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Abstract. The present work focuses on comparing two different system identification methods
for the identification of known nonlinearities, including cubic stiffness, quadratic damping with
cubic stiffness, and dry friction. The methods compared are SINDy and PiSL. SINDy is a
sparse regression method that identifies governing equations from time-series data, and PiSL is
a physics-informed spline learning method that uses prior knowledge of the underlying physical
laws of the system to improve the accuracy of the identification. The methods are evaluated
using simulated data from known nonlinearities. The results show that the two methods can
accurately identify the nonlinearities, but each method has its strengths and weaknesses. This
study provides valuable insights into the performance of these system identification methods for
nonlinear systems, which can help researchers choose the most appropriate method for their
specific application.
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1 INTRODUCTION

System identification is the process of identifying a mathematical model that, depending on
input and output data, represents the behaviour of a dynamic system. This often entails cal-
culating the state-space model or transfer function of the system in the context of dynamical
systems. System identification can be done using time-domain and frequency-domain meth-
ods. Input-output information is utilised in time-domain identification to estimate the system’s
impulse response or step response, which may subsequently be used to determine the transfer
function. In order to identify a system in the frequency domain, its input-output behaviour is
examined to ascertain its frequency response. Both the frequency and time domains can be used
to identify systems, and each technique has its merits and restrictions.

The input-output behaviour of the system is examined in the frequency domain during frequency
domain system identification using techniques like Fourier analysis or the Fast Fourier Trans-
form (FFT). This method works well with linear time-invariant (LTI) systems because they have
transfer functions that are constant at all frequencies. It is possible to ascertain the system’s
transfer function by investigating the frequency response of the system, which can then be used
to predict how the system would respond to various input scenarios. The ability to easily study
a system’s behaviour over a broad frequency range is one benefit of frequency-domain system
identification. The analysis of systems that show significant resonance or frequency-dependent
behaviour can benefit from this method.

In time-domain system identification, methodologies like impulse response or step response
analysis are used to study the system’s input-output behaviour in time. This method offers a
clear indication of the system’s behaviour over time, making it suitable for both linear and non-
linear systems. The transfer function, state-space model, and other system parameters can be
found by examining the system’s time-domain behaviour. One benefit of time-domain system
identification is that it gives a clear indication of the system’s transient reaction, which is useful
for comprehending the stability and performance of the system.

Overall, the characteristics of the system being studied and the identification process’s objec-
tives will determine whether to use a frequency-domain or time-domain system identification
approach. Frequency-domain methods may be the best strategy for linear systems with constant
transfer functions, whereas time-domain methods may yield more precise findings for nonlinear
or time-varying systems.

The following are some typical methods for system identification:

* Least-squares techniques: They entail employing a least-squares criterion to reduce the
discrepancy between model output and measured output. Either the time domain or the
frequency domain can be used for this. [1] [2]

* Maximum likelihood techniques: In these techniques, the model’s parameters are found
to maximise the possibility that the observed data will match the model. [3]

* Prony’s method: This time-domain approach entails fitting an accumulation of exponen-
tial functions to the output measurements. [4]

* Eigensystem realisation algorithm: This estimates the state-space model of the system
using its frequency response data. It is a frequency-domain approach. [5]

» Subspace identification techniques: They rely on a subspace identification algorithm to
estimate the system’s state-space model from input-output data.[6] [7]
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Once the model has been identified, it can be used for analysis and control of the system.
This can include predicting the system’s behaviour under different conditions, designing con-
trollers to achieve the desired performance, or optimizing the system’s behavior for a particular
application. Extending system identification methods to nonlinear dynamical systems is more
challenging than linear systems due to the complex and often chaotic behavior exhibited by
these systems. In general, nonlinear systems are described by differential equations that cannot
be solved analytically, and the complexity of their dynamics means that it is not always possible
to obtain reliable input-output data for system identification.

System identification approaches include linearization, parametric and nonparametric tech-
niques. Linearization techniques approximate the system by a linear model around a particular
operating point, which can be identified using standard techniques for linear systems. However,
the accuracy of the resulting model depends on how well the linear model approximates the true
behavior of the highly nonlinear systems. Parametric techniques assume a particular functional
form for the system’s dynamics, but the identification process can be computationally intensive
and may require specialized computational resources. Nonparametric techniques estimate the
system’s input-output behavior using data-driven approaches such as neural networks or sup-
port vector machines, and can be highly accurate but require large amounts of data to train and
can be difficult to interpret. These methods are well-suited for control or prediction tasks that
require high accuracy.

Among different nonparametric techniques, SINDy and PiSL are the few which can handle
both static and dynamic nonlinearities and are found to be computationally efficient. These
techniques are highly effective for identifying complex nonlinear systems with unknown dy-
namics, but each method has its strengths and limitations. SINDy is good at identifying sparsity
and is computationally efficient, and PiSL is effective for incorporating prior knowledge about
the underlying physics of the system. Overall, these techniques provide powerful tools for non-
linear system identification, enabling a deeper understanding of the underlying dynamics of
complex systems.

Current work focuses on comparing the two system identification methods i.e. SINDy (Sparse
Identification of Nonlinear Dynamics) and PiSL (Physics-Informed Spline Learning) for the
known non-linearity cases (Cubic stiffness, quadratic damping with cubic stiffness and dry fric-
tion). By comparing these methods for known nonlinearities, a better understanding of the
strengths and weaknesses of each method and their suitability for different types of systems and
data can be established.

2 DATA-DRIVEN APPROACH FOR SYSTEM IDENTIFICATION

Nonparametric techniques involve estimating the system’s input-output behavior using data-
driven approaches. The resulting models can be highly accurate when trained on large amounts
of data, but they can also be difficult to interpret and may require large amounts of data to train.
This makes them well-suited for applications where high accuracy is important, such as in
control or prediction tasks. Non-parametric techniques do not require explicit functional forms
to describe the system dynamics. Some of the common non-parametric techniques involve the
following:

* Neural Networks: Neural networks are a popular non-parametric technique for system
identification. They can learn complex input-output relationships without assuming a
particular functional form. Neural networks are often used for modeling nonlinear sys-
tems, as they can capture complex nonlinear dynamics.[8][9]
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* Support Vector Machines (SVM): SVM is another non-parametric technique for system
identification. SVM seeks to find a separating hyperplane in high-dimensional feature
space that maximizes the margin between the different classes of data. SVM has been
applied to system identification problems, where it can be used to learn nonlinear input-
output mappings.[10][11]

* Gaussian Processes (GP): GP is a non-parametric probabilistic approach to system iden-
tification. GP can be used to estimate the underlying function that generates the observed
data, while also providing uncertainty estimates. GP has been used for modeling nonlin-
ear systems, as it can capture complex nonlinear dynamics. [12][13]

* Kernel Methods: Kernel methods are a family of non-parametric techniques that are used
for regression, classification, and density estimation. Kernel methods use a kernel func-
tion to map the input data into a higher-dimensional feature space, where the data may
be more separable. Kernel methods have been applied to system identification problems,
where they can be used to learn nonlinear input-output mappings.[14]

* NARMAX (Nonlinear AutoRegressive Moving Average with eXogenous inputs) is a type
of mathematical model used in system identification, which involves analyzing input-
output data to obtain a mathematical representation of the system. NARMAX models are
typically defined as a combination of nonlinear autoregressive (AR) and moving average
(MA) terms, where the nonlinearity is captured using a polynomial. This method is pop-
ular because it provides a flexible way to model nonlinear systems, while still using a
linear model structure.[15][16][18][17]

Some of the recently emerging techniques have shown promising results in identifying the
system dynamics.

* SINDy (Sparse Identification of Nonlinear Dynamics) is a data-driven method for identi-
fying nonlinear dynamical systems using sparse regression. The method is based on the
principle that many physical systems can be accurately modelled using only a few impor-
tant terms, even in the presence of nonlinearity. SINDy identifies these important terms by
applying sparse regression to the data, allowing for the identification of a parsimonious,
interpretable model of the system.[19]

» PiSL (Physics-Informed Spline Learning) is a data-driven method that combines spline in-
terpolation with knowledge of the system’s underlying physics. The method uses a spline
function to interpolate the system’s behavior, while also incorporating known physical
constraints into the model. This allows for a more interpretable model, while still provid-
ing the flexibility to capture the complex behavior of nonlinear systems. PiSL can capture
the highly nonlinear input-output relationship between the input and output signals of the
system. Additionally, by incorporating known physical constraints, PiSL can provide a
model that is both accurate and interpretable.[20]

The current work focuses on comparing the recently emerging techniques i.e. SINDy and
PiSL which have been successfully applied to a wide range of nonlinear systems, including fluid
dynamics [21], chemical reactions [22], and biological systems[23].
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3 NON-LINEAR CASES CONSIDERED FOR COMPARISON

A Single Degree of Freedom (SDOF) system for different non-linear systems (Eq. 1, 2, 3)
is used to describe the dynamic behavior of a structure or mechanical system. This study ex-
amines the behavior of single-degree-of-freedom (SDOF) systems with two distinct non-linear
systems. To activate the non-linear response, an initial displacement condition is applied. The
equations for each non-linear system, provided below, are used to produce the response for each
system.

Cubic stiffness

mi + Ci + K;o + Kyx® = F(t) 1)

wherem=1,C=02, K,=1,K,=1
Quadratic damping with cubic stiffness

mi + C1i + Coi|d| + Kyz + Koz = F(t) )

where m = 1,01:().2, CQ :0.5,K1: 1 ,K2:1
Dry friction

mi + C;i + Cosignt + K;z = F(t) 3)

wherem=1,C1=02,Cy=0.1, K; =1

To identify these systems, their time response is analyzed using an input signal applied to the
system and the resulting output displacement, which serves as the input for the identification
method. The sinusoidal excitation force (sin(t)) as the input signal is used in system identifica-
tion and the whole response is used for the identification of the full range of system dynamics
and the estimation of the model parameters over the entire time period. However, it is impor-
tant to ensure that the identified models are not overfitting the data and that they are able to
generalize to different operating conditions or perturbations.

4 PERFORMANCE OF THE IDENTIFICATION TECHNIQUES FOR DIFFERENT
NON-LINEAR CASES

In this study, we compared the performance of two identification techniques, SINDy and
PiSL, for three nonlinear cases, including cubic stiffness, quadratic damping, and dry friction.
The objective was to evaluate the effectiveness of SINDy and PiSL in identifying the system
and its parameters accurately and efficiently for these different nonlinear cases. To conduct
this study, each nonlinear case was simulated using a mathematical model and generated data
from the simulation was used as input for both identification techniques. The accuracy and
computational efficiency of the parameter estimates obtained from SINDy and PiSL for each
case were compared.

Two evaluation metrics i.e. Pearson correlation and mean squared error (MSE) were used to
compare the performance of both identification techniques. The Pearson correlation coefficient
measures the linear relationship between two variables, in this case, the predicted values from
the model and the actual values. A value of 1 indicates a perfect positive correlation, while
a value of -1 indicates a perfect negative correlation. A value of 0 indicates no correlation.
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The MSE measures the average of the squared differences between the predicted values and the
actual values. A lower MSE indicates better accuracy of the model.

4.1 Cubic stiffness case

One of the first nonlinear cases considered for comparing system identification techniques
was the cubic stiffness case. This case involves a system with a cubic stiffness term, which is
a common nonlinear characteristic observed in various physical systems. From Figure 1, both
PiSL and SINDy appear to be efficient in capturing the true values (Disp_Test). According to
the evaluation metric, both PiSL and SINDy show a high correlation with the actual values,
with PiSL having a slightly higher correlation coefficient of 0.999988 compared to SINDy’s
correlation coefficient of 0.998983 (From Table 1). This indicates that both methods are highly
accurate in predicting the actual values.

However, when it comes to MSE, PiSL outperforms SINDy with a significantly lower value
of 1.789479e-05 compared to SINDy’s MSE of 1.618123e-03 (From Table 1). This suggests
that PiSL is more accurate than SINDy in predicting the actual values but also indicates the need
to assess the robustness of the identified models, and to investigate how well they generalize to
different forcing, initial conditions, or measurement noise. This is important to ensure that the
identified models are not overfitting the data and that they are able to capture the true underlying
dynamics of the system. For the cubic stiffness case, PiSL and SINDy identified the model,
number of parameters and their corresponding values correctly with three additional terms in
PiSL (quadratic damping, stiffness and a bias) and one additional term in SINDy (bias). SINDy
was able to capture the true dynamics correctly through the identified model.

E 10 ,/“‘\ Ve g 10 /"h‘\\ -
:]c:"j 05 ,x' \\ % 05 I;’ \\\
£ oo i E oo s \
o] @ ’ \
Rlasy s g 051 \
e S "ﬁ- e -
;31_1: Disp_Test === Disp_PisL i 8 _15 . ey - Dilsp_SlNDslf L
1 2 3 4 5 8 1 2 3 3 5
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Figure 1: Comparison of SINDy and PiSL performance for Cubic stiffness case.
Metric PiSL SINDy
Pearson Correlation 0.999988 0.998983
Mean Squared Error  1.789479e-05 1.618123e-03
Table 1: Comparison metric: Cubic stiffness case.
4.2 Quadratic damping with cubic stiffness case

The second nonlinear case taken into consideration for comparing system identification
strategies was quadratic damping with cubic stiffness. Both PiSL and SINDy exhibit a strong
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correlation with the true values, according to the results presented in Table 2 and Figure 2,
with PiSL having a slightly higher correlation coefficient of 0.999996 compared to SINDy’s
correlation coefficient of 0.998687. This shows that both approaches have a very high degree
of accuracy in forecasting the actual values. However, when it comes to MSE, PiSL outper-
forms SINDy with a significantly lower value of 2.742266e-06 compared to SINDy’s MSE of
2.554376e-03. This suggests that PiSL is more accurate than SINDy in predicting the actual
values. However, Pisl and SINDy identified the model but with many additional terms of low
significance. The number of additional terms in PiSL was found to be less than in SINDy. PiSL
was found to be near to capturing the true dynamics through the identified model.
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Figure 2: Comparison of SINDy and PiSL performance for Quadratic damping with cubic stiffness case.

Metric

PiSL

SINDy

Pearson Correlation
Mean Squared Error

0.999996

0.998687

2.742266e-06 2.554376e-03

Table 2: Comparison metric: Quadratic damping with cubic stiffness case.

4.3 Dry friction case

The Pearson correlation coefficient between the outputs of the two models (PiSL and SINDy)
was very high for both methods, indicating a strong positive linear relationship between the
models’ outputs. However, the PiSL method had a slightly higher Pearson correlation coef-
ficient than the SINDy method, suggesting a slightly stronger linear relationship between its
output and the true values. The PiSL method had a significantly lower MSE (5.948443e-06)
than the SINDy method (7.645737e-03) (From Table 3), indicating that PiSL was better at pre-
dicting the true values compared to the SINDy method for the cubic stiffness case (Figure 3).
Again SINDy had numerous additional terms of low importance than PiSL but both the iden-
tification techniques could not identify the sign term which can be attributed to factors such as
insufficient data or the probability that the sign term may not have had a large impact on the
dynamics of the system during the time period for which data was collected.
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Figure 3: Comparison of SINDy and PiSL performance for Dry friction case.

Metric PiSL SINDy
Pearson Correlation 0.999998 0.999416
Mean Squared Error  5.948443e-06 7.645737e-03

Table 3: Comparison metric: Dry friction case.

Overall, based on these evaluation metrics, the PiSL and SINDy method appears to per-
form well for system identification for all three cases. It should be considered that the success
of identification techniques like SINDy and PiSL depends heavily on the quality and quantity
of data used as well as the complexity of the system being studied. Also, other factors such
as computational efficiency and model interpretability play a major role in choosing a system
identification method. For all three cases, PiSL was found to be more computationally expen-
sive than SINDy. The use of spline functions and the incorporation of physics-based constraints
may require more computational power than SINDy, which is a simpler approach that relies on
sparse regression.

S CONCLUSIONS

PiSL and SINDy are two different methods for learning the dynamics of a system from
data. PiSL uses a physics-informed spline-based approach, where a spline function is used
to approximate the unknown underlying dynamics of the system, and the spline coefficients
are optimized to minimize the mean squared error between the predicted values and the actual
values, subject to the underlying physical laws of the system being modelled.

On the other hand, SINDy uses a sparse regression-based approach, where a set of candidate
functions is used to approximate the unknown underlying dynamics of the system, and the
coefficients of these functions are optimized to minimize the mean squared error between the
predicted values and the actual values. The candidate functions are chosen such that they only
depend on a small number of system variables, which leads to a more interpretable model.
PiSL appears to perform better than SINDy for all three non-linear scenarios, although it is
shown to be computationally intensive. The main reason why PiSL is more computationally
expensive than SINDy is due to the use of spline functions. Spline functions are continuous
piecewise polynomials that require the optimization of a large number of spline coefficients to
approximate the unknown underlying dynamics of the system. This optimization process can
be computationally expensive, especially when dealing with high-dimensional systems or large
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amounts of data. In contrast, the sparse regression-based approach used by SINDy involves
optimizing the coefficients of a small set of candidate functions, which is computationally more
efficient.

However, the choice of method depends on the specific problem, and both PiSL and SINDy
have their own advantages and disadvantages. PiSL may be more accurate in certain cases,
especially when the data is noisy or sparse, or when the underlying dynamics of the system
are highly nonlinear. Meanwhile, SINDy may be more computationally efficient and easier
to interpret, especially when dealing with systems with a small number of variables or when
the underlying dynamics are sparse. PiSL can potentially model more complex and highly
nonlinear dynamics than SINDy, due to the use of splines, which can approximate a wider
range of functions than the sparse set of candidate functions used by SINDy. Both PiSL and
SINDy use regularization to enforce physical constraints on the learned models. However, the
type and strength of regularization used may differ between the two methods, which can affect
the accuracy and interpretability of the resulting models.

In the case of PiSL, using spline functions and incorporating physics-based constraints may
require more computational power than SINDy, which is a simpler approach that relies on
sparse regression. The computational expense of PiSL may make it less desirable for certain
applications where speed and efficiency are critical. However, it’s important to note that PiSL’s
ability to incorporate physical constraints into the model can provide additional benefits in terms
of model interpretability and generalizability. In some cases, the additional computational cost
may be worth the improved performance and interpretability that PiSL provides.

Ultimately, the choice of system identification method will depend on a variety of factors
including the complexity of the system, the availability of computational resources, and the de-
sired balance between model accuracy and computational efficiency. The future work focuses
on exploring the efficiency of system identification techniques (PiSL and SINDy) with differ-
ent excitation levels, noise levels, and non-linear cases to model the complex systems more
accurately and efficiently which can be used for a wide range of applications, including opti-
mization, control, and prediction. By comparing different modelling techniques and validating
the results with experimental data the target is to improve our understanding of complex systems
and develop new approaches for modelling them.
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