth (y) and
predicted depths (y) resulted from the fitted PINNs or the CNN model:

RMSE = /E[(y - 3)?. (10)
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Figure 2: Delft3D modelling domain of the English Channel with bathymetry, boundaries and tide gauge validation
locations illustrated.

RMSE is utilised because it scales the prediction errors back to the original unit of measurement,
[m], and so gives interpretable results. Second metrics used is a modified version of the RMSE
described as:

_ 2
mRMSE = \/ZQ (yTél o) : (11)

where Q = {(i,7) | yi; Ugi; > 0}. This metric gives a more realistic estimate of the true error
by only considering cells where fluid is either predicted or observed at any time in the dataset,
and so does not include cells that remain dry at all times, which can misleadingly reduce the
mean error when included.

2 Results
2.1 Delft3D

The proposed model was used as a surrogate model for tidal simulations in the English
Channel using Delft3D numerical model, with the simulation domains illustrated in Fig. (2).
The simulator was used to generate accurate data on the spatiotemporal water level variations
for five discrete 1-month periods, obtaining simulated data at hourly intervals (i.e. hourly time-
step). The results obtained from the numerical simulator were validated using empirical tide
gauge data collected at a number of validation locations to ensure consistency of the model out-
puts with the real measured data. By using the simulator’s spatiotemporally-varying boundary
conditions as input data and the hourly water level data for the domain as outputs, the PINNs
and CNN models were trained to reproduce the mapping described by the original simulator.
Cross-validation (CV) is performed to validate the surrogates by partitioning data according to
the discrete simulations, which were used to train and test the model, resulting in 5-fold CV for
model validation and assessment.

The computed performance metrics for the validated models are outlined in Table (1). En-
hanced performance is observed in using the PINNs surrogate model compared to the CNN
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Model mRMSE RMSE Volume Discrepancy
CNN model (MSE) 0.154 0.150  2.26 x 10°
PINNs 0.139 0.137  1.84 x 106

Table 1: Mean CV scores for the CNN and PINNs model on the Delft3D data.
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Figure 3: PINNSs predictive performance over random 500-timestep periods at the Weymouth and Newhaven loca-
tions./

model. However, in this case, the average reduction in the error rate for the modified RMSE
metric is approximately 11%. Hence, the PINNSs still illustrate an improvement over the purely
data-driven surrogate model (i.e. CNN). However, the expected reduction in error is not very
significant. It can be interpreted that an average reduction in error of over 10% could not be due
to the random noise, and the proposed PINNs-based approach is a more robust surrogate model
in this sense. Additionally, the PINNs model produces a reduction in the volume discrepancy.

Fig. (3) shows the PINNs model’s predictions at two of the validation tide gauge locations,
showing a snapshot of the predicted values by highlighting a random period of 500 timesteps
(approximately 10 days) for each of the locations. Fig. (3) highlights the robustness and ap-
propriateness of the PINNs surrogate model, and how the model overcame a high degree of
variability in the mean water depth in each cell, as shown by the widely varying average depth
at each of the verification locations.

3 Conclusion

This study proposed a novel formulation of a PINNs model applied to the development of
surrogate models for hydrodynamic simulators. The simulator and subsequent surrogate mod-
els were applied to tidal modelling at a high spatiotemporal scale. A CNN has been used as
the underlying network architecture, highlighting that the PINNs approach can be straightfor-
wardly applied to architectures beyond dense fully-connected networks. The obtained results
showed that when testing the model on Delft3D data, the PINNs model outperformed the con-
ventional CNN model in which the same network architecture was trained using an ordinary
MSE loss function. Furthermore, the PINNs model was found to exhibit more stable optimisa-
tion behaviour, especially around the minima, although convergence took more weight updates.
By conditioning for the effects of random weight initialisations in the networks, there is a high
degree of certainty that any performance differences between the models arise purely from the
optimisation criteria of the networks.

The primary cost associated with the PINNs model compared to the purely data-driven coun-
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terpart has increased model development costs. The design of the custom loss function is more
demanding than utilising the existing loss function provided by popular neural network frame-
works. Furthermore, having recurrent connections to past and future target values required a
modified training routine. However, by leveraging advanced autograd mechanics in frameworks
such as PyTorch, fast, vectorised implementations of complex custom loss functions can easily
be integrated into existing models without much additional computational overhead. This study
extends existing PINNs approaches by not requiring compromises on the functional API of the
network. Existing PINNs approaches tend to require spatiotemporal coordinates as input to the
network, outputting a latent solution under the same boundary conditions as the training data.
Here, the ability to flexibly parameterise boundary conditions in the network is maintained such
that the surrogate model can be straightforwardly applied to entirely new boundary conditions.
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