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Abstract. As systems become more complex, physical model calibration has become an es-
sential industrial step. In industrial applications, model calibration is often hampered by the
presence of unknown environmental variables that affect the behavior of the system. Traditional
approaches assume that all input variables are well known, which can lead to significant errors
if this assumption is violated. This issue is particularly critical in dynamic systems where inputs
and outputs are functional, making direct measurements inherently approximate. To address
this challenge, we adopt a Bayesian framework in which a probability distribution is assigned
to the unknown environmental variables. Instead of calibrating the model for a single, arbi-
trarily chosen set of inputs, we compute the posterior distribution of the calibration parameters
and average it over the distribution of the unknown variables. This process not only accounts
for input uncertainty, but also helps to mitigate model errors, resulting in a more robust and
reliable calibration. The effectiveness of this approach is demonstrated in a railway case study,
where numerical experiments highlight its advantages over standard deterministic calibration
methods.
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1 INTRODUCTION

Modern engineering increasingly relies on complex physical models, the accuracy of which
depends on precise parameter tuning through a process known as calibration. Calibration inte-
grates multiple sources of information,including measurementsand expert knowledge, to refin
model predictions. However, industrial applications often suffer from prediction errors due to
measurement inaccuracies, model incompleteness (epistemic errors) or inherent randomness
(aleatory errors) [1]. In this context, uncertainty quantificatio is crucial for assessing confi
dence in calibrated models and for tracing the origin of errors. Among existing calibration ap-
proaches, the Bayesian framework introducedby Kennedy and O’Hagan [2] provides a powerful
way to incorporate uncertainty while combining multiple sources of information. However, its
application to dynamical systems presents several challenges. These systems are governed by
differential equations, have a high degree of freedom, and involve functional inputs and outputs
that are often difficul to measure simultaneously. In practice, missing or imperfectly known
inputs are a major obstacle to effective calibration [3]. While missing data problems have been
extensively studied in statistics [4], their impact on model calibration, particularly for dynamic
systems, remains an open question. This paper extends the framework of Kennedy and O’Hagan
by explicitly addressing the challenge of calibrating models with not perfectly known inputvari-
ables. Our approach is to assign a probability distribution to these partially known inputs and
compute expectations over all plausible values. This process not only enhances robustness, but
also helps to mitigate model errors by naturally integrating uncertainty propagation. However,
this probabilistic treatment significantl increases the computational cost, necessitating a dual
optimization strategy: (i) constructing a generator that ensures input-outputcoherence, and (ii)
using surrogate models to maintain computational feasibility. In addition, we analyze how un-
certainty propagates throughoutthe calibration process to improve the reliability of stochastic
surrogate models. The proposed methodology is applied to the railway industry, where numer-
ical experiments highlight its advantages over standard deterministic calibration methods.

The outline of this work is as follows. Section 2 presents the theoretical framework associ-
ated with the handling of missing data and model discrepancy. An application to the railway
industry is then given in Section 3.

2 METHODOLOGY

2.1 Problem definition

In this work, we are interested in estimating the physical properties of a dynamical sys-
tem of interest based on nmeas > 1 independent measurements taken in different environ-
ments. For each measurement i ∈ J1;nmeasK, let tf,i be the duration of the measurement i,
t ∈ [0; tf,i] be the time, xi := {xi(t) ∈ X ⊂ Rp, t ∈ [0; tf,i]} be the state vector of the system,
ui := {ui(t), t ∈ [0; tf,i]} be the system control function, and Ti be the environmental prop-
erties. The function ui is assumed to belong to U(tf,i) := F ([0; tf,i] ; [−1; 1]), which is the
set of functions define on [0; tf,i] whose values are in [−1; 1]. For a given control function
ui ∈ U(tf,i), the state vector x should verify a deterministic parametric equation given by

∀t ∈ [0; tf,i] , ẋi(t) = f (xi(t), ui(t), Ti; zf ) . (1)

In this equation, the model f is assumed to be known, but the vector of parameters zf ∈ Zf on
which it depends is a priori unknown. The model f is considered simplifie in the sense that
it provides a reasonable representation of the dynamics of the system, without being perfect
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(presence of model discrepancies due to modeling simplifications) It is also considered deter-
ministic in the sense that, for given values of Ti and ui, and for a given initial state x0,i = xi(0)
and a given value of zf , it yields a unique value for the state function, denoted by

x(·;ui, zf , Ti,x0,i) :=

{
[0; tf,i] → X

t 7→ x(t;ui, zf , Ti,x0,i)
. (2)

The system dynamics must also satisfy a set of constraints, which can be represented by an
envelope Xvalid

i containing lower and upper bounds for each component of xi at each time t.
The performance evaluation of the system under consideration involves another real-valued
function h, which also depends on xi, ui and Ti. The function h is assumed to be known, but
may additionally depend on parameters that are not perfectly known, denoted by zh ∈ Zh. We
then denote by ei the integral in time of this quantity of interest, so that for each measurement
1 ≤ i ≤ nmeas and each t ∈ [0; tf,i],

ei(t) =

∫ t

0

h(x(τ ;ui, zf , Ti,x0,i), ui; zh)dτ. (3)

Similar to the state vector, there may be constraints on the values of h in the form of time-
dependent lower and upper bounds. In the same way as for the dynamics model, the function
h can also be affected by a model discrepancy due to modeling simplifications The quantity
ei, as a composition of the models h and f , is thus a priori affected by two different model
errors, whose amplitudes are characterized by two scalars σf and σp (the precise definition of
these scalars, which depend on the application considered, are given in Section 3.1). We also
introduceσ = (σf , σp) ∈ S as the vector of hyperparameters characterizing the model errors.

The aim of this work is to propose a methodfor estimating the value of z := (zf , zh) ∈ Z :=
Zf × Zh as accurately as possible from point measurements of xi and ei for each i ∈ J1;nmeasK
in the context of missing data, in the sense that the control values ui applied during the nmeas
measurements are imperfectly known.

2.2 Bayesian framework

In this paper we adopt a Bayesian framework for estimating the vector z. It is therefore
modeled as a random vector Z, and we denote its Probability Density Function (PDF) by fZ.
Obtaining this PDF depends on the prior available information about this vector [1, 5], an
example is given in Section 3. In addition to this prior knowledge, we have access to discrete
and noisy observations of the system behavior, which are assumed to be gathered in the vector
y ∈ Y. Estimating Z thus amounts to approximating the PDF of Z|Y = y, which can be
written as follows using Bayes’ theorem:

fZ|Y=y(z) = c× fZ(z)× fY|Z=z(y), (4)

where c is a constant that does not depend on z and fY|Z=z is the likelihood function. To make
this likelihood function explicit, let us denote by ymod(z,u) the vector of predictions of the
quantities y that can be made by evaluating the codes f and h. This vector depends on the
vector z to be identified but also requires knowledge of the various control functions ui applied
during each measurement,which are grouped together in the commandlist u. The link between
the observations and the code predictions is then written:

y = ymod(z,u) + εmeas + εmod(σ), (5)
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where εmeas is the measurement noise, modeled as a random vector with known PDF, and
εmod(σ) is the model error, also modeled as a random vector whose PDF is chosen in a para-
metric family indexed by σ. Since this vector σ is a priori unknown, we also propose to model
it as a randomvector notedS with prior PDF fS. It comes:

fZ|Y=y(z) = c× fZ(z)× ES|Z=z

[
fY|Z=z,S(y)

]
. (6)

The peculiarity of this work also stems from the fact that the commands gathered in u are only
partially known. We therefore propose to model them again as random quantities, in order to
incorporate their uncertain nature into the calibration process. We then denote by U the list of
random commands and we assume that we are capable of generating independentrealizations
of U . This allows us to adapt Eq. (6) to obtain

fZ|Y=y(z) = c× fZ(z)× EU|Z=z

[
ES|Z=z,U

[
fY|Z=z,U,S(y)

]]
, (7)

where for each couple of realizations (u,σ) of (U,S), it is now possible to calculate the PDF
fY|Z=z,U=u,S=s(y) by evaluating the numerical codes f and h at each measurement. However,
the presence of this double expectation makes it very difficul to evaluate fZ|Y=y at any value
of z. Significan adaptations and simplification (by combining Markov Chain Monte Carlo
(MCMC) (see [1]) approaches with machine learning approaches such as Gaussian process
regression [6]) have therefore to be proposedto obtain a set of values of z that can be assumed to
correspondto a sample of identical and identically distributed (i.i.d.) realizations of Z according
to fZ|Y=y.

3 IDENTIFICATION OF THE PARAMETERS OF A HIGH-SPEED TRAIN

3.1 Context

This work focuses on a railway application, and we are interested in calibrating two simpli-
fie models (see [7, 8] for their precise definiti n): a dynamic model f and an energetic model
h. Each of these models is parameterized, and we note z the vector of parameters that needs to
be specifie for these models to be evaluated. Vector z is made of 9 components,

z = (m, a, b, c, aη, bη, cη, dη, paux) , (8)

where m is the mass of the train, a, b, and c are Davis coefficient (see [9]), aη, bη, cη and
dη are yield coefficient and paux is the train auxiliary power. Applying the maximum entropy
principle (see [1]), it is possible to associate prior PDFs to the components of z, which are
shown in Figure 1. The two mechanical models are assumed to be affected by model errors,
which are modeled by two Gaussian white noises of amplitudesσf andσp respectively: σf is the
standard deviation of the noise for the train dynamical efforts, and σp is the standard deviation
of the noise affecting the modeling of the electric power. These two errors are gathered in σ,
and we also associate a prior PDF to this vector (we are concentrating here on Jeffreys’ priors
[10] to minimize the impact of this choice on the calibration results).

In this work, we focus on a numerical experiment using synthetic data. We consider 20
measurements over several railway tracks and several running environments for the train. For
these different measurements, simulated values of train dynamics and energy consumptionare
then calculated for a reference value of z noted z∗. From these simulations, we extract the train
speed and the power consumed by the train as a function of the curvilinear abscissa of the track
at a discretization step of 0.2s. The reference values for these quantities are then noised to give
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Figure 1: Normalized prior of Z.

the observations available for calibrating the model parameters. Half of these measurements
(the firs ten) are used for the calibration phase, while the other half (the last ten measurements)
will be used to assess the relevance of the results obtained. The observations associated with the
firs ten measurements are gathered in the vector y. In our case, the model error arises from a
difference in the discretization of the differential equations modeling the movement of the train.
Whereas the reference values are based on a Runge Kutta numerical scheme of order 4 with a
step of 0.01s, the model we are trying to calibrate is solved by a Runge Kutta numerical scheme
of order 4 but with a step of 0.1s.

3.2 Control definition

The dynamic models are highly sensitive to the choice of the driver commands ui. In our
case, a value of ui(t) = 1 indicates maximum mechanical traction, while a value of ui(t) = −1
indicates maximum braking. For this work, we assume that we only have a discretization of
these commands every 0.2s (using the same time step as the speed and power measurements).
This discretization step does not exactly match the command changing instants (it is never-
theless assumed that by discretizing every 0.2s, no command changes are missed). We would
therefore like to quantify the influenc of this loss of informationon the estimate of z∗. To this
end, we study three cases:

1. We call true control the case where we assume that the value of the driver commands is
known. This configuratio will be used as a reference for the results.

2. We call unique control the case where we assume that the true control is exactly given by
a constant piecewise interpolationof the available discretizations of the ui.

3. We call Generator control the case where we do not consider a single control in the in-
version, but a collection of controls, all associated with control change times uniformly
distributed over the 0.2s separating the potential control jumps (see Figure 2 for an illus-
tration).
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Figure 2: Representation of several command functions (solid black lines) associated with a same discretization
(red dots) of the true but unknown driver command.

Note that the two firs cases are specifi draws of the third case.

3.3 Results

The a posteriori PDF of the model parameterswas calculated independentlyin the three con-
figuration listed above using Markov Chain Monte Carlo (MCMC) algorithms. The evaluation
of the results is based on several criteria:

1. The Mean Square Error (MSE) of Zpost = (Z|Y = y) is noted

δmse = E
[
∥Zpost − z∗∥22

]
(9)

and assesses the extent to which the obtaineda posteriori PDF is focused on true reference
value z∗;

2. The estimated amplitudes of the model error terms, which are define such that

σ∗ = arg

(
max
σ∈S

(
max
z∈Z

(
fZ,S|Y=y(z,σ)

)))
, (10)

allow us to quantify the impact on the mechanical models of not perfectly knowing the
true command;

3. The reconstructionerrors are given by

∀i ∈ J1; 10K, δirec,tot =
∥ṡtrue,i − EZ [ṡ (Z, u

∗
i )]∥

2
2

∥ṡtrue,i∥22
+

∥ėtrue,i − EZ [ė (Z, u
∗
i )]∥

2
2

∥ėtrue,i∥22
, (11)

where for each measurement i that was not used during the calibration phase, ṡtrue,i and
ėtrue,i are the true train speed and true consumed electrical power (that is to say associated
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with the true control functionu∗
i and the true model parameters z∗, whereas ṡ (z, u∗

i ) and
ė (z, u∗

i ) are the train speed and consumed electrical power we obtain when running the
models by setting the model parameters to z.

The results are presented in Table 1 and Figure 3. They show that averaging over the control
(Generator control) allows a better calibration with smaller model errors, a smaller MSE and
a smaller reconstruction error. Surprisingly, we also note that we have a lower value for σ∗

p for
the unique control case compared to the true control case: this is mainly due to the fact that the
error in the effort (mainly governed by σf ) is also propagated in the electrical power. Thus, the
increased value of σ∗

f may cause a small decrease in σ∗
p . Behind a smaller model errorwe expect

a better identificatio of the parameters. This is the case as shown in Table 1 (note that the high
values of the MSE obtained for the generator control and the unique control cases are led by
a unique poorly identifie model parameter). According to Figure 3, we also observe that the
generator control case leads to reconstructionresults that are between the ones associated with
the unique control and the true control cases, which is exactly what we wanted to do. Indeed,
by averaging over the driver controls, we expect to reduce the model errors that need to be
introduced to match the measurements to the simulations, and through this, we expect a more
accurate estimation of the model parameters.

Metric True control Generator Unique control
δmse 1.18 5.34 5.72
σ∗
f 3.07 3.10 3.45

σ∗
p 5.89 5.87 5.88

Table 1: Synthesis of the results obtained for the MSE (obtained by averaging over 50 000 individuals drawn from
the posterior) and for the estimated model errors.

True Unique Generator

10−3

10−2

10−1

δ r
ec

,to
t (

%
)

Figure 3: Reconstruction errors obtained for both speed profile and power profile for the 10 measurements that
were not used in the calibration process.
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4 CONCLUSIONS

In conclusion, this work proposes an application of the Kennedy and O’Hagan framework
to handle configuration in presence of missing data. By considering, in the model calibration
phase, a control generator rather than focusing on a unique control, we better explain the model
variability and thus reduce the model errors. Furthermore,we also show that the reconstruction
error is reduced when a controlgenerator is used. As a perspective for this work, we could study
the influenc of the generator definition Indeed, in our case the lack of knowledge is limited.
It could be useful to study cases where the lack of knowledge increases and tends towards the
case of completely unmeasuredcontrols.

References

1. Soize, C. Uncertainty quantification: An accelerated course with advanced applications in
computational engineering IS B N: 978-3-319-85372-7 (Springer InternationalPublishing,
Cham, Switzerland, 2018).

2. Kennedy, M. C. & O’Hagan, A. Bayesian calibration of computer models. en (2001).
3. Perrin, G. & Durantin, C. Taking into account input uncertainties in the Bayesian cali-

bration of time-consuming simulators. Journal de la société française de statistique 160,
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