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Abstract. Real-time magnetic resonance imaging (MRI) enables imaging under free-breathing
conditions, allowing researchers to study the influence of breathing on the heartbeat. However,
this advantage requires handling large amounts of data, exceeding 4,500 images per heart,
making manual segmentation of the ventricular volume highly labor-intensive and costly.Hence,
maximizing the information gained from each labeled image is essential to improve label effi-
ciency.
We propose a Bayesian model for predicting ventricular volumes with minimal manual labeling.
Unlike standard approaches that treat each slice independently, the proposed model incorpo-
rates spatial correlations by enforcing smoothness via a discretized one-dimensional Laplace
operator, avoiding strong geometric assumptions. Additionally, this study exploits conjugacy to
compute the posterior analytically, eliminating the need for sampling or variational inference
and allowing for efficient hyperparameter optimization via the type-II maximum likelihood.
This approach enables the proposed model to employ spatial information effectively, improving
predictions for slices with few labeled images.
This work compares the proposed model to a baseline model that treats each slice indepen-
dently. In the model evaluation on real patient data, the proposed method outperformed the
baseline, particularly in data-scarce scenarios, where spatial correlation considerably en-
hances prediction accuracy.
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1 INTRODUCTION

Understandinghow breathing influence the heartbeat is of great interest in cardiac research.
However, observing this relationship is challenging because traditional cine magnetic resonance
imaging (MRI) is typically performed using a breath-holding protocol. With the emergence
of real-time MRI, which can capture up to 50 frames per second (fps), breath-holding is no
longer required, allowing for the direct observation of the effects of breathing on the heartbeat
[14, 9, 13].

An important parameter in cardiac research is the ventricular volume over time, requiring
ventricle segmentationin each image. However, real-time MRI is challenging because it gener-
ates significantl more data. For instance, the study dataset, captured at 30 fps, requires at least
10 s per slice to record about one to four breathing cycles, depending on the breathing speed.
With a minimumof 15 slices per heart, this results in over 4,500 images requiring annotation,
making manual segmentation highly labor-intensive.

Furthermore,the study dataset comprises patients with univentricular hearts, a rare congeni-
tal heart disease in which patients are born with a single functioning ventricle and who undergo
multiple surgical interventions that significantl alter cardiac anatomy. This situation increases
the difficu ty of applying automatic segmentation. A more detailed description of the study that
acquired the data is presented in [8].

The large volume of data and high segmentationcost require a label-efficien approach. Pre-
vious work has modeled the ventricular volume over time as a superpositionof frequencies and
employed sparse Bayesian learning to identify a sparse set of relevant frequencies [11]. Fewer
labels are required to fi the model because only a few frequencies are necessary to describe
the dynamics. Building upon this framework, we aim to incorporate spatial information while
accounting for the complex and heterogeneous geometries of univentricular hearts.

Given this variability, strict geometric assumptions are minimized. Instead, this work applies
the discretized one-dimensional(1D) Laplace operator to enforce smoothness in a fl xible man-
ner. This study constructs a Bayesian model incorporatingthese geometric correlations into the
prior, ensuring that the likelihood dominates when sufficien data are available. This way, the
proposed model enforces smoothness when necessary but gives more weight to the data when
sufficien observations are available.

Furthermore, the proposed model utilizes conjugacy to compute the posterior analytically.
This approach makes the procedure more efficient eliminating the need for sampling or vari-
ational inference to approximate the posterior. Moreover, the proposed model enables direct
computation of the marginal likelihood gradient with respect to the hyperparameters. Thus,
gradient-based methods, such as BFGS , can efficientl determine the maximum of the type-II
likelihood.

In [11], a similar model is applied to real-time MRI without accounting for spatial correla-
tions. Similar models are also widely applied in remote sensing applications [4, 5]. In [15], the
authors proposed a related approach for signal recovery incorporatingcorrelation, though in the
time domain. However, their method assumes all sources, analogous to slices in our case, are
mutually independent. While modeling correlations along the slice dimension is less relevant
in remote sensing, it is crucial for real-time MRI applications.
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2 METHODS

2.1 Modeling

In contrast to cine MRI, real-time MRI allows video sequences of the beating heart to be
retrieved due to a faster capture rate. The heart is captured in L slices, where every slice ℓ ∈
1, . . . , L comprises a video of N images. The images are captured with a constant capture rate
at time steps t1, . . . , tN . This work is interested in the ventricle volume over time and assumes
that it can be described as a superposition of m + 1 frequencies F = {f0 = 0, f1, f2, . . . , fm},
where the main contributing frequencies are the heart and respiratory rate. Limiting the number
of frequencies m benefit parameter estimation, and M := 2m + 1 is introduced to facilitate
the notation. A sparse set of frequencies that adequately describes the data is determinedusing
sparse Bayesian learning [11]. The proposed linear model is

Y = AX +N, (1)

with

• Y ∈ RN×L the real-valued measurementpoints yk,ℓ,

• X ∈ RM×L the real and imaginary parts of the complex amplitudes,

• N ∈ RN×L additive noise with nk,ℓ ∼ N (0, σ2),

• A ∈ RN×M the transfer matrix A = [1N Re(B) Im(B)], and

• with 1N an N-dimensional vector of ones andB ∈ CN×m define as,

B =

 exp(−i2πf1t1) . . . exp(−i2πfmt1)
... . . . ...

exp(−i2πf1tN) . . . exp(−i2πfmtN)

 .

Prior distribution In [11], the prior for X is a zero-centered normal distribution, indepen-
dent for all slices and frequencies. In contrast, this work assumes that the magnitudes of the
frequencies depend on neighboring slices. Hence, the following matrix is introduced:

T =


2 −1

−1 2 −1
. . . . . . . . .

−1 2 −1
−1 2

 ∈ RL×L,

which is a 1D equidistant discretization of the Laplace operatorwith Dirichlet-boundarycondi-
tions. The rationale is that without furthergeometric information,we prefer to select a prior that
penalizes excessive curvature (i.e., the (discretized) second derivative) over the slices. The prior
should be selected to resemble X ∼ ZT−1 with every column i of Z being normally distributed
Zi ∼ N (0, sIM) with variance s > 0 and IM being the identity matrix of size M . With the
vectorization operator vec(·), we obtain

p(vec(Z)|s) = N (vec(Z)|0, sIML),
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where N (x|µ,Σ) denotes the probability density function of a multivariate normal distribution
at location x for the mean µ and covariance matrix Σ. The identity

vec(ZT−1) =(T−T ⊗ IM)vec(Z)
=(T−1 ⊗ IM)vec(Z),

yields the prior p(vec(X)|s), fulfillin the demands, where

p(vec(X)|s) = N (vec(X)|0, (T−1 ⊗ IM)sIML(T
−T ⊗ IM))

= N (vec(X)|0, T−2 ⊗ sIM)
(2)

using the mixed product property of the Kronecker product⊗ and the fact that (T−1 ⊗ IM) is
symmetric.
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Figure 1: Ventricle volume over time for two consecutive slices in both patients. Images were
captured at 30 fps, with each slice spanning 300 frames. The red curve represents the ground
truth from expert-validated segmentations. The yellow curve marks the posterior predictive,
based on 20 measurements per slice, indicated by a green x.

Likelihood For partially observed data Y , let J ⊂ {1, . . . , NL} be the index set of the ob-
served data in vectorized form andP ∈ R|J |×NL be the projection matrix, with entries Pi,Ji = 1
for i ∈ 1, . . . , |J | and zero elsewhere. For the model define in (1), the likelihood of data Y
given X and σ2 is

p(vec(Y )|X, σ2) =
exp

(
− 1

2σ2 ∥P (IL ⊗ A)vec(X)− vec(Y )∥22
)

(2πσ2)|J |/2
.
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We defin G := P (IL ⊗ A) ∈ R|J |×ML to simplify this formulation, yielding

p(vec(Y )|X, σ2) =
exp

(
− 1

2σ2 ∥Gvec(X)− vec(Y )∥22
)

(2πσ2)|J |/2
. (3)

Posterior distribution Given the likelihood (3) and prior distribution (2), assuming the pa-
rameters s and σ2 are known the posterior of X can be calculated using the Bayes rule

p(X|Y, s, σ2) :=
p(vec(Y )|X, σ2)p(vec(X)|s)

p(Y |s, σ2)
. (4)

The likelihood and prior distribution are normal distributions, allowing the analytical computa-
tion of the normal posterior distribution of X with mean µX and covariance ΣX given by

ΣX =

(
1

σ2
GTG+ (T−2 ⊗ sIM)−1

)−1

µX =
1

σ2
ΣXG

T vec(Y ).

(5)

The posterior predictive distribution of vec(Y ) can be directly derived from the vectorized form
of (1).Thus, the distribution is normal distribution with mean µY and covariance ΣY

ΣY = (IL ⊗ A)ΣX(IL ⊗ A)T + σ2INL

µY = (IL ⊗ A)µX .
(6)

Figure 1 presents the posterior distribution given 20 measurement points per slice. While it
does not perfectly capture the groundtruth, it performs well considering that only 20 out of 300
measurements per slice are used, demonstratingthat the model is effective in this setting.

2.2 Empirical Bayes

The proposedmodel treats the parametersσ2 ands as hyperparameters. Instead of computing
the joint posterior p(X, σ2, s|Y ), the conditional posterior (4) is used to estimate σ̂2 and ŝ. The
hyperparameters are determinedby maximizing the marginal likelihood

σ̂2, ŝ = argmax
σ2,s

p(Y |σ2, s), (7)

a procedure known as type-II-maximum likelihood optimization or empirical Bayes [2, 7]. In
this case, the marginal likelihood is a productof the prior (2) and likelihood (3) integrated over
X . Applying the data covariance Σp := σ2I|J | +G(T−2 ⊗ sIM)GT and the Woodbury formula
yields

p(Y |σ2, s) =

∫
p(Y |X, σ2)p(X|s)dX ∝

exp
(
−1

2
vec(Y )TΣ−1

p vec(Y )
)√

det(Σp)
. (8)

Hence, the log-marginal likelihood for some constant value c is given by

log p(Y |σ2, s) = −vec(Y )TΣ−1
p vec(Y )− log det(Σp) + c.

Next, we can estimate σ̂2 and ŝ in (7) by minimizing the following loss function

L(σ2, s) = vec(Y )TΣ−1
p vec(Y ) + log det(Σp). (9)
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To minimizeL using a gradient based approach, we need to calculate the derivative of L. Using
the formula for the derivative of the matrix inverse, we can calculate

∂Σ−1
p

∂s
=− Σ−1

p

∂Σp

∂s
Σ−1

p

=− Σ−1
p G(T−2 ⊗ IM)GTΣ−1

p

and
∂Σ−1

p

∂σ2
= −Σ−2

p .

Furthermore,Jacobi’ s formula results in

∂ log det(Σp)

∂s
= tr

(
Σ−1

p

∂Σp

∂s

)
= tr

(
Σ−1

p G(T−2 ⊗ IM)GT
)

and analogously,
∂ log det(Σp)

∂σ2
= tr

(
Σ−1

p

)
.

Combining these results leads to the following derivatives

∂L(σ2, s)

∂s
= tr

(
Σ−1

p G(T−2 ⊗ IM)GT
)
− vec(Y )TΣ−1

p G(T−2 ⊗ IM)GTΣ−1
p vec(Y )

∂L(σ2, s)

∂σ2
= tr

(
Σ−1

p

)
− vec(Y )TΣ−2

p vec(Y ),

(10)

allowing the use of gradient-based methods, such as the BFGS-algorithm [1, 3, 6, 10].

3 RESULTS

Real-time MRI is an emerging technology that captures images at up to 50 fps, allowing the
observation of respiratory effects on the heartbeat by removing the need for the breath-holding
protocol in traditional cine MRI [14, 9, 13]. The volume of the ventricle over time - ventricular
fillin - is of clinical relevance and is used to estimate importantparameters like stroke volume.
An expert must segment the ventricle to derive the ventricular filling which is expensive and
tedious. Real-time MRI produces considerable data; thus, more images must be segmented.
The study dataset comprises data from two patients, with four consecutive slices of 300 images
completely labeled. This work applies empirical Bayes to estimate hyperparameters s and σ2

by maximizing the marginal likelihood (8), corresponding to minimizing the loss function (9).
We employed gradient-based optimization methods using the gradient (10). The resulting op-
timization identifie the minimum of the loss function, as illustrated in the loss landscape in
Figure 2.
To assess the stability of the proposed method, we employed a Laplace approximation, which
approximates the log-marginal likelihood with a normal distribution centered at its maximum
σ̂2, ŝ. The covariance of this normal distribution is given by the inverse Hessian H−1 of the
log-marginal likelihood evaluated at (σ̂2, ŝ). This method results in the following normal ap-
proximation:

N
(
(σ2, s) | (σ̂2, ŝ), H−1

)
. (11)

We numerically approximatedthe Hessian and applied it to compute the 95% confidenc region
in Figure 2. To further evaluate the stability of the proposed method, we sampled 50 pairs
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Figure 2: Loss landscape of (9) for given s and σ2. The loss is equivalent to the negative log-
marginal likelihood (8) up to a constant. The red x marks the minimum determined using the
BFGS algorithm. The ellipsoid corresponds to the 95% confidenc region.

(σ2, s) from the approximated normal distribution and analyzed the informationvariation (12).
The observed variance in information loss was consistently low, suggesting that the method
remains stable in the most likely region of (σ2, s), see Figure 3.

The proposed method employs spatial correlation between slices to improve the labeling
efficien y, which is achieved by incorporating the 1D Laplace discretization T into the prior.
To evaluate this approach, we compared the model to one that disregards spatial correlation,
treating slices independently, corresponding to setting T = IL as the identity matrix. We call
this independent model the baseline model. Performance is measured using the information
loss, define as the discrepancy in the negative log-likelihood of the ground-truthdata between
the posterior with full data and that with only partially observed data. Let index set J ⊂
1, ..., NL be the observed data andµYL

, ΣYL
the mean and covariance of the posterior (6) given

this data. If µY , ΣY are the mean and variance of the posterior with all data, J = 1, ..., NL,
then the informationloss is define as

D(J, Y ) = log(N (Y |µY ,ΣY ))− log(N (Y |µYL
,ΣYL

)). (12)

For better comparability, we used the same hyperparameters, s and σ2, for both models. The
difference in negative log-likelihood for the complete data is negligible for the spatial and base-
line models. The difference is smaller than 0.02, a relative difference of 3 · 10−6. This result
suggests that when data are numerous, the influenc of the different prior is negligible because
the likelihood is dominant.

Two scenarios were tested to assess the performance of the proposed approach. Using neural
networks for segmentation can produce reliable results; however, it could fail for single slices
[11, 12], requiring experts to label these slices manually. To replicate this behavior in the firs
scenario, we applied jackknife resampling, omitting one slice while assuming the remaining
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Figure 3: Informationloss between the model trained on all data and each of the baseline and
spatial models, evaluated for 50 sampled pairs (s, σ2) from the normal approximation of the
marginal log-likelihood around (σ̂2, ŝ). Both models were evaluated for varying numbers of
segmented images for Patient 1 and Slice 1. The sample variance is low, indicating the stability
of the proposed modeling approach with respect to σ2 and s.

slices were fully segmented. Then, we measured the information loss on the left-out slice and
iteratively added newly segmented images. The segmentationorder was determinedby greedily
selecting indices that minimized the trace of the posterior covariance, following [11]. Figure 4
illustrates that the spatial model consistently outperforms the baseline across all slices. The
spatial model retains more informationthan the baseline when most measurements from a slice
are omitted and quickly recovers information from just a few labeled examples. This result
suggests that the built-in spatial prior effectively transfers informationfrom neighboring slices.
Notably, this effect weakens after around15 segmented images, as the likelihood (identical for
both models) begins to dominate the prior.

To further illustrate our method, we present the posterior distribution for both patients us-
ing three and seven measurements to illustrate the method. In Figure 5, the advantage of the
proposed approach is evident. Even with only three measurements, the posterior qualitatively
aligns with the ground truth, whereas the baseline model fails to capture it. This result demon-
strates how the spatial model effectively uses information from neighboring slices. This trend
is consistent across all slices, with full results in the appendix in Figure 7.

In the second scenario, where this modeling approach is beneficial no images are labeled,
and a practitioner must label these images individually. A reliable prediction with as little
data as possible is beneficial We started with no labeled images for this scenario and randomly
measured up to 42. Thus , in the end, 42 of the 1,200 images of the full dataset were labeled. We
employed the same randomseeds for the baseline and spatial models to maintaincomparability.
The procedure was repeated 300 times (Figure 6).

Incorporating the spatial correlation into the model is beneficia in this comparison, espe-
cially for a few labeled images. Each measurement point can influenc the posterior in all
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Figure 4: Information loss comparison of the baseline and spatial models on all slices and
patients. In all plots, the corresponding slice is left out. Image-by-image measurements are
included, up to 15 images per slice. The lower line for the spatial model indicates that it can
transfer informationfrom the other segmented slices.

slices, which is impossible for the baseline model. Especially for the more regular heartbeat
of Patient 1, the spatial model vastly outperforms the baseline model. Although the influenc
of spatial correlation in the prior diminishes as more data are incorporated, its effect remains
observable even after 42 measurements for both patients.

4 CONCLUSION

In cardiac real-time MRI, segmenting the ventricle is essential to obtaining ventricular vol-
ume information,which is used to derive critical clinical parameters. However, maximizing the
informationfrom each labeled image is crucial, given the high segmentation cost. We incorpo-
rated prior knowledge into the proposed model to achieve this maximization , representing the
heartbeat over time as a superposition of frequencies. We assumed that the magnitudes of each
frequency are correlated across neighboring slices and integrated this assumption into the prior
using the discretized 1D Laplace operator to enforce smoothness.

A key advantage of our model is its efficien y. By applying conjugacy, we computed the
posterior analytically, eliminating the need for sampling or variational inference. This outcome
simplifie inference and allows the direct computationof the marginal likelihood gradient with
respect to the hyperparameters. Thus, we can efficientl optimize the type-II likelihood using
gradient-based methods, such as BFGS. Moreover, the proposed model is stable with respect to
the choice of s and σ2.

We evaluated the proposed approach in two scenarios: one with a missing slice but com-
plete information from the remaining slices and one with no segmented images for any slice.
In both cases, the proposed method outperformed the baseline, which analyzes each slice in-
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(a) Patient 0
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(b) Patient 1

Figure 5: Ventricle volume over time for Slice 3 for both patients. The red curve represents
the ground truth from expert-validated segmentations; the yellow curve presents the posterior
predictive based on (left) three and (right) seven measurements, assuming the remaining slices
are fully segmented. The proposed model produces a posterior that closely aligns with the
ground truthusing information from neighboring slices. In contrast, the baseline model, which
treats each slice independently, fails to capture this structure.
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Figure 6: Information loss comparison between the baseline and spatial models for both pa-
tients. Up to 42 images were randomly selected and segmented throughoutthe four slices. The
300 identical randomsequences were drawn for each patient and method. The solid line repre-
sents the median, whereas the shaded area represents the inner 50% and inner 90%. The lower
line for the spatial model indicates that it can transfer informationfrom other segmented slices.

dependently. The proposed method performed exceptionally well in data-scarce environments,
which is critical in real-time MRI, where the high data volume limits manual segmentation,
and complex cardiac geometries pose challenges for automatic methods. Furthermore, the re-
sults demonstratethat the proposed model produces a posterior that qualitatively aligns with the
ground trutheven with as few as three labeled frames per slice. In contrast, the baseline model
fails to capture the underlying dynamics.
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Figure 7: Ventricle volume over time for Slices 1, 2, and 3 in both patients. The red curve
represents the ground truth from expert-validated segmentations; the yellow curve marks the
posterior predictive, based on three and seven measurements, assuming the remaining slices are
fully segmented. The proposed model produces a posterior that closely aligns with the ground
truth using information from neighboring slices. In contrast, the baseline model, which treats
each slice independently, fails to capture this structure.
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