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Abstract.  This work aims to present a generalized approach for estimating contact point
acceleration response using only vehicle measurement, assuming the parameter of the vehicle
model is known. The estimated contact point response is useful in identifying the frequencies
of the passing bridge since the contact point response is free of vehicle frequency. To solve the
input-state estimation problem involved, we employ an Augmented Kalman Filter (AKF). This
work presents proof of concept utilizing a simplified single-degree-of-freedom (SDOF) and a
more realistic multi-degree-of-freedom (MDOF ) vehicle model, both representing typical road
vehicles. Meanwhile, we model the bridge as a simply supported beam with the finite element
method. This analysis provides valuable insight into the effect of different parameters on the
accuracy of contact point response. Our demonstration relies on simulated data from a highway
bridge-vehicle interaction model, incorporating the impact of road roughness.
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1 INTRODUCTION

The modal properties of a bridge often reflec the state of structural health. Therefore, mon-
itoring the changes in modal properties can facilitate proper maintenance action. Convention-
ally, engineers rely on sensors mountedat different locations on the target bridge [1] to estimate
modal frequencies. Although numerous studies have shown the robustness and efficien y of
these direct methods [2, 3} 14} (5 16], such techniques often come with significan installation,
labor, and maintenance expenses. Importantly this type of approach suffers from the restric-
tion of “one-system-per bridge”, hence it is challenging to meet the growing demand for bridge
structural health monitoring.

Alternatively, indirect approaches, a.k.a. vehicle scanning methods, have proliferated in the
bridge structural health monitoringfiel in the past several decades, since such methods enable
the monitoring of multiple bridges with one instrumented test vehicle. Yang et al. [7] firs
proposed the concept of extracting bridge frequencies from the response of a single-degree-
of-freedom (SDOF) vehicle traversing the bridge and demonstrated its feasibility experimen-
tally [8]. Subsequent studies have explored estimating frequencies and modal shapes from
vehicle acceleration measurements using various signal processing techniques, including time-
frequency domain decomposition [9], continuouswavelet transform [10], Hilbert-Huangtrans-
form [11], and two-peak spectrum idealized filte [12].

Although extracting bridge modal informationfrom vehicle responses is feasible, vehicle fre-
quencies often overlap with bridge frequencies in the vehicle response spectrum, complicating
the identificatio process. To overcome this challenge, using the contact point response of the
scanning vehicle helps mitigate vehicle frequency interference [13} 14} 15]. Utilizing this prop-
erty of the contact point signal, recent studies proposed various signal processing techniques
for the extraction of bridge frequencies [16], damping ratios [16], and mode shapes [13} [15].
Nevertheless, road roughness can still obscure the bridge signal if the bridge response is weak.
To tackle this issue, recent studies have utilized the concept that vehicle wheels traverse the
same road roughness at different times, focusing on residual vehicle contact point signals. Jin
etal. [17,[18][19] suggested the application of subspace identificatio techniqueson the residual
vehicle contact pointsignal to estimate bridge frequencies. Meanwhile, Yang et al. [20} 21} 22]
proposed the use of residual contact point acceleration alongside signal processing to obtain
bridge modal properties.

Directly measuring contact point response presents challenges due to the lack of appropriate
sensors. Thus, inferring contact point response from vehicle measurements becomes neces-
sary. Most studies have employed analytical approaches to back-calculate the contact point
acceleration of vehicles. However, the analytical expressions for back-calculating contact point
acceleration vary with the types of vehicle models [13} [14} [15} (16} 20} 21} 22] 23] 24]. Instead
of relying on the analytical expression to back-calculate the contact point response, the fiel
has also adopted Bayesian inference techniques to infer the contact point signal. In particular
the application of the Bayesian expectation-maximization algorithm has been suggested to es-
timate the contact point displacement [25]. Building on the idea of using the Bayesian filterin
technique, this study introduces a new state-space formulation that relates contact point accel-
eration to the fl xible modal response of the vehicle. Based on the proposed state-space model,
we estimate contact pointacceleration using an Augmented Kalman Filter (AKF) [26} 27].
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2 VEHICLE BRIDGE SYSTEM MODELING
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Figure 1: (a) SDOF (b) MDOF vehicle model on a bridge.

The equation of motion (EOM) of the vehicle sub-system can take the form:
m, i, (t) + c,u,(t) + kyu,(t) — WA(t) =1, (1)

where, u,(t) is the displacement vector of the vehicle and m,, ¢, k, are, respectively, the mass,
damping, and stiffness matrices of the vehicle (where subscript (), denotes the vehicle subsys-
tem). W, is a contact direction matrix of the vehicle, which maps the contact forces to the
wheels’” DOFs [28] 29} [30] [31].

Similar to the vehicle subsystem, the EOM of the bridge about its (statically) deformed
configuratio underits self-weight is:

8
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1 4 . . | > !
' ! contact model myiiy (£) + ey (t) + kyuy (t) E WX =Wito, (2)
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bridgewith u, () being the displacement v&tor of the bridge and m,, ¢;, and k;, being the mass, damp-
ing, and stiffness matrices of the bridge (subscript (), denotes the bridge subsystem). Wj, is the
contact direction matrix of the bridge that maps the contact force A and the vehicle weight f,,,,
to the appropriate DOFs of the bridge [28} 29/ 30} [31].
Combining Egs. (1) and (2)), the EOM of the coupled vehicle-bridge system becomes:

Mii(t) + Cu(t) + Ku(t) + WA(t) = f 3)

where, u is the displacement vector of the whole system and M, C, and K are, respectively, the
mass, damping, and stiffness matrices of the whole system:

m, 0 ey 0 |k, 0
M:|:0 mJ’C_[O Cb:|7K_|:0 kb:| (4)
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and W, = [—WUT WbT} " is the contact direction matrix of the coupled system.

In this study, we assume a compliance contact model consisting of a spring and a damper
connected in parallel between the wheel and the bridge. Accordingly, the contact force acting
on the i wheel ); has the following expression: [29} 32].

Xi(t) = ki (Ui + Uepi) + Cxi (=i + Uep ) (5)
where k) ; and ¢, ; are the contact stiffness and damping coefficien respectively, and u,, ; is the

displacement of the i'" wheel. The contact pointresponse (displacement v, ;, velocity ., ; and
acceleration i, ;) has the following expression:

Uep,i = W;i(mi)ub(t) + 7e(23) (6)
Uepi = Wi ()85 (t) + oW’y () wy(t) + v () (7)
liepi = Wi ()i (t) + 20W' ()i (t) + oWy () up (t) + v*r.” () (8)

where 7. is the road roughness and W, ; is the it" column of W,. The prime (') denotes the
derivative with respect to the space variable z.

We model the road roughness (Figure [2) as stationary stochastic processes using the spectral
representationmethod [33]. and adopt the road roughness parameters from ISO 8606:2016 [34].
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Figure 2: Sample of class A road roughness profile according to ISO8606 [34].

3 Contact point response estimation

The contact point response and the vehicle response are connected. To study this, we con-
sider a modifie vehicle system (see Figure [3), where the vehicle model includes additional
DOFs with small mass that remain in continuouscontact with the bridge/ road surface. This ap-
proach works because the compliance contact model represents a special case of a rigid contact
model with a small (close to zero) contact mass.

3.1 Modal analysis of the modified vehicle

The previous study [27] demonstrates the feasibility of estimating contact force using the
state-space model of fl xible mode dynamics. By introducinga partitioned mass-normalized
mode shape matrix of the modifie vehicle system:

(Dv = [Qrigid ¢flem:| (9)
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Figure 3: Modificatio of vehicle model.

where matrix ® comprises all m rigid body mode shape(s) (mode(s) with zero eigenfrequency)
®,,5q0 andall m fl xible mode shape(s) ® f;., (where m; = m —my), the relationship between
the physical and modal coordinates of the modifie vehicle is:

uv(t) = ‘I)va (10)

where &, (t) represents the modal displacement vector. One can partition the modal displace-
ment vector into two parts:

T
611 = |: }:z'gid }lew] (11)
where &,4iq is the modal displacement of the rigid body mode(s) and £ j;., is the modal dis-

placement of the fl xible modes. Substituting Eq. into Eq. and pre-multiplying both
sides by ®7 yields the EOM of the modifie vehicle in modal coordinates:

grigid = QE@gde'UA(t) (12)

éflem + Zflex&flex + Aflexfflex = q)}lexwv’\(t) (13)

with Zflex = q)};lezcvq)ﬂex and Afle:c = q)}lexkvq:.flex-
From the equation above, we can express the vehicle displacement and acceleration as fol-
lows:

Uy = Wy rigid + Wy flex = Qrigidgrigid + Qfle:vgflew (14)
ﬁv = [q)rigidéz;gid + QfleIQ}lng Wv)\(t) - Qflefolezgflezp - Qflexzflewéflegc (15)

where u, ;44 and u, s, are the contribution of the rigid body and fl xible modes in vehicle
displacement, respectively.

Then, we can derive the following relationship between the contact point acceleration and
contact force:

ﬁcp - W;l;uv - WEQQTWUA<t) - W;l;(bflemzflezéflex - Wz(ﬁflewAflexfflez (16)

A(t) = (WE‘I)(I)TWU) - (ﬁcp + WZ(I)flefolexéflez + qu)flefole:cé-flex> (17)

Substituting Eq. into Eq. and yields the modal EOM of the vehicle with contact
pointacceleration U, as input:

Erigia = BligiaWo (WIBBTW,) ' (ﬁcp + Wi 1es L frcab fre, + WqT}(I)flefolexfflex) (18)
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éflem = Q}lexwv (WEQQTW'U) - (ﬁcp + Wzéflexzflexéﬂem + WEQflefolenglex> (19)

- Zflea:&flez - Aflea:{flew

From Egs. 1) and tb we can express the vehicle acceleration in term of u,,, ¢ flex AN & frer
as:

ii, = BB™W, (W'SS™W,) i, + (28™W, (W'@2™W,) ' W®,,, — & ﬂex> Zsieot j1es

+ (22"W, (WI0O'W,) ™ Wi s, — @iy

Aflexéflex
(20)

and the strain at the suspension springs as:
€(t) = \I’llv (t) = ‘I,q)flexéfle:c (t) (21)

where W is the matrix that associates the displacements at all DOFs to the strains at the springs
of the train vehicle model.

3.2 State-space model of the vehicle with contact point acceleration as input

The state-space form of the modal EOM for the modifie vehicle model (Eq. (13)) is: [35]:
X(t) = Ax(t) + Bty (t) (22)

where the state vector x(t), state matrix A, and the input matrix B, are:

gflew 0 1 0
*) {5 ) Mo ier TpiewZpiea| ™ ¢ | @T, W, (W'ORTW,) 23

L, = (@}lwwv (WI2d™W,) ' W), — I) (24)
The observation equation for accelerations and strain measurements is:
y(t) = Gx(t) + Jug,(t) + v(t) (25)

where y(t) is the measurementvector in continuoustime, the measurementnoise is white, i.e.,
v ~ N(0,Q,), with measurement error covariance Q, € RYo*"o and Ny, is the number of
measured quantities. From Egs. (20) and (2I), G and J matrices for acceleration and strain
measurements it follows:

_ HlmodAfle:v HImodele:E _ H@@TWU (Wg@@va)_l
G= { SU®P ., 0 o J= 0 ’ (26)
where )
(<1><1>va (WRd™W,) ' Wb, — @ ﬂw) (27)

In practice, we take vehicle measurements at discrete time instantt;, = kAt, where £ is the
time step and At is the sampling time interval. Hence, it is necessary to discretize the vehicle
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state-space model. Using the Tustin method [36], we can express the discrete state-space form
of the EOM for the vehicle as:

X1 = AgXg + Baug, i + Wy (28)

Y = dek + Jdijcp,k + Vi (29)

where the value of the state-space vector and the contact pointacceleration at time instantt;, are
x;; and U, x, respectively (x; = x(kAt) and ., = u.,(kAt)). We assume the process noise
W;, is zero-mean Gaussian, i.e., W, ~ N (0, Q,) with process noise covariance Q, € R?™s*2ms,

3.3 AKTF for unknown contact point acceleration estimation

This study employs a random walk model [26, 27] to describe the changes in the unknown
contact pointacceleration u,, j at different time steps:

l“lcp,k+1 = l"lcp,lc + M (30)

where 1, ~ N(0,Q,) is a zero-mean Gaussian with covariance matrix Q, € R™*™_ By

introducing the augmented state vector x¢ = [x, iizn .]T, the augmented state-space model and

observation equations are formulated as follows:

a _ Aaga
Xk+1_A Xk+<k

aya (31)
Y. = G} +v;,

where the augmented system matrix A® € R(Zms#+m2)x(2ms+n2) and observation matrix G* €
RNox(@my+n1) gre.
Aq By

A:{OI

], G =[Gy, 14 (32)

The augmented process noise ¢, ~ N'(0,Q,) has a covariance matrix Q, € R(ms+m)x(ms+na),

_ Q. 0
Qa_ |:0 Q)\:| (33)

Using a Kalman Filtering algorithm [26} 27} 35], we can obtain the estimated augmented
state X;,;, which contains the contact point acceleration of interest. The algorithm involves a
time update:

5a

sa __AQ
Xklk—1 = A Xp—1|k—1

a a\T (34)
Pyi—1 = A"Pr_1p—1(A)" +Q,

and a measurement update:

K; = Pk|k71(Ga)T(GaPmkq(GQ)T + Qy)_l
Xi = Xppp—1 + Ki(yy — G"Xp ) (35)
Pri = P — K G Py

for every time step.
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4 NUMERICAL EXAMPLES

To evaluate the performance of the proposed Augmented Kalman Filter (AKF), we employ
simulated data from bridge-vehicle interaction model. In the following examples, the vehicle
enters the bridge at ¢ = 5s and moves along a simply supported bridge modeled with Euler-
Bernoulli beams element. The bridge is 30 m long with mass per unit length 36t/m, fl xural
rigidity 1 = 205GNm?, and the damping ratio of the bridge is ¢, = 2% [17].

4.1 SDOF vehicle

To verify the proposed method, this section studies a simplifie SDOF vehicle (as illustrated
in Figure [1fa)) moving across the bridge with constantspeed v = 72km/h. The SDOF vehicle
has a mass of m. = 5.75t, with a suspension featuring a stiffness coefficien k, = 1.595MN/m
and a damping coefficien ¢, = 3.20kN/m. We assume a road roughness profil of class A [34].

@ 100 (b)
"actual"
‘\g 15000 — — — estimated
g
Z 10000
2
=
g 5000+
<
-100 : : : 0 : : ‘
0 2 4 6 8 0 10 20 30 40
Time (s) Frequency (Hz)

Figure 4: Comparisonbetween the “actual” and estimated contact point acceleration using acceleration measure-
ment of the car body: (a) time history; (b) Fourier spectrum (v = 72km/h).

Figure 4] compares the “actual” and estimated contact point acceleration based on accelera-
tion measurements of the vehicle body. Throughoutthis study, the term “actual” refers to the
response obtained from vehicle-bridge simulation. The estimated contact pointacceleration and
the corresponding spectrum closely match the “actual” contact pointacceleration when there is
no measurementnoise. This demonstrates the effectiveness of the proposed state-space model
and AKF in accurately estimating the unknown contact pointacceleration.

4.2 2 axles MDOF vehicle

The section examines a more realistic 2-axles MDOFs truck vehicle (Figure[1[b)) moving at
a constantspeed v = 72km/h. The road roughness profil remains the same. Table |1{shows the
mechanical properties of the vehicle [37].

Table 1: Mechanical properties of the 2 axles MDOF vehicle

me () I, (tm2) Myt () Mz ) k£ &N/m) ¢ (&Ns/m) ky kN/m) ¢\ (kNs/m) I3 (m) I3 (m)
4.48 5.52 0.8 0.71 798 46.42 702 1.6 2.6 3

Figure [5| compares the “actual” and estimated contact point acceleration using acceleration
measurement of all DOF and the strain measurements of all the suspension springs. The AKF
methodeffectively captures all high-frequency details of the contact pointacceleration. The ac-
curacy of the estimated contact pointacceleration for both axles, in both the time and frequency
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Figure 5: Comparisonbetween the “actual” and estimated contact pointacceleration of (a) wheel 1, and (b) wheel
2 using acceleration measurementsat all DOFs and strain measurements of all suspensions (v = 72km/h).

domains, demonstratesthe versatility of the proposed state-space formulation. This formulation
applies to any vehicle type, making it valuable for real-world applications that require estimat-
ing contact point acceleration for various vehicles.

To extract useful information about the passing bridge, such as modal frequencies, from
vehicle measurements, numerous studies have shown that the residual contact point response
(i.e., acceleration) serves as a better signal for this purpose, as it remains free from the effects
of road roughness and vehicle frequency.

Figure [6]illustrates the comparison between the “actual” and estimated residual contact point
acceleration. Although a significant error appears in the estimated residual contact point when
the vehicle’s firs wheel enters (f = 5s) and exits (¢ = 6.5s) the bridge, the estimated residual
contact point acceleration aligns closely with the “actual” values in the time domain. Further
more, we can observe the firs three modes of the bridge within the spectrum of the estimated
residual contact point acceleration. This observation highlights the potential of the proposed
formulation to estimate bridge properties using only vehicle measurements.
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Figure 6: Comparisonbetween the “actual” and estimated residual contact point acceleration: (a) time history; (b)
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S CONCLUSIONS

This study explores the feasibility of identifying the vehicle-bridge contact pointacceleration
using only measurements from on-boardsensors installed on vehicles. Specifi ally, it proposes
employing the Augmented Kalman Filter (AKF) to identify the unknown contact point accel-
eration experienced by the passing vehicle. The study assumes a known vehicle model for the
vehicle dynamics. Using a mode superposition description of the vehicle dynamics, we remove
the influenc of the rigid body mode(s) and formulate a state-space model with contact point
acceleration as the input. To demonstrate the effectiveness of the AKF under various condi-
tions, the analysis relies on numerical simulation experiments. The vehicle-bridge simulation
examines SDOF and MDOFs vehicle models while considering road roughness. Comparisons
between the estimated and “actual” contact point acceleration show that the AKF can achieve
high accuracy when properly tuned with suitable covariance settings and sufficien measure-
ment data. The accuracy of the estimated contact point acceleration is adequate for bridge
health monitoringpurposes.
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