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Abstract. Gaussian process (GP) regression is widely used in practice due to its ability to
handle noisy problems. In many scientific experiments or stochastic simulators, observation
noise can vary across the input space (i.e. heteroscedastic). This paper proposes a new ap-
proach to handle heteroscedastic noise that is inherently present in the data. Here, we follow
a post-modelling learning strategy similar to the most likely heteroscedastic Gaussian process
(MLHGP) algorithm. Unlike the MLHGP and its variations, which require multiple GP mod-
els, our proposed methodology only requires one GP model to fit the main function and uses
the trained kernel parameters to estimate the noise level via kernel smoothing regression. We
test our proposed model on three benchmark experiments: a one-dimensional analytical case,
a four-dimensional computational simulation case, and a one-dimensional simple Bayesian
optimisation problem to analyse how heteroscedastic modelling performs in a risk-averse set-
ting. Our proposed method is able to reduce the computational complexity from O(2N?3) to
O(N?3 + N?). As we don’t need to train the kernel smoothing, our empirical results show that
the proposed method is able to achieve speedup up to almost 2 times during training while not
compromising the predictive capability. Additionally, in our Bayesian optimisation test case,
the result shows that the proposed method outperforms MLHGP in case of a low number of
initial observations and remains competitive in medium and high initial observation settings,
all while being faster in every case.
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1 INTRODUCTION

Data-driven methods have gained tractionas a viable alternative to numerical simulation for
solving problems. Especially in problems that demand extensive computationd resources such
as design exploration, optimisation and reliability analysis, a data-driven surrogate model is
often utilized to replace the original numerical simulation. These machine learning surrogate
models, such as supportvector regression [1]], Gaussian process [2], and neural networks [3}/4],
leverage data to approximate complex relationships, circumventing the need for computationally
intensive simulations for every configuration

Compared to the other methods, the Gaussian process (GP) model is very attractive since it
naturally provides a predictive distribution as an uncertainty estimate besides the predictive mean.
This capability of GPs to characterize uncertainty has been leveraged in various applications,
such as Bayesian optimisation [5H8], sensitivity analysis [9] and reliability analysis with active
learning [[10,|11]. The capability underscores the importance of developing more appropriate
GP models that can effectively capture uncertainty, as it directly impacts the performance of
applications leveraging this property.

In the standard GP regression, the noise level that is inherently present in the data is typi-
cally presumed to be constant throughoutthe inputspace (homoscedastic). However, in many
real-world problems [12H14], the observation variability can heavily depend on the input (het-
eroscedastic). Hence, assuming that the data is homoscedastic can lead to underestimating
the variance of high-noise regions and overestimating it in low-noise regions. As a result, a
homoscedastic GP model may misrepresent uncertainty and provide suboptimal predictions in
heteroscedastic settings. The illustration given in Figure [I|depicts the main difference between
homoscedastic and heteroscedastic problems.
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Figure 1: Varying noise in heteroscedastic function (left) and constant noise in homoscedastic
function (right).

Various heteroscedastic Gaussian process (HGP) models [15-24] have been proposed to
properly handle the noise level that varies across the inputspace instead of assuming a constant
noise. The typical HGP configuratio uses two GPs, with the firs GP modelling the main
function and the second GP learning the input-dependentnoise level. Despite the apparent
simplicity of the idea, the combination of the two GPs produces a joint posterior distribution
over the main function and the heteroscedastic noise which is analytically intractable.

Markov chain Monte Carlo (MCMC) sampling is often viewed as the gold standard to obtain
the joint posterior distribution [15]. However, due to its expensive cost, especially in large
datasets, various alternatives have been developed to achieve a trade-oft between accuracy and
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computational efficien y such as the expectation propagation (EP) [16}[17], Laplace approxi-
mation 18], variational inferences [19-21], and most likely noise approaches [22-24]. Among
these alternatives, the most likely noise approaches, including the most likely heteroscedastic GP
(MLHGP) [22], improved MLHGP (IMLHGP) [23]], and the nearest neighbour point estimate
HGP (NNPEHGP) [24] are the simplest and most computationally attractive, in which the noise
posterior is replaced by a point estimate at its most likely level. Thus, the predictive posterior
distribution can be obtained analytically.

In this research, we propose a modificatio to the most likely noise approaches by using
a kernel smoothing (KS) function [25127] in place of the second GP. Our proposed method,
named KS-MLHGP and KS-IMLHGP, is designed to enhance the adaptability of both MLHGP
and IMLHGP. The primary goal of our proposed method is to address the issue of noise level
overfitting particularly prevalent in IMLHGP when the training data is limited, while also
reducing the computational cost of MLHGP. To validate the performances of the proposed
methods, we compare their predictive capabilities in terms of the predicted distribution on several
heteroscedastic problems consisting of one 1-dimensional analytical case, one 4-dimensional
computational simulation, and one simple Bayesian optimisation case.

This paper is organized as follows: In section 2 we review the related work on heteroscedastic
GP. Then we discuss our proposed algorithm using Kernel smoothing regression to approximate
the noise level in section 3. Section 4 discusses the performance of our proposed algorithm
compared to the currentones and finall , the conclusion and future works are given in Section 5.

2 PRELIMINARIES AND RELATED WORKS

The goal of using a Gaussian process as a surrogate model is to recover an unknown black-box
function f(x) from a dataset D = {x;, y;}"_,, where = € R? is the input vector of dimension d.
The observed outputof the unknown functionis a scalar denoted by y; € R such that

yi = flxi) + i, (1)
where the observation error ¢; is typically assumed to be:
ei ~ N(0,07). 2)

The observation noise o2 can be constant (homoscedastic) or varying in the input space governed
by another unknown function o, = g(«;) (heteroscedastic).

We can place a GP prior on the unknown black-box function f () in equationll} so it follows
a multivariate normal distribution fully specifie by the mean p and the covariance matrix K,
written as:

p(f1X) = N(p, K), (3)

where X = {x1,x3,...,x,} is a collection of data pointx;. A zero-mean GP prior is often
assumed over the function value for simplification hence & = 0. The entries of the covariance
matrix K are calculated from the covariance function k(x;, ;) at input points «; and ;. In the
present study, we mainly focus on using the squared exponential (SE) kernel [2] as the covariance
function, since we assume that our target function is smooth. The SE kernel is written as:

x; — x| |?
kse(xi, z;) = UJ% exp <—%) : (4)

The [ variable usually refers to the kernel length-scale parameter, which roughly translates to
how far informationof a data point could affect others, o7 is the signal amplitude or the scaling
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parameter, and || - || denotes the Euclidean distance between inputlocations «; and ;. This
means the SE kernel is driven by two parameters 6y = {071} that measures the similarity
between two observations.

The assumption of homoscedasticity and a zero-mean GP priorleads to the formation of the
homoscedastic GP hyperparameters 8, = {0, 02}, where the model hyperparameters can be
estimated from the data by maximizing the log marginal likelihood, written as:

1 _ 1 n
log p(y| X, 0,) = —5(y - p ' (K +o2I) Hy—p) - 5 log | K + o I| - 7 log(2m). (5)

This can be obtained by using any optimisation algorithm with the goal of reaching an acceptable
local maximum or ideally, global optimum.

In the heteroscedastic Gaussian process (HGP), the main idea is to employ another GP
model to approximate the observed noise level g(x;) = o,, with a separate covariance function
k.(z;, ;) parametrised by @,. Therefore, two GPs are involved in HGP modelling, where the
firs GP learns the unknown main function (the y-process) and the second GP learns the unknown
function of varying noise (the z-process). Now, the predictive posterior distribution over the test
outputy, is given by:

P(y«|xs,05,0,,D) = //p(y*|w*,9f,z,z*,D)p(z,z*\w*,Oz,D)dzdz*, (6)

where z is the noise level at input training and z, is the noise level at .. However the full
posterior of the noise level p(z, z.|®., 8., D) is not solvable analytically and therefore one has
to provide an approximationto solve it. Since the integral is intractable, various approximation
methods have been proposed such as MCMC [15], variational inference [19H21], expectation
propagation [16}/17], and Laplace approximation [18].

Other approaches that are also popular are the Most likely heteroscedastic Gaussian process
(MLHGP) [22] and its variations, including the improved MLHGP (IMLHGP) [23] and the
nearest neighbour point estimate HGP (NNPEHGP) [24]. These methods propose a simple and
computationally cheap approach to approximate HGP. MLHGP replaces the full posterior of the
varying noise with a point estimate at the most likely value such that the predictive posterior can
be treated analytically. This reads as

p(Z,Z*|£B*,OZ7D) %6(2a2*)7 (7)

where (2, Z,) is the most likely (logarithmic) noise level, and ¢ is the Dirac delta function with
d(2,2:) = 1 when z = Z, and zero otherwise. Thus, the predictive posterior distribution over
the outputy, is approximated as:

P(y«|xs, 07,60,, D) = //p(y*|a:*,Of,z,z*,D)5(2,2*)dzdz*

(8)
~ p(y*|w*7 efa 27 2*7 D)7
where the most likely noise level is given by:
(2, 2,) = argmax p(z, z.|x., 0., D). 9)

2,24

As the input-dependentnoise is also modelled by a GP regression, its most likely noise level is
expressed as (2, Z,) = (W2, 11, ). Thus, the posterior distribution over the outputcan be further
expressed as:

P(y*|w*79f79z,D)%P(?J*yw*,OfaHz’Mz*,D) (10)
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The main difference between MLHGP, IMLHGP, and NNPEHGP is thatin MLHGP [22], an
iterative approach similar to the expectation-maximization (EM) algorithm is used to obtain the
noise estimation. IMLHGP [23] uses a correction factor to approximate the fina result, making
the algorithm faster. Meanwhile the NNPEHGP [24] was developed to address the overfittin
issue in IMLHGP by using k-nearest neighbour regression to transform the scattered Bayesian
residual into a smoother function.

3 HETEROSCEDASTIC GAUSSIAN PROCESS WITH KERNEL SMOOTHING

The training procedure of the MLHGP involves an iterative process similar to the EM
algorithm, making the computational complexity of MLHGP becomes prohibitively high. To
address this problem, the IMLHGP [23] model was then developed. In some cases, IMLHGP
even provides a better prediction of the noise and the full distribution compared to MLHGP
under the condition of a large number of training data sizes. However, when only a few training
data are available, we observe that IMLHGP tends to overfi the noise level as shown in Figure
The overfittin phenomenonis reasonable when only a few observations are available. When the
number of training samples is low, the noise residuals are likely scattered and it becomes difficul
for a GP to model the noise level properly, as shown in Figure To avoid the overfittin
problem, NNPEHGP [24] then proposes to utilize k-nearest neighbour regression to transform
the scattered residual into a smoother function. However, this approach requires the correct
definitio of the number of the neighbours k to be able to accurately model the heteroscedastic
noise.

IMLHGP

T T ; . T T T -
®  Test data ® Training data residual e

Estimated noise ® 25| === predicted noise level

20 Total estimated uncertainty
-~ Prediction mean
Training data

20} .
15}
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Figure 2: (a) Noise level overfittin behaviour in IMLHGP, (b) Second GP overfittin in
estimating the residual.

In contrast to NNPEHGP, our proposed approach aims to avoid overfittin in the noise level
approximationand reduce the computational complexity of training multiple GPs to approximate
the noise level by adopting the parameters of the trained main function GP. Since we use the
squared exponential kernel, define in equationf4] this means we use the lengthscales [ parameter
from the trained GP directly without retraining for the noise approximation.

In practice, we relax the procedure of the typical heteroscedastic GP that uses two GPs by
replacing the noise-GP with a kernel smoothing function [25-27] with a length scale identical to
the firs Gaussian process (GP). The main motivation of this study comes from our observation
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that the GP model assumes neighbouring data points are similar and correlated following the
kernel function[d] As the second GP trainingis prone to overfitt ng in case of a low number of
observations, we hypothesise that the length scale parameter from the firs GP is already a good
approximationto describe how neighbouring data noise correlates to each other.

Given l; as thelength scale parameter from the trainedfirs GP, the Nadaraya-Watson estimator
(kernel smoothing) function [27] is define as:

J(@ila) =) W)Y, (11)
=1

where W;(z) is the weighting function derived from the kernel function:

kll (m*a wl)
> iy Ky (e, 5)

The subscript in &;, indicates that the squared exponential kernel in equation[]is using I, as its
length scale parameter The o; parametersin the kernel will be eventually cancelling each other
in equation[I2] Thus, we don’t need to provide a specifi value. Since our proposed method is
very fl xible, it can be used in the fashion of either MLHGP or IMLHGP. Thus, as a comparison
we introduce the kernel smoothing variant of both cases named KSMLHGP and KSIMLHGP
respectively.

Wi(x,) = (12)

4 EXPERIMENTAL RESULTS

To quantitatively assess the model predictive performance and uncertainty quantificatio (UQ)
quality, we follow [2224] to use several metrics. First, to assess the noise level prediction, we
use the standardized mean square error (SMSE) between the true noise standard deviation and
the noise level prediction by the GP model, written as

1 Ntest ~i — s 2
SMSE(Q) = Z (g I, )

Ntest i=1 Var(g*)

(13)

where 7., is the number of test points, g; is the predicted noise standard deviation, g, ; is the
true noise standard deviation, and var(g,) is the variance of the true noise standard deviation at
all test points.

The goal of heteroscedastic modelling is to predict the full distribution of a specifi point.
Hence, to assess the GP model in predicting the full distributions, we follow [24}28] using the
expectation of the normalized 2-Wasserstein distance at all test points z, ;, define as

e =E[d(Y (2.), Y (z.)], (14)

where d is the normalized 2-Wasserstein distance between the probability distribution over the
true response Y () and the prediction from GP model Y (z)

dWS ()/17 }/2)
dY1,Ys) = ———== 15
( 1 2) O_(yl) ( )
and the Wasserstein distance dyy g is written as
1
ds(%7.95) = 1101 = Qulle = [ (@) - Qafu)2du (16)
0
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(21 and (), are the quantile function of Y; and Y5 respectively.

Additionally, we also employ the average of the negative log probability density (NLPD) to
quantify the predictive quality of the test outputs, since in practice, the true standard deviation in
noise is sometimes unavailable. Such metric is evaluated by:

N
1
NLPDy) = =+ D _10gp(y. il D). (17)
=1

4.1 One-dimensional analytical problem

We consider a one-dimensional mathematical function with heteroscedastic noise, define as:

g(z) = xsin(z) + 4/,
h(x) = exp(cos(x)), (18)
f(@) ~ N(g(@), (h(2))*),

with inputvariable = within [0, 10]. This one-dimensionalfunction has a nonlinear mean function
¢g(x) and nonlinear noise level h(x) thatvaries in the inputdomain x. We use the training dataset
n = 25 for this problem, and the number of test points is set to 1000. One realization of different
models is evaluated as shown in Figure

Here, we observe that IMLHGP is overfittin on the noise level predictionindicated by the
non-smoothnoise level prediction. Even NNPEHGP which is supposed to solve the overfittin
problem from IMLHGP still looks overfitte at X = [4,10]. We can also observe that using
kernel smoothing approximationalleviates the overfittin problem in KSIMLHGP. Meanwhile,
comparing MLHGP and KSMLHGP we observe that the prediction distribution looks very
similar.

MLHGP IMLHGP NNPEHGP

e °
. .
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0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
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Figure 3: One realization of multiple model runs for the one-dimensional analytical case.

The performances of the models are evaluated on standardized mean square error (SMSE),
averaged 2-Wasserstein distance (¢), and negative log probability density (NLPD) which are
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shown in Figure andf4crespectively. In these evaluations, we only consider a small number
of training datasets (n = 25) and repeat each model’s training and evaluations with 50 different
training datasets with different randomseeds. The results show that in this problem IMLHGP
has the worst performance compared to the other and employing the kernel smoothing for noise
level prediction provides improvement in its predictive capability. Meanwhile, KSMLHGP holds
a similar performance to the MLHGP while reducing the computational complexity.
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Figure 4: (a) Standardized mean squared error, (b) Averaged 2-Wasserstein distance, and (c)
Negative log probability density for one-dimensionalanalytical problem.

4.2 Four-dimensional computational simulation

To representa more realistic engineering problem, we follow [24] to evaluate the 4-dimensional
computational simulation of a solid sphere immersedin flui [13]. This heat transfer problem
models the temperatureof the sphere in a flui with a higher temperatureas the initial condition,
where the heat is transferred between the sphere and the flui via convection and via conduction
inside the sphere. The temperatureinside the sphere 7" is described as the solution of a partial
differential equation. The solution is explicitly given by

= 4(sinn; — 1; cos 1) 5\ sin(nuq)
T — —Nimy ) ———= 19
Ug + Us ; ST exp(—n;ma) — (19)

where 7); is the solution of:

I —mnicotn; =m, n€((i—1)m,im)
Uyly UgUs (20)

™ = ) Ty = P

Ug Uguguz

We defin the inputvariable as the distance from the sphere’s centre u;, the flui initial tem-
perature us, the initial temperatureof the sphere u3, and the convective heat transfer coefficien
u4. Each variable is specifie in Table [I] The time variable us is set to 800 s, and the other
variables ug, . . . , ug are treated as randomvariables that are distributed normally, given in Table
2l

Although the PDE solution in equation[19]is explicit, the exact noise function is unknown.
Typically in this situation, we evaluate the negative log probability density (NLPD). However,
since the problem is computationally cheap, we estimate the outputdistribution using multiple
realizations per test input. This allows us to use SMSE and 2-Wasserstein distance as metrics.
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Table 1: Inputvariable ranges for the heat transfer problem.

Variable | Description Units Minimum | Maximum
Uy Distance from the center of sphere | - 0 1

Ug Temperature of flui K 250 270

us Initial sphere temperature K -100 -30

Uy Convective heat transfer coefficien | kgs 2K ! | 180 210

Table 2: Fixed and random variable parameters for the heat transfer problem.

Variable | Description Units Value/Distribution
Us Time s 800

Ug Thermal conductivity | kgs 3K ~' | N(65,10.3%)

Uy Sphere’s radius m N(0.1,0.022)

Uug Specifi heat m2s™2K~1 | N'(400, 33.3%)

Ug Density kgm™3 N (8000, 333.3%)

Here, we use 10? test data points in the input spaces with 10* realizations at each point. The
number of training samples is set to 160. In this problem, we repeat each experiment with a
different randomseed 25 times.

Figure [5| clearly shows that MLHGP-based methods perform better than IMLHGP-based
methods on a fairly complex problem with noticeable differences. Here, we especially highlight
the KSMLHGP method that outperforms the IMLHGP-based methods and is still relatively
comparable to the original MLHGP while reducing the computational complexity from O(2/N?)

to O(N? + N?).
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Figure 5: (a) Standardized mean squared error, (b) Averaged 2-Wasserstein distance, and (c)
Negative log probability density for the four-dimensional heat conduction simulation.

4.3 Risk-averse Bayesian optimisation on one-dimensional function

Bayesian optimisation (BO) [7] is a common application of GPs that aims to identify the
global optimum (in this work, we consider minimization) of a black-box function, represented
as r* € mingcy f(z), where X € R%. Such functions are often expensive to evaluate, noisy, or
both. The commonapproachin BO is an iterative process where a surrogate model, typically a
GP, is firs trained to approximate the target function. Subsequently, an acquisition function (AF)
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is optimized to determine the next query point for efficientl locating the function’s minimum.
This section focuses on a scenario where the function has heteroscedastic noise. Rather
than seeking a simple global minimumlike in a non-noisy BO setting, the goal is to identify a
risk-averse optimum. To tackle the risk aversion problem, we follow the framework proposed
by [29] and adopt the widely used mean-variance (MV) objective [30]. This objective define a
trade-off between the mean return f () and the risk represented by a variance proxy p*(z):

MV (z) = f(z) + ap’(x), (21)

where o > 0 is the absolute risk tolerance parameter, assumed to be known to the learner. In this
work, we focus on a minimization task, aiming to achieve a solution where MV () is as low as
possible (i.e., a solution with a low function value and minimal uncertainty).

To evaluate our model in BO , we apply the Risk-Averse Heterogeneous Bayesian optimisation
(RAHBO) AF [29},31]. RAHBO extends the GP Upper Confidenc Bound (GP-UCB) [32] AF
by incorporatinginput dependentnoise prediction. It is define as:

UCB(z) = u(x) + po(z), RAHBO(x) = UCB(z) + ag*(z). (22)

We evaluate our approach using four metrics: the risk-averse regret, define as Rt =
MV (z**) — MV (z;), where 2** € arg max,cx MV (z); the cumulative risk-averse regret, given
by 2, (MV(2**) — MV (x)); the simple regret, expressed as f(z*) — f(z,); and the cumula-
tive simple regret, computed as Zthl (f(z*) — f(z¢)). The cumulative metrics are useful for
online settings, while the simple regret is used to compare the method against non-risk-averse
baseline.

0.0t

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 6: Synthetic heteroscedastic Bayesian optimisationfunction with 256 noisy evaluation
points.

We consider a one-dimensional noisy optimisation problem, illustrated in Figure [6] The
problem features three global (mean) minima, each subject to varying levels of noise. The
functionis define as follows:

f(x) =f1(x) + e, e1 ~ N(0,gl(x)), (23)

where f1 and gl are define as:

1

f1(z) = 0.5sin(20x), gl(z) = 11 o—(202-10)°

(24)

10
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Figure 7: Risk-averse heteroscedastic Bayesian optimisation result, from top to bottom, initial
sample ny;; = 3, 10, 20.

We conduct experiments to test the performance of the KSMLHGP with the RAHBO AF on
the above 1D function problem. We compare it with two baselines: first the MLHGP with the
RAHBO AF, and second, a non-risk-averse baseline—a GP model with the lower confidenc
bound (LCB) AF. Notably, we use LCB instead of the UCB [32] in this work, as our problem
involves minimisation instead of maximisation. We assume a fi ed, known o« = 1 for both
MV (z) in the evaluation metrics calculation and the RAHBO AF. The /3 parameters for RAHBO
and LCB are set to 0.2, following the default setting of the popular BO package BoTorch [33][[}
We optimize the AF using randomsearch with 10K candidate? We ran the experiments with
100 BO iterations starting from initial observations and repeated 10 times with different initial
observation configuration for consistency. We use different numbers of initial observations—3,
10, and 20—to examine how the models behave under varying numbers of initial observations.

The results of the experiments are presented in Figure [7] We observe that KSMLHGP-
RAHBO outperforms MLHGP-RAHBO in the low initial observation setting (n;,;; = 3) while
remaining competitive in the mid and high initial observation settings (n;,; = 10, 20, respec-
tively). This demonstratesthat KSMLHGP is more robust when trained on a small number of

'https://botorch.og/
’For higher-dimensional problems, a more sophisticated optimizer, such as a multi-start gradient-based or
evolutionary algorithm, is preferable due to the curse of dimensionality.
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initial observations compared to MLHGP. Moreover, in the cumulative regret metrics, risk-averse
methods exhibit significan performance gains compared to non-risk-averse ones. While this
result is expected, it highlights that adoptinga risk-averse approach might be highly beneficia in
online settings, particularly in safety-critical applications.

Additionally, we tested the average runtime for each model (independent of n,,;) with
Nier = 100. The results are as follows: GP-LCB: 75 seconds, KSMLHGP-RAHBO: 372 seconds,
MLHGP-RAHBO: 665 seconds. All experiments were conducted on a MacBook with an M1
Pro chip. While our method is still slower compared to the non-risk-averse method, it shows
a significan speed improvement over the state-of-the-art MLHGP while maintaining good
performance and even outperformingit in low initial observation settings. The code that we used
for the experiments is available on GitHub[]]

5 CONCLUSION

In this paper, we introducekernel smoothing as a viable alternative to the second Gaussian
process (GP) for modelling the noise level in heteroscedastic data. In this approach, we set the
kernel length scale of the kernel smoothing method to be identical to the firs GP model that ap-
proximates the mean function of the data by assuming that neighbouring data points should have
similar noise levels. This approach presents an enhancementover the IMLHGP by enhancing
its resilience to overfitti g in scenarios where the observed data is limited. Furthermore, it also
improves upon the MLHGP by decreasing the computational complexity, as it only necessitates
training the firs GP, while still maintaining comparable predictive performance to the standard
MLHGP method.

We conducta comparative analysis of our proposed kernel smoothing methods, KSMLHGP
and KSIMLHGP, against established post-modeling HGP methods, including MLHGP, IMLHGP,
and NNPEHGSD, to validate the feasibility and effectiveness of ourapproaches. In our experiments,
we utilize three metrics - the noise level SMSE, averaged 2-Wasserstein distance, and NLPD - to
quantitatively evaluate the predictive distribution of the heteroscedastic data. The results of the
experiments demonstrate that our proposed methods outperform IMLHGP and NNPEHGP in
scenarios with limited data and maintain strong predictive performance compared to MLHGP.
Moreover, in the simple heteroscedastic Bayesian optimisation test case we show that our
proposed model outperforms MLHGP in small initial sample settings and remains competitive
in larger initial samples while reducing the computational time.

While the heteroscedastic GP methods in general are quite powerful for modelling regression
problems with input-dependentnoise, the predictive interval from GP relies on the Gaussian
assumption and the well-specificatio of the priors that are not always appropriate. Furthermore
in the absence of prior information, it might be difficul to fully specify the exact parameter
of the GP model. Therefore it would be desirable in the future to conduct research related to
conformalized-GP [34}35] as well as imprecision in GP [36].
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