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Abstract. Structural health monitoring (SHM) strategies involve the processing of structural
response data to indirectly assess an asset’s condition. These strategies can be enhanced for
a group of structures, especially when they are similar, since mutual underlying physics are
expected to exist. The concept behind population-based SHM exploits the sharing of data
among individuals, so that data-rich members can support data-scarce ones. One approach to
population-level modeling is the hierarchical Bayesian method, where the model is structured
hierarchically in terms of its parameters, and correlation among learning tasks is enabled by
conditioning on shared latent variables.

This work investigates the application of a hierarchical Bayesian model to infer expected
distributions of deflection amplitudes at both the population and domain levels, with the aim of
detecting excessive initial deflections in a population of plate elements. Although these dam-
ages are typically localized, they can trigger unexpected events, if not properly monitored. The
work is conducted in a numerical setting using a Finite Element model to generate strain re-
sponse data, which serve as the monitoring data. Bayesian inference was conducted using
Markov Chain Monte Carlo (MCMC), with a surrogate model employed to calculate the likeli-
hood function. The hierarchical approach was compared to an independent model for a plate
component with few data. The results revealed that, under data sparsity conditions, the hi-
erarchical model can offer more robust results in terms of uncertainty, which is essential for
decision-making tasks.
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chain Monte Carlo, Damage detection.
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1 INTRODUCTION

Oftentimes, failure of many engineering assets is associated with localized damage events.
In the case of ship hull structures, which are primarily composed of plates and stiffened panels,
deterioration of these components can lead to reduced load-carrying capacity and potentially
unexpected failure modes. Thus, the deployment of Structural Health Monitoring (SHM) cam-
paigns on-board [1, 2], which are able to monitor such events, becomes highly relevant for
helping operators make timely maintenance decisions.

In SHM, the challenge essentially lies in learning Quantities of Interest (Qols) that character-
ize the underlying deteriorationprocess. These are most often unobservable, and thus structural
response quantities (e.g., strain or acceleration sensor data) are instead used to determine their
values. Concurrently this inference procedure needs to be robust in terms of uncertainty as
the confidenc level in the deployed SHM system for decision-making directly depends on how
well uncertainty is handled. This problem formulation lends itself well to a Bayesian frame-
work [3], where the goal is to estimate the updated joint probability distribution of the Qols
conditioned on the acquired sensor data. Acknowledging this, numerous studies in the SHM
tiel have employed Bayesian methods to address different tasks in the classical SHM hierar-
chy [4]; namely, related to (damage) diagnosis [5]], identificatio [6], and prognosis [7, 18].

Despite the benefit of developing SHM approaches for structural integrity managementpur-
poses, their effectiveness is bounded by the availability of data relevant to the problem at hand.
In real-world large-scale structures, this poses a critical challenge [9]], since increased resource
restrictions arising from the scale of the system influenc data availability. At the same time,
their inherent complexity requires sufficientl comprehensive datasets to describe the various
phenomena, which one seeks to model. On the other hand, such structures often exhibit fun-
damental similarities in terms of their constituent components, presenting an opportunity to
enable information sharing among them. If we know that they have been produced under sim-
ilar specification and with the same material, they can be considered nominally identical [10].
Even then however, they are not truly identical due to inherently randomevents (i.e., relating to
manufacturing, assembly, materials, etc.). An example of this is the repeated presence of plate
elements in a ship hull. Although produced on the same manufacturing line, they exhibit geo-
metric variability due to fabrication-related factors during the ship’s construction, which often
manifests as deviations in their intended shape.

The variation in the structural attributes of individual components results in variations in
their response, which complicates the development of a model that generalizes well across all
of them. Hierarchical Bayesian modeling provides a principled statistical framework to model
these variations within a group while leveraging statistical similarities among its members [11}
12], all while providing the key benefit of Bayesian modeling. The statistical correlations
enabled through hierarchical models allow for improved inference in sparse data scenarios,
whether due to dataloss (e.g. transmissionissues, sensor failure, etc.) or due to the challenges of
online monitoring, where early predictions must be made with limited initial observations. An
additional benefi of this approach is that it makes the most out of well-instrumented domains,
and thus the overall added value of SHM implementation is increased compared to a more
standard approach.

Hierarchical Bayesian models have seen particular success in several works related to pop-
ulation based SHM (PBSHM) [13} (14} [15], as well as other engineering problems framed in a
hierarchical manner [16} 17]. This is because of their ability to capture both common trends
across a populationas well as individual differences among its members, which aligns naturally
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with the concept of constructinga general population model. However, despite their benefits
these models have yet to be explored in SHM applications for marine structures.

In this work, we demonstrate a hierarchical Bayesian framework on a large-scale double-
bottom model of a containership, where damage is define as a set of bathtub-shaped plate
deflections The approach involves firs generating realistic strain observations by Finite El-
ement (FE) modeling. These observations are subsequently incorporated into a hierarchical
model, alongside an FE-based surrogate, necessary for the calculation of the likelihood func-
tion and, ultimately, the prediction of parametersassociated with the deflectio amplitudes. Re-
sults are presented in terms of variance in the parameter estimates to assess whether data-poor
plates can benefi from statistical information at the populationlevel, to enable robust damage
detection under data-sparsity.

2 THE DATASET

The dataset used in this work was generated from a detailed FE model, which corresponds
to part of the double-bottom structure within the central hold of a containership, and is of size
27 m X 18 m x 2.2 m. A detailed description of the structural information has been omitted
here for the sake of brevity but can be found in [18]. This section of the ship hull was selected
because it is typically under constant in-plane compressive loading due to the nature of the
operational loads a containership experiences. The combination of compression and initial out-
of-plane deflection for plate elements can accelerate the onset of buckling, which makes this
region particularly critical.

2.1 Finite element modeling particulars

The FE model features 4-nodelinear shell elements for the external bottomand 2-node linear
beam elements to represent the various stiffening members of the double-bottom (i.e., girders,
floors longitudinal stiffeners). The stiffness contributed by the innerbottomhas been implicitly
captured by incorporating an effective width for the girders and floors The group of K = 6
plates enclosed within the red boundaries in Figure 1(a) define the region used for strain data
generation for the purposes of this study. Each plate, of size a x b, deforms based on a sinusoidal
expression given by:

w(u, v; W) = W sin (7r_u> sin (W—U> (1)

a b

where w denotes the amplitude of the deflection u € [0,a] andv € [0, b]. Their adjacent plates
were also modeled as deflecte to provide realistic states for the surroundingsof the monitored
region, since all structuralelements are expected to exhibit slight imperfections within allowable
limits. They are shown with a slight black shading to indicate that they are not part of the data
generation process. During the modeling process, @ was controlled parametrically to generate
different realizations of out-of-plane deflections The perspective shape of a simulated out-of-
plane deflectio can be seen in Figure 1(b), where the (conceptual) strain sensor location is also
indicated by a red marker. This placement is consistent across all K plates.

The loads considered are those typically experienced by a containership while sailing in
calm water conditions; namely, hogging (i.e., negative) hull girder bending, lateral pressure on
the side shell and outer bottom, and the cargo weight [19]. At the double-bottomlevel, these
translate into longitudinal (V,)) and transverse (/V,)) in-plane compressive stresses, pressure (P)
distributed over the hull exterior, and line loads (@) on the inner bottom, respectively. These
were assigned with representative values based on the loading manual of the vessel. In terms
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Figure 1: (a) FE model of the subject geometry including the monitored plates (within red boundaries), and (b)
representative out-of-plane deflectio with strain sensor at the center. Adapted from the original work of the
authors [18].

of the boundary conditions, they were define based on how the considered geometry deforms
with respect to the entire structure and are detailed in the descriptions adjacent to the edges of
the model.

Regarding the material, linear elastic and isotropic properties (Young’s modulus £ = 207
GPa, Poisson’s ratio v = (.3) were assigned. A static, linear elastic analysis was ultimately
employed to solve the model, essentially representing conditions when the vessel is in port or
sailing in still water (i.e., nowaves). Nevertheless, the data sampling rate implied in this context
is considered sufficient given the relatively low temporal evolution of out-of-plane deflections

2.2 Dataset generation

In the data generation process, transverse strains €, were selected as the observed quantities,
which falls in line with the underlying physics of the problem, as plate bending theory dictates
that strains in the shorter dimension are the dominantones. Hereinafter, these are denoted as ¢
for notational simplicity.

To generate the latent quantities @ that give rise to these observations, it is assumed that
each plate k € K is deflecte based on a local (Normal) distribution for w, whose parameters
are themselves realizations from common higher-level distributions. To this end, global distri-
butions were placed over both the expected value of the deflectio amplitude and its variance.
The former captures the variability introduced by fabrication processes, leading to differences
in expected deflectio amplitudes among plates. Meanwhile, the latter accounts for changing
conditions that introduce additional variability around each expected deflection reflectin un-
certainties in the structural response beyond systematic fabrication-induceddeviations.

By sampling from these global distributions, K pairs of local expectations and variances
were obtained, definin an equal numberof local distributions, from each of which N, samples

~ . . . . ~ ~ ~ N,
of @ were drawn. The resulting matrix of K -dimensionalvectors {[w; 1, ..., Wik, ..., Wik},
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€ RM*E was concatenated with additional samples corresponding to the deflection of the
neighboring plates, which were assumed to remain within allowable tolerances. The augmented
vectors were fed into the constructed FE model to generate transverse strain observations e,
which were subsequently perturbed with additive white Gaussian noise with a standard devia-
tion of 5 pie. The correspondingpairs of {w; . 51-7;6}5\21 for each k € K are shown with different
colors in Figure 2, where N, = 20 for k € {1,...,5} and N;; = 2 for k = 6. In this way,
some measurements are hidden from the employed models, to demonstrate the robustness of
hierarchical modeling in imbalanced dataset settings.
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Figure 2: Clusters of generated observations of transverse strain for the six plate components. The brown markers
show Plate 6 with scarce data.

3 THE HIERARCHICAL BAYESIAN APPROACH

To establish the hierarchical Bayesian formulation, we represent the data from the entire
group of plates as:

K
- K . N,
{We ertims = {{wi,ka €ik}iny }k_l (2)
The objective is to learn the posterior distributions of the parameters (local expectations
and variances) and hyperparameters (higher-level expectations and variances) that govern the
deflectio amplitude w, given the observed strain data e.

3.1 Surrogate modeling

Each plate (domain) s related to its own task, which can be formally expressed as:
i = M(Wik)+ €ix (3)

where M(-) denotes the model operatorande; , is the additive noise term. The former repre-
sents the expected mapping from deflection to transverse strain, established by the constructed
FE model, which was eventually replaced with a cheaper data-driven surrogate. This is typi-
cal practice to avoid computational overhead when employing sampling-based algorithms (i.e.,
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Markov Chain Monte Carlo (MCMC)) for the estimation of posterior distributionsin a Bayesian
context.

The surrogate model was chosen to be a standard Gaussian Process Regression (GPR) model
[20] because it guarantees against overfittin and automatically returns confidenc intervals
associated with its predictive capacity. The former property is quite relevant in our case for
robustly capturing the general pattern of the dataset, as the presence of multiple out-of-plane
deflection contributes to some level of variability in the data. The predictive variance pro-
vided by the GPR was also analyzed to assess the relative spread of strain values for different
deflectio amplitudes (i.e., the coefficien of variation), which was found to be ~ 7% at the
mean deflectio amplitude. Given this level of variance, while acknowledging the computa-
tional complexity and inherenthigh-dimensionality that comes with hierarchical models, it was
decided to only take the GPR mean into consideration in the likelihood function evaluation.
Figure 3 illustrates a trained GPR model for a specifi plate £ € K. Independentsurrogate
models were trained for each task to prevent bias in the mean prediction, and thus the model
operator M(-) in Equation 3 is more pertinently denoted as M (+) for clarity.

700 1 +20 .,
— GP predictive mean IR Y
Training Data . Py
600 1 ST Wt
s
500 1
W
w400
300 1
200 A

00 25 50 75 100 125 150 175 200
W [mm]

Figure 3: GPR surrogate model for Plate 6. Red markers represent the training-set (FE test data), the blue line
shows the posterior predictive mean, and the shaded region indicates a 20 credible area. Note that for the construc-
tion of the likelihood function we use only the mean of the GPR.

3.2 The hierarchical model

This work compares a partially-pooled hierarchical model, which assumes correlation be-
tween plate-specifi parameters, with an independent (no-pooling) model that does not, to mo-
tivate sharing information within the group of plates. Pooling refers to the way information is
shared across members in hierarchical models; a no-pooling approach predicts separate param-
eters for each member, while conversely, a complete pooling approach assumes all members
share the same parameters. Partial pooling strikes a balance by allowing some parameters to
vary across members and correlation is enabled among them by conditioning on shared latent
variables [3]]. Since the deflectio amplitudes related to each plate are assumed to be sampled
from distributions with correlated parameters for the partially-pooled hierarchical model, one
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expects that the data-rich members (k = 1, ..., 5) should supportthe data-scarce one (k = 6).

The hierarchical Bayesian model structureemployed in this work is now presented. This fol-
lows from the work of Brealy et al. [15]. The likelihood function for the model was constructed
using the commonly employed zero-mean Gaussian measurementerror model,

Ng, K ~ 2
{fead )~ N(Mu(ia), %) 4)

where 42 is the variance of the measurementerror term e. This was considered to be the same
for each plate under the assumption that the same hardware were used for data acquisition.

To start the Bayesian formulation, one can set prior distributions over the deflectio ampli-
tude realizations w; j, related to each plate:

K
{fo )~ Na,.03,) )

2

The expectation p;, and variance o, associated with each plate are themselves sampled

from global Normal distributions,

{ka}szl ~ N (1, Ui) (6)

{ka}le ~ N(Nm 03) (7)

where f1,,, ai, (o and o2 are the higher-level parameters, which are shared among plates. One
should also encode priorknowledge of thelearning tasks as priordistributions over these higher-
level parameters, referred to as hyperpriors. All four were assigned Gamma hyperpriors, more
specifically

p,, ~ G(shape = 3, rate = 0.2) (8)
0, ~ G(shape = 0.8, rate = 0.35) 9)
te ~ G(shape = 3.6, rate = 6) (10)
0, ~ G(shape = 4.8, rate = 16) (11)

The Gamma distribution was chosen to ensure positivity, which is essential for the physical
parameters involved in the model. The constants in Equations (8)-(11) (given in mm) were
specifie using the formulas for the two basic statistical moments (i.e., expected value and
variance) of a Gamma-distributed randomvariable 6. These are given by [3],

shape

E[0] = rat‘; (12)
shape

Var[f] = ratg (13)
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Following this, the shape and rate parameters were chosen in a way that the resulting variance
for each higher-level parameter allows for sufficien exploration across a reasonable range of
values. With the same rationale, the expected value was deliberately set to deviate to a certain
extent from the ground-truthvalues used in data generation, ensuring that the model actually
learns from the data. We also ensured that the chosen hyperprior parameters led to param-
eter/hyperparameter samples that, ultimately, determined non-negative deflectio amplitudes,
despite using Normal distributions.

Similarly to the higher-level parameters, a Gamma prior distribution was set for the shared
noise variance 72,

v ~ G(shape = 80, rate = 16) (14)

where the chosen parameter values reflec a fairly narrow supportof possible values, as practi-
cally in most cases measurement noise is known a priori. Note that hypepriors for -y are given
in pe.

Figure 4(a) shows a directed acyclic graph (DAG) of the Bayesian model undera hierarchi-
cal approach. The plate-level parameters are indexed by %, and plate notationis used to indicate
that these nodes are repeated over the K plate components. Shaded and unshaded nodes repre-
sent observed and latent variables, respectively. Higher-level nodes are positioned outside the
plates and are not indexed by k, denoting that they are shared across all members. Figure 4(b)
illustrates the DAG for the independentapproach. The independentmodels can be derived by
removing the K plate from the hierarchical model’s DAG and explicitly indexing the noise
variance by k. Although the plate-level parameters are still conditioned on shared higher-level
nodes, in this case, these nodes are only informed by the data from one specifi member.

i€ (1,..,Ng) 1€ (1,..,Ng)

ke(1,.,K)

(a) (b)

Figure 4: DAGs representing (a) the hierarchical (partial-pooling) model and (b) the independentmodel.

4 RESULTS
4.1 Inference

Inference of the parameters was performed using MCMC methods, via the no U-turnvari-
ant (NUTS) of Hamiltonian Monte Carlo (HMC) [21]. The implementation was carried out
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in NumPyro [22], which uses automatic differentiation to make gradient-based samplers like
NUTS feasible.

The setup comprised of 4000 samples for warmupand 2000 samples for inference, runacross
four parallel chains, with each chain starting from a randomly generated initial state to ensure
convergence. The rank-normalized R diagnostic [23] was employed as quantitative check of
convergence, and posteriors were accepted when this was lower than 1.01. This was satisfie
for all parameters/hyperparameters, as can be seen by the trace plots on the right-handside of
Figure 5. The resulting kernel density function (KDE)-based posteriors for all chains (shown
by each line style) are also shown on the left-hand side of the figure The hyperpriors for the
shared parameters have been plotted with magenta dashed lines, while the color scheme for the
plate-specifi parameters follows the convention used in Figure 2.

From the results, one notices that the modes of the posterior distributions for the shared
higher-level parameters (apart from ) have shifted away from their prior modes. Additionally,
the variance of these posterior distributions is notably reduced. These observations provide
assurance that the algorithm is working properly and that the model has learned from the mea-
surements. As expected, the posterior distribution of the noise variance  remains relatively
unchanged from its prior due to the tightly constrained prior range and the inherent properties
of the Gamma distribution, which features shallow tails that might affect the NUTS sampler
during exploration of the posterior. However, this is compensated via y, which encodes any
additional variance observed in the data, and behaves as intended.

For the plate-specifi parameters /i3, and o, , the posterior variance for the data-scarce plate
(i.e., k = 6) is considerably larger than that of the data-rich plates. This is expected, given that
it is informed by only two observations, whereas the other plates have 20 data points each.
A comparison was conducted between this posterior distribution and the one obtained when
modeling this plate independently (i.e., without pooling information from the broader dataset)
in order to show the benefi of hierarchical models.

4.2 Damage detection

While the inferred latent variables related to deflectio levels are those that describe the
underlying structural behavior, they are not directly observed in an operational setting. Instead,
for downstream tasks, such as damage detection, one should revert to the strain space, as this is
what can be monitoredand used by operators.

Along these lines, the posterior distributions of the plate-specifi parameters were used for
damage detection in the following way. First, posterior MCMC samples were taken for the
expectation and variance for plate k£ = 6, to draw a deflectio amplitude each time from a
Normal distribution with the same statistics as the parameter draws (according to Equation
5). Next, to obtain posterior predictive samples for the transverse strain, the drawn deflectio
amplitude samples were evaluated through the mean function of M;_4(-), and the likelihood
function was applied using the posterior predictive measurement noise v* (see Equation 4),
for each sample. KDE estimation was then employed to approximate the posterior predictive
distribution of strains, using the samples from the likelihood. This process was applied for both
the hierarchical (partial-pooling) and the independent(no-pooling) approaches.

The posterior predictive distributions for the transverse strain are shown in Figure 6, with
the vertical lines indicating strain values associated with different deflectio thresholds set by
maritime regulatory bodies. Namely, the 8 mm level correspondsto a limit deflectio threshold
that can be seen as a damage indicator, while the 4 mm represents a standard level expected
under normal operating conditions. The 6 mm level constitutes an intermediate state. The
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Figure 5: KDE-based posteriors of hierarchical model parameters/hyperparameters (left panel) and trace plots
(right panel). Dashed magenta lines show the prior distributions applied to the shared parameters. The color
scheme for k = {1,...,6} follows: blue, orange, green, red, purple, and brown.

strain values for these thresholds were computed by passing them into the surrogate model an
equal number of times as the posterior MCMC samples of %, drawing observations as per the
likelihood, and then averaging the results for each deflectio level.

It is evident that the partial pooling model has managed a noticeable reductionin the level of
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uncertaintyin its predictions compared to the no-pooling model. This follows from the fact that
the parameters pertainingto the latent variable have been learned within a joint inference setting.
Such a reduction in uncertainty is particularly valuable in industrial applications, where high
uncertaintycan lead to operational challenges. For instance, if a deflectio amplitude exceeding
the 8 mm threshold implies inspection, large uncertainties could result in higher probability of
false alarms to occur. This, in turn,would lead to unnecessary downtime and increased costs for
stakeholders. At the same time, within a signal detection theory context [24], the reduction in
uncertaintyenhances the probability of detection by improving the model’s ability to distinguish
actual damage from normal variations. This leads to a more reliable assessment of structural
integrity and reduces the risk of missed detections.

1 1
i i Plate k =6
i ! hierarchical
0.020 1 i i [ independent
i - ---- Standard (4 mm deflection)
i i Intermediate (6 mm deflection)
0.0151 i i --=- Limit (8 mm deflection)
E i i
@ 1 1
=] 1 1
A : a
0.010 1 ! [ !
1 1
1 1
1 1
1 1
1 1
1 1
0.005 1 i i
i i
1 1
1 1
1 1
1 1
4/ :
0.000 T 1

300 400 500 600 700
Inferred transverse strain [pe|

Figure 6: KDE-based posterior predictive densities of strain under a hierarchical (partial-pooling) approach and
an independent (no-pooling) approach. The dashed lines represent averaged strain values for different deflectio
levels.

S CONCLUSIONS

In this work, a hierarchical Bayesian model has been constructed to learn the latent (both
local and global) parameters that drive a fabrication-induced deterioration phenomenon com-
monly encounteredin ship hull structures, i.e., out-of-planedeflections A set of deflecte plates
was assumed in a region of the double-bottomstructure of a containership, and synthetic strain
observations were generated throughan FE model. These observations served as features in the
inference process, where an MCMC sampler, specificall the NUTS algorithm, was employed.
Given the computational demands of NUTS, a surrogate model was used in place of the FE
model to improve computational efficien y.

To demonstrate the capabilities of hierarchical modeling, a specifi plate was assumed with
less data compared to the others. The hierarchical model enabled this data-poorplate to borrow
statistical strength from the broader population, reducing prediction uncertainty The refine
posterior uncertainties of the parameters were compared against an independent no-pooling
approach, with results showing that the hierarchical model enables more informed decision-
making in data sparse scenarios.
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