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Abstract. Physics-informed neural networks (PINNs) are a relatively new technique that has
gained significant attention in recent years as a versatile and robust way to solve a wide range
of physical problems, including continuum mechanics. One of the main advantages of using
PINNs is that they can directly incorporate physical laws and constraints into the learning
process, allowing them to accurately capture the underlying behavior of a system without the
need for large amounts of labeled training data. Nevertheless, as they result from a stochas-
tic optimization process, quantifying the model uncertainty is a crucial step before considering
real-world applications. In this paper, we study the uncertainty related to the optimization pro-
cess on PINNs applied to continuum mechanics. We introduce two possible implementations
of PINNs to solve boundary value problems (direct and parallel). To be able to quantify the
accuracy of the approximations, we address a linear elasticity problem that has an analytical
solution. The runs are performed with different neural network architectures and implementa-
tions, to quantify the impact of these choices. We found that wide and shallow networks with
a Tanh activation function and parallel architecture perform better on average. These results
encourage further use of the parallel architecture for inverse quantification of material proper-
ties.
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1 INTRODUCTION

The use of artificial neural networks (ANNSs) to solve physical problems has gained signif-
icant attention in recent years [1]. These so-called physics-informed neural networks (PINNs)
have indeed shown to be a versatile and robust way to solve a wide range of physical problems,
including continuum mechanics [2]. This growing interest may seem surprising, considering the
number of already existing and well-established numerical methods for solving physical prob-
lems (e.g. finite element method, finite difference method, etc.). However, PINNs have shown
great potential in finding the underlying physics of problems by seamlessly combining different
sources of information (physical laws, measurements, etc.) into a single model.[3] For con-
tinuum mechanics, this can mean finding the material properties from experimental data, with
incomplete boundary conditions. This application can be particularly useful with digital image
correlation (DIC) measurements, where the displacement field is measured everywhere in the
domain (in contrast to the classical strain gauges, where the measurements are only available
at specific locations). In this field, the PINN approach can be a valuable alternative to classical
techniques (e.g. model updating and virtual fields method) that have their own limitations. [4]

[5]

As they result from a stochastic optimization process, PINN models have inherent uncer-
tainty. The implementation of PINNs introduces an important number of parameters (related
to the neural network architecture, the optimization process, and the specific problem). As
they can have a significant impact on the final results, and understanding the influence of these
parameters on the model uncertainty is crucial.

This paper first introduces the PINN approach generally, before focusing on its application to
continuum mechanics. Two different PINN architectures are proposed and a list of parameters
to consider is given. A specific case of linear elasticity from the literature, where the analytical
solution is known, is then studied. The model uncertainty is statistically quantified by perform-
ing several optimization runs. The hyperparameters of the PINN are varied to study their impact
on the model accuracy and uncertainty. We found that the size of the network, the activation
function, and the implementation have a significant impact on the model performance.
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2 Physics-Informed Neural Networks

In this section, we first contextualize the use of artificial neural networks (ANNSs) to solve
physical problems, before describing their architectures and how physical laws can be incorpo-
rated into the learning process.

2.1 Approximate solutions of physical problems with discrete functions

Many physical problems are described by partial differential equations (PDEs). Solving the
problem, therefore, means finding a function that satisfies the governing PDE. Most of the time,
the solution of a PDE is not known analytically, and discrete functions are used to approximate
the real solution. This general approach of searching for an approximate solution inside a
finite dimension function space (trial functions) is called the Ritz method (also known as the
Galerkin method). The discrete function space is chosen according to some prior knowledge of
the solution A famous example of this approach is the finite element method (FEM), where the
trial functions are polynomials of a given degree on a specific region of the domain (an element)
and equal to zero elsewhere.

Physics-informed neural networks (PINNs) can be considered as a specific case of the Ritz
method, where the function space is a neural network. PINNs and FEM have therefore a lot of
similarities, as they address the same problem and use the same general approach (for forward
problems). A comparison between the two methods is given in table 1.

FEM PINN
Trial functions Polynomials Neural networks
Training data localization | Mesh points | Anywhere in the domain
Optimization Least squares | Stochastic optimization

Table 1: Comparison between the finite element method (FEM) and PINNs.

Whereas in FEM the trial functions are parametrized by the mesh points values (for linear
elements), in PINNs the trial functions are parametrized by the neural network weights and
biases (see section 2.2). PINN is therefore a mesh-free method, meaning that the training data
can be located anywhere in the domain, and not only on the mesh points. However there is no
exact solution given a certain discretization (contrary to FEM), and the optimization process is
stochastic, leading to potential robustness issues (see section 3).

2.2 Artificial neural networks: universal function approximators

Artificial neural networks (ANNs) are a class of machine learning algorithms that are in-
spired by the structure and function of biological neural networks. ANNs are composed of a set
of interconnected units called neurons, which can process information and transmit it to other
neurons. The neurons are organized in layers, where the first layer is the input layer, the last
layer is the output layer, and the layers in between are called hidden layers. The most simple
architecture is a feed-forward neural network (FNN), where each layer is fully connected to
the next layer. At each layer, the inputs are multiplied by a weight matrix and added to a bias
vector, and then passed through a non-linear activation function :

N'(x) = (W'z+b") Vie{l,...,L} (1)

where z is the input vector, W* is the weight matrix, b’ is the bias vector, and ¢ is the activation
function. L is the number of layers. This architecture is illustrated in figure 1.
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Figure 1: Architecture of a feed-forward neural network.

The width (number of neurons) and depth (number of layers) as well as the activation func-
tion are hyperparameters that can be tuned to improve the performance of the ANN.

First introduced in the 1940s by McCulloch and Pitts [6], ANNs gained a lot of popularity
in the 1980s thanks to two important developments:

* the development of the backpropagation algorithm [7], which allows to train ANNs using
gradient descent

* mathematical proofs that ANNs are universal function approximators [8],[9]

These two properties provide the mathematical background and the practical tools that make
ANN:Ss versatile and powerful approximators. The training process consists in finding the weights
and biases of the neural network that minimize a loss function (that quantifies the quality of the
approximation), which is done using stochastic optimization algorithm (Adam [10] and LBFGS
[11] are two popular optimization algorithms). This training process introduces new hyperpa-
rameters, such as the optimization algorithm, the learning rate, the batch size, the number of
epochs, etc. All these hyperparameters will be later considered to improve the reliability of
PINNSs (see section 3).

However, this training process generally requires a large amount of data to be efficient, which
is usually not the case for physical problems (the number of measurements is limited). The
PINN approach overcomes this difficulty by injecting physical laws into the training process
(see section 2).
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2.3 Physics-informed neural networks: neural networks that comply with physical laws

Although the use of ANNSs to solve PDEs can be traced back to the 1990s [12], this approach
gained a lot of popularity after a paper published by Raissi et al. [13] that first coined the term
PINNs for physics-informed neural networks. The main idea of PINNs is to make the neural
network comply with some physics prior by adding extra loss terms to the loss function. We
illustrate this principle on the following boundary value problem (BVP) :

F(u,Vu,V*u,...) =0 in{
U = uUupc on 0f) (2)

U = Urc att =20

where (2 is the domain, u is the unknown function, ugc and u;c are the boundary and initial
conditions, and F' is the PDE depending on u and its derivatives. To solve this problem, a PINN
approximation should respect both the PDE and the boundary condition.

PDE constraint

The PDE constraint is enforced by adding a loss term to the loss function. The PDE is
calculated using automatic differentiation (chain rule through the neural network) and the loss
term is usually the squared norm of the PDE residual :

Loos = | F(u, Vu, V2, ... )||” 3)

Another possible approach is to use an energy form £ derived from the PDE (variational

formulation) :
Lg = E(u,Vu, V?u,...) €))

Boundary and initial conditions

The boundary/initial conditions can be enforced like the PDE one, by adding a loss term
to the loss function. The prediction of the neural network on the boundary/at time ¢ = 0 is
compared to the boundary/initial condition, and the loss term is usually the squared norm of the
difference :

Lycnc = HUBC/IC - UH2 &)

This approach is called soft constraint because the boundary/initial conditions are not strictly
enforced but only penalized. Boundary/initial conditions can also be hardly enforced by multi-
plying the output of the neural network by a mask function that assures ad hoc compliance with
the boundary/initial conditions. As an example, we can consider the following 1D problem
F(u,Vu,V?u,...) =0 inQ=10,1] ©)

u(0) =u(l)=0

The following mask function can be used to enforce the boundary conditions on a neural net-
work NV :
MN(2)) = 2 x (1 —x) x N() (7
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By limiting the number of loss terms, this hard constraint approach can make the train-
ing process more efficient but requires finding a mask function that complies with the specific
boundary/initial conditions of the problem. Although it may seem limiting, finding a mask
function seems to generalize well to domains with complex geometry. [14]

Data constraint

If some data is available inside the domain (measurements), it can be used as a residual loss
to train the neural network :

Laaa = [Udgata — ul? (8)

Total loss function

The loss terms can be combined to form the final loss function :

L = Lppg + apene X Lacne + Qdaa X Ldata )

Each loss term can eventually be weighted using a hyperparameter « to control the importance
of each loss term in the training process. If the PINN is trained successfully (i.e. the loss
function is closed to zero), the neural network approximation should comply with the PDE, the
boundary/initial conditions and the ground truth data.

Forward and inverse problems

The PINN approach can be used to solve both forward and inverse problems depending on
the presence or not of ground truth (measurements) data.

In the case of a forward problem, the neural network is trained using only the PDE loss and
BC/IC constraints (data loss can be added but is not necessary). The PINN is then very similar
to FEM as it finds an approximate solution given a PDE and boundary conditions.

In the case of an inverse problem, the neural network is trained using the PDE loss, BC/IC con-
straints and data loss. Here some physical parameters (such as Young’s modulus for elasticity)
of the problem can be trained at the same time as the ANN weights and biases.

PINNSs usually bring real added value for inverse problems. On forward problems, PINNs
compete with FEM (among other methods) and require a training phase that can be time-
consuming compared to matrix inversion in FEM. On inverse problems, PINNs show a great
capacity to find underlying physics [3], specifically on ill-posed problems that are difficult to
solve with model updating approaches. A common practice is to validate the PINN approxi-
mation on a forward problem (compared to FEM) before using it for a more valuable inverse
problem.

An overview of the PINN architecture is given in figure 2.

725



Damien Bonnet-Eymard, Augustin Persoons, Matthias Faes and David Moens

NeuralNetwork 0Q

ax'at'™

backpropagatiork o
+ Lgc/ic + Lppe

Leotar =
&= BCvalue: Ly, = Z [IN(X) — ugc(X)l
Xean

i
O i H
i
i H
. i i
! '
H 3
O : ' ~_on on
: : F(i,
i } :
H
. £ X . ' '
: s i ;
: : 1 i

F(ii ou du
(u'ﬁ'ﬁ'"')

m) performed using Automatic Differentiation == PDE evaluation : Lppy = Z

Applying chain rule throw the network Xen

Figure 2: Architecture of a PINN. The neural network is trained to minimize the PDE loss, the BC/IC constraints
and the data loss.

3 Accuracy of PINNSs for continuum mechanics

As mentioned in the previous section, the PINN approximation is the result of a stochastic
training process. This stochasticity induces some uncertainty in the PINN model, as several
runs of the training process can lead to different PINN approximations. The main objective
of this section is to evaluate and enhance the accuracy of the PINNs used to model continuum
mechanics problems.

3.1 PINN:s for continuum mechanics: hyperparameters to consider

Applying PINNSs to continuum mechanics problems requires some choice of architecture and
hyperparameters that can have a significant impact on the reliability of the approximation.

PINN applied to continuum mechanics

In this study, we focus on static boundary value problems in continuum mechanics. Specif-
ically, we aim to determine the displacement v and stress field ¢ within a given domain (2,
subject to known boundary conditions on 0f2. The solution to this problem must satisfy the
governing equations of continuum mechanics.

The first equation is the kinematic relation between displacement and strain €, which de-
scribes the deformation of the material. In the case of small deformations, this relation can be
written as :

€ij = é(ul] + uj;) small-deformation assumption (10)

where u;, j is the partial derivative of the i-th component of the displacement field u with respect
to the j-th coordinate (Einstein notation)

The second equation is Newton’s second law, which describes the balance of forces within
the material. In static situations, this law can be expressed in terms of the stress field ¢ and the
volumetric forces f as :

0ij; +fi=0 momentum balance (11)
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In addition to these two equations, a third equation is required to fully describe the material
behavior. For our purposes, we assume the material to be homogeneous, isotropic, and follow-
ing a linear elastic behavior. In this case, the relation between the strain € and the stress o can
be written as :

Oij = NOij€kk + 21 linear elasticity (12)
Where A and p are the Lamé coefficients that parameterize the elastic relation.

Using these equations, it is possible to determine the stress field corresponding to any given
displacement field and calculate the corresponding momentum balance. The PDE loss and
corresponding potential energy can then be written as follows:

Leve = |05 + fill* (13)
1
Lg = §<Tz'j€z'j — fiui (14)

Different possible implementations of PINNs for continuum mechanics

In a continuum mechanics problem, three fields (u, o, and €) are to be determined. Therefore
different implementations are possible, depending on which fields are chosen as the outputs of
the neural network. We focus on two implementations (direct and parallel) that are illustrated
in Figure 3:

1 I
N, «—
—
u - N u,o
v S 2
g | 2
u > u o 3
| 8 | S
- 2] D“
| small deformation 5 small deformation o
| E 3
S | o
S 3
E L <
I & PDE
linear elasticity I
l ‘ linear elasticity

§ T Vo
Lppg — LMB—_’@_

Figure 3: Two possible implementations of PINNs for continuum mechanics: direct (left) and parallel (right).

For the parallel implementation, the material behavior is not respected at first (the stress field
is not calculated from the displacement field). The material behavior is then enforced softly by
adding a corresponding term to the loss function :

Lyp = |0y — Neijdij + 2ue;j] (15)
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It is important to note that hard constraints on the boundary/initial conditions can only be
applied if the constrained field is the output of a neural network. Thus for mixed boundary
conditions (e.g. on both u and o) in direct implementation, the constraint on o must be enforced
softly.

The two implementations, therefore, seem comparable as they have the same amount of soft
and hard constraints (see Table 2).

Constraints Direct | Parallel
BConu Hard Hard
BCono Soft Hard
Material behavior | Hard Soft

Table 2: Constraints in the direct and parallel implementations of PINNs for continuum mechanics.

Having these architectures in mind, it is possible to make a list of hyperparameters to con-
sider when applying PINNs to continuum mechanics problems.

Hyperparameters to consider

The usuals paramaters of machine learning as well as the problem specifics ones are listed in
table 3. These hyperparameters can be divided into three categories: the network architecture,
the training process and the problem specifics. They will be considered as tunable hyperparam-
eters to improve the reliability of the PINN approximation in the following section.
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3.2 Accuracy of PINNs on a case study of the literature

One of the first implementations of PINN in continuum mechanics was done by Haghighat
et al. [16]. They introduced a simple linear elastic problem that has an analytical solution
to validate their approach. The code from the original paper is publicly available on GitHub!
(SciANN-SolidMechanics).

We will address the same problem in this section, to assess the accuracy of the imple-

mentation proposed in [16] before trying to improve it through hyperparameter optimization
(HPO).

Problem description

The boundary value problem is defined on the unit square domain: 2 = [0, 1], considering
displacement in two dimensions: u = (u,, u,). Thanks to the symmetry of the strain and stress
tensors (e, = €, and 0., = 0,;), they can be written as follows:

€xx Oz
€= Eyy ) g = Oyy
€xy Ozy

The mixed boundary conditions are summarized in figure 4:

D
) Oyy = (A +2p)Qsin(mz)
u, =0 Q
(@) (@)
I Il
8 - 8
Q div(o) =0 N
I I
s s
Uy = Uy =0
0 1 T

Figure 4: Boundary conditions for the problem defined in [16]

'https://github.com/sciann/sciann-applications
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The body forces are chosen on purpose so that there can be an analytical solution: [16]

fo = =X (=7Qy? cos (7z) + 47 sin (my) cos (27z))
— p (—=7mQy® cos (rz) 4+ 7 sin (my) cos (27x)) — 8w psin (my) cos (2mz)

fy = A (—3Qy’sin (rz) + 27 sin (27x) cos (1y)) (16)
20904 o
+ (W Qy 1S(15n () _ 6Qy*sin (7x) + 27% sin (27x) cos (ﬂy))
The corresponding analytical solution is then given by:
Uy, = cos(2mx) X sin(my)
4 (17)
u, = sin(mx) x Qy

4

For the sake of illustration, the displacement field solution is plotted in figure 5 (all fields are
plotted in appendix A.1)

Ux*
. 0.8
0.6
0.4
: 0.2
0.0

Figure 5: Displacement solution of the problem

The resolution of this analytical problem using SymPy [19] symbolic math python library is
available on GitHub?’.

Implementation

The implementation of the problem by Haghighat et al. [16] is based on SciANN [20] library
developed by the authors. They use a PENN (parallel feedforward neural network) architecture
with a different neural network for each component of the tree fields (u, €, and o). It is important
to note that this implementation uses ground truth data of all the fields to enforce the boundary
conditions. This is a stronger constraint than the one defined in the BVP. More details on the
implementation can be found in the original paper.

’https://github.com/bonneted/pinn-cm
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Results

To assess the reliability of the implementation, we run the code from [16] 20 times in order to
get statistically significant results. A Weight and Biases report of these 20 runs is available on
the following link: https://api.wandb.ai/links/damien-bonnet/73x2hl12z.
The loss history of all the runs is plotted in figure 6.

loss

Step

Figure 6: Loss history (minimum, mean, and max) of 20 runs of the SciANN implementation

A plateau is reached at the end of the training with no significant improvement. The his-
togram of the losses at the end of the training is plotted in figure 7.

na

-

8

7

6

5

4

| I

III il I I

o 0.06 0.08 0.

0.02 0.04 10 0.12 0.14 0.16

Figure 7: Histogram of the losses at the end of the training

The median run, in terms of final loss, is compared to the analytical solution in figure 8.(worst
and best runs are also plotted in appendix A.2).

It is difficult to have a global view of the residuals as all the fields are outputs of the neural
network in this approach and should thus be taken into account. That is why we focus on the
displacement field. The residual for the median run is around 1 x 1072 on average and can be
as high as 2 x 1072 in some regions. Between different runs, the mean residual varies by about
1 x 10~2. These results leave room for improvement, especially when one has in mind that this
implementation uses ground truth data of all the fields on the boundary.
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Figure 8: Displacement field approximation of the median run compared to the analytical solution

3.3 Enhancing the reliability of PINNs through hyperparameter optimization

Our implementation of the problem has been developed using the DeepXDE library [17],
and the code is available on GitHub®.

Contrary to the SCIANN implementation, we want to use only the information from the BVP
and no other ground truth data. The BVP is indeed well-defined, meaning that the information it
provides is sufficient to find the unique solution to the problem. We will first address a simplified
version of the problem, with only displacement boundary conditions, to have a baseline for the
mixed boundary conditions problem.

Simplified BVP (only displacement BC)

The equivalent BVP with only displacement boundary conditions is plotted in figure 9. Hav-
ing only displacement boundary conditions allows us to strictly enforce all the boundary condi-
tions. It is important to note that this implementation is still more restrictive than the SctANN
one, as the latter uses ground truth data of all the fields on the boundary.

For the implementation, we use a simple feedforward neural network with 4 hidden layers
of 50 neurons each. The neural network output is the displacement field like in the direct im-
plementation represented in figure 3. All the hyperparameters are summarized in table 4.

The loss history of the training is plotted in figure 10.

The Adam optimizer (used for the first 3000 epochs) appears to be stuck at the same level
of accuracy than the SciANN implementation. The LBFGS optimizer (used for the next 15000
epochs) is able to reach a lower loss and converge after approximately 11000 epochs. The
approximation reached is far more accurate than the SCIANN one (see figure 11), as the residual

3https://github.com/bonneted/pinn-cm
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1 =0
U = { Hyperparameter Value
Nb. of hidden layers 4
Nb. of neurons per layer | 50
= = Activation function Tanh
o | & Elo Optimizer Adam then LBFG-S
BE= Gl = (0 S Epochs 3000 then max 15000
Sl S Learning rate 0.01
$ 3 Number of samples 1000
Sampling method Hammersley
BC constraint hard
Uy = Uy = 0
0 1 =z
Figure 9: Equivalent BVP with only displacement BC Table 4: Hyperparameters of the simplified BVP
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Figure 10: Loss history of the simplified BVP (only displacement BC)

is around 5 x 107% on average and only goes up to 2 x 107" in the less accurate regions. The
comparison for all fields is plotted in appendix A.3.

These results will be used as a baseline of accuracy for the mixed boundary conditions prob-
lem in the next section.
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Figure 11: Displacement field approximation of the simplified BVP compared to the analytical solution
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Mixed BVP (displacement and stress BC)

We use the same hyperparameters to solve the mixed BVP with both direct and parallel
implementation. The accuracy metric history of the training is plotted in figure 12.

q ! —— Direct implementation
1004 Adam | LBFG-S Parallel implementation
i
1
1
I
1\
1071+ l
1
1
1
1
1
1
1
!
1072 1
1
i
0 2500 5000 7500 10000 12500 15000 17500

Figure 12: Accuracy metric history of mixed BC problem (for both direct and parallel implementation)

The final loss reached is lower than the SciANN implementation but still three orders of
magnitude above the baseline from the simplified BVP. Regarding the displacement approxi-
mation, the residual is around 2 x 10~2 for both implementations, which is already one order of
magnitude better than the SCtANN implementation. (displacement fields are plotted in appendix
A.4). We investigate in the next section how to improve these results through hyperparameter
optimization (HPO).

Hyperparameter optimization of the problem

To limit the number of experiments, we limit our study to the neural network architecture,
the implementation (direct or parallel), and the number of samples used for the training (listed
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in table 5). The other hyperparameters are kept constant, as they were found to be optimal for
the simplified BVP problem.

Hyperparameter Possible values
Implementation direct, parallel

Nb. of hidden layers 4,5, 6

Nb. of neurons per layer | 50, 75, 100
Activation function Sigmoid, Tanh, ReLU
Number of samples 2500, 10000

Table 5: Hyperparameters considered for the HPO

We use the Weights and Biases [21] platform and its hyperparameter optimization (HPO)
module Sweeps to track the experiments and visualize the results. There are 2 x 3 x 3 X
3 x 2 = 108 experiments to run, which took us a few hours to run (20 minutes per experi-
ment, 10 runs in parallel). The results are available at https://api.wandb.ai/links/
damien-bonnet/ménfcoy8. The histogram of the final accuracy metric for each run is
plotted in figure 13. The best run improves the accuracy by approximately 40% compared to
the first run of the previous section. The main results of this study concern rather the influence
of the parameters on the accuracy. Due to the stochasticity of the training, the results must be
interpreted as general trends rather than exact values.

6
|||I|IIIIIII BN D

0.005 0.010 0.015 0.020 0.025

@

e

rn

o

Figure 13: Histogram of the final accuracy metric for each run of the HPO

Activation function

The first thing to note is that approximately 40% failed before the end, the algorithm return-
ing a NaN loss. After investigation, we found that the ReLU activation function was a major
cause of this issue as all runs with this activation function failed when reaching the 3000 epochs
(switch to LBFG-S optimizer). The non-regularity of the ReLLU function may be pathological
for the LBFG-S optimizer. Therefore, we remove this activation function from the HPO, which
reduces the failure rate to 15%. Otherwise, Tanh outperforms Sigmoid on average in terms of
accuracy, which confirms that Tanh is a better choice for PINNs.
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Network size

The results of the HPO show that the network width and depth have opposite effects on
the accuracy. The number of layers is correlated with a worse accuracy, while the number of
neurons per layer is correlated with a better accuracy. This encourages the use of wide and
shallow networks.

Implementation (direct or parallel)

The parallel implementation is more accurate than the direct one on average, the history of
the accuracy metric grouped by implementations is plotted in figure 14. This result indicates that
having a soft constraint on the material law allows better approximations than a soft constraint
on the stress boundary condition, which seems coherent from a physical point of view. Indeed,
whereas a boundary condition can be known exactly (e.g. zero stress on a free surface), the
material law is empirical, and therefore non-exact, which makes it more suitable for a soft
constraint. Additionally, the parallel implementation offers a seamless generalization to other
material laws, simply by changing the material law loss function.

Figure 14: Accuracy metric history of the HPO grouped by implementations (min, mean, and max)

4 CONCLUSION

In this paper, after introducing the PINN framework, we proposed two implementations
(direct and parallel) of PINNSs to solve boundary value problems in continuum mechanics. Fo-
cusing on a linear elastic problem, we assess the accuracy of an existing PINN implementation
[16] before improving it through hyperparameter optimization. Even though the improvement
achieved is limited (40% improvement), we were able to identify the main parameters that influ-
ence the accuracy of the PINN approximation. Concerning the network architecture, we found
that wide and shallow networks with a Tanh activation function perform better. Concerning
the implementation, we found that the parallel implementation is more accurate than the direct
one, which is consistent with the fact that the material law is more suitable for a soft constraint
than the boundary conditions. Nevertheless, the same network architecture performed 2 orders
of magnitude better on a simplified equivalent problem, proving that the training error is still
limiting the accuracy. To avoid getting stuck in local minima, different further improvements
could be investigated, such as the use of adaptive sampling methods, learning rate schedules,
or more complex network architectures. These results are promising and encourage the use of
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parallel implementation of PINNs for inverse quantification of material properties using DIC
measurements.
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A APPENDIX

A.1 Analytical solution of the problem studied in section 3.2
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Figure 15: Analytical solution of the problem studied in section 3.2
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A.2 Results of the SCIANN implementation
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Figure 16: Displacement field approximation of the worst run compared to the analytical solution
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Figure 17: Displacement field approximation of the best run compared to the analytical solution
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A.3 Results of the simplified BVP (only displacement BC)
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Figure 18: Strain field approximation of the simplified BVP (only displacement BC) compared to the analytical
solution
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Figure 19: Stress field approximation of the simplified BVP (only displacement BC) compared to the analytical
solution
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A.4 Results of the mixed BVP before HPO
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Figure 20: Displacement field approximation of the mixed BVP (direct implementation) compared to the analytical
solution
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Figure 21: Strain field approximation of the mixed BVP (direct implementation) compared to the analytical solu-
tion
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Figure 22: Stress field approximation of the mixed BVP (displacement and stress BC) compared to the analytical
solution
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