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Abstract. The use of statistical models in engineering can be limited by the availability of
data. This issue is particularly prevalent in structural health monitoring, where labelled data
can be expensive to obtain since it requires data from most, if not all, operational conditions
that a structure might experience. As a result, there has been a surge of interest in transfer
learning within the research community, aiming to use existing data to improve the learning on
new structures that have yet to experience previously-unseen conditions. The approach taken
in this study is based on statistical learning theory to estimate an upper bound on the expected
risk of a transfer learner. An adversarial-type neural network architecture is then designed
to minimise this bound, producing a latent representation that aligns different domains and,
in turn, improves learning in systems where labelled data are scarce. The outcome of this
approach is a novel generative domain-adversarial neural network that enables the estimation
of uncertainty in predictions. A simple simulated case study is presented here to demonstrate the
effectiveness of the proposed model in addressing challenges related to unsupervised domain
adaptation.
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1 INTRODUCTION

The incorporationof statistical methods into Structural Health Monitoring (SHM) is a sub-
ject of increasing interest in the literature. The success of these methods partly depends on
the amount of labelled data, which may, unfortunately, not often be available in SHM. This
shortcoming is because structures may exhibit unprecedented operational conditions that are
not covered by the existing data. In theory, if one could collect data for every possible health
state a structure may experience during its lifespan, the cost would be unfeasibly high, since
this scenario would mean building many copies of the structure to capture all conditions. It is
thus importantto account for this limitation when employing statistical methods in SHM.

Nevertheless, progress in the fiel has shown that machine learning and statistical methods
can be successfully used for damage detection, localisation, classificatio and prognosis [1].
These advances offer the prospect of a framework that could work reliably in practice. One
promising approach pertains to a branch of machine learning known as transfer learning [2].
The main idea is simple; that is, to improve the performance of an intelligent system by using
existing data from external sources. In other words, by including health states already observed
in other systems, it may be possibly to predict the currenthealth state of the system in question,
even when facing a condition that has not been seen before.

To illustrate the motivation for this paper, the following framework is constructed. Let a
structureS be modelled by a mathematical functionM which attempts to predict the behaviour
of S. Furthermore, the model may be expected to account for certain aspects of the behaviour
of S, referred to here as the context C of S. These definition follow those given in [3], whereby
M is said to be an ϵ-Mirrorof S, for a given context C , if and only if,

dC(MC(t), rC(t)) ≤ ϵ (1)

where dC(t) denotes some metric, and rC(t) denotes the response of the system to a time series
set {ti}Ti=0 for the context C . Suppose the model MC has been validated and shown to be an
ϵ-mirror of SC . The question then is: for a new structure S ′, behaving in a context given by
small changes ∆S and ∆M , is the corresponding M ′ a mirror of S ′C for some value of ϵ′?

Although the model proposed here aims to address the problem of scarce labelled datasets,
it is not its main motivation. The benefit of doing so appear when trying to answer the ques-
tion above. Interestingly, the learning bounds found in statistical learning theory [4] can help
validate M ′ without needing to build a prototype S ′. As a result, the method presented in this
paper is fundamentally based on these learning bounds to develop an algorithm that addresses
the original problem of limited datasets.

The proposed algorithm relies on a novel adversarial neural network designed to minimise
an upper bound on the expected error for the target domain. This approach is achieved by com-
bining some available (unlabelled) data with (labelled) data deriving from an external source.
The neural network learns a reduced latent space representationof the data, where the different
datasets are aligned, enabling accurate classificatio across domains.

2 THEORY

2.1 The problem of transfer learning

The transfer learning problem is formalised here by establishing the following definitions

1. A domain D, consisting of a marginal probability distribution p on a feature space X .
Therefore, D = {X , p(X)}, where X = {xi}ni=1 ∈ X is a finite sample set from X .

2
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2. A task T = {Y , f(·)}, for a given domain D, defining an output space Y and a labelling
function f : X → Y .

Two distinct domains are then established: (1) a source domain DS , and (2) a target domain
DT , each with their corresponding tasks TS and TT . Therefore, the idea of transfer learning is
to utilise knowledge about the source ⟨DS, TS⟩ to improve the learning of a target predictive
function ft(·) for a given target ⟨DT , TT ⟩, where Ds ̸= DT and TS ̸= TT . In the following
sections, this problem is reduced to the case in which no labelled data are available in the
target domain. The learning problem under consideration is thus one of domain adaptation,
which may be thought of a branch of transfer learning whereby it is assumed thatXs = Xt and
Ys = Yt, but that ps(X, Y ) ̸= pt(X, Y ), with Y = {yi}ni=1 ∈ Y .

2.2 Derivation of generalisation bound on target expected risk

Given a finit training set z = {(xi, yi)}ni=1, a supervisor is introducedto learn some hypoth-
esis h : X → Y , aimed at approximating f(·). The probability that the hypothesis disagrees
with the true labelling function is define by the expected risk,

R(α) =

∫
L(y, h(x, α))p(z)dz, α ∈ Λ (2)

which is define by an expectation of some loss functional L : Y × Y → R, computed with
respect to the (unknown) joint distribution p(z). In this expression, the predictive function
is assumed to be a conditional distribution p(y|x). One should note that the set Λ to which α
belongs can be a set of scalar quantities, vectors, or of abstract elements [5]; that is, the function
space is not limited to parametric models. This expression holds under the assumption that the
data are generated from a unique underlying probability distribution. In the context of transfer
learning, the expected risk of this form can only hold true for one domain; therefore, when
referring to the risk of a hypothesis in the source domain, equation (2) can be rewritten as,

Rs(α) =

∫
L(y, h(x, α))ps(z)dz, α ∈ Λ (3)

where the expectation is now explicitly evaluated with respect to source-domainelements. Sim-
ilarly, the parallel notations Rt and pt are used for the target domain. While the expected risk
gives some insights into how a supervisor learns to generalise from data, the integral cannot be
evaluated analytically without knowing the underlying generative distribution. Nonetheless, a
way in which one can make progress is to upper bound expected risk by employing an Empir-
ical Risk Minimisation inductive principle [4]. In this case, however, the target risk is upper
bounded by using Jensen’s Inequality, which is define as follows for a concave function g(·),

logEp(z){g(z)} ≥ Ep(z){log g(z)} (4)

The upper bound on the target risk can then be derived as follows,

logRs ≥
∫

pt(z) log
L(y, h(x))ps(z)

pt(z)
dz

=

∫
pt(z) logL(y, h(x))dz +

∫
pt(z) log

ps(z)

pt(z)
dz

= Ept(z){logL(y, h(x))} −KL[pt(z)||ps(z)]

(5)
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The second term in the right-handside is the negative of the Kullback-Leibler (KL) divergence
between the target joint distribution and source joint distribution. Rearranging the expression
yields an upper bound on the target risk,

Ept(z){logL(y, h(x))} ≤ logEps(z){L(y, h(x))}+KL[pt(z)||ps(z)] (6)

The full derivation of the upper bound is define as,

Ept(x,y){logL(h(x), y)} ≤ logEps(x,y){L(h(x), y)}+ Ept(x)Ept(y|x){log pt(y|x)− log ps(y|x)}
+KL[pt(x)||ps(x)]

(7)
or equivalently, in an unsupervised framework,

Rt(L̂) ≤ logRs(L) + KL[pt(x)||ps(x)] (8)

where L̂ = logL. The second term in (7) is ignored when the set of labelled target data is
unavailable. Removing this term from the expression holds under the assumption that con-
ditionals are equal across domains, and reduces to zero when KL[pt(x)||ps(x)] approaches
zero. Therefore, by this assumption, minimising the right-hand side of (8) implies minimis-
ing Ept(x)Ept(y|x){log pt(y|x)− log ps(y|x)}. It must be noted, however, that such an allowance
can promote the likelihood of negative transfer.

2.3 Interpretation

The terms in equation (7) are readily interpretable. The firs term in the upper bound rep-
resents the log of the source expected risk. The second term measures the difference between
the tasks across domains. Similarly, the third term calculates the divergence between the input
marginals of the domain. In other words, for a given hypothesis h, this expression estimates
the expected risk on the target domain by including elements from the source domain. One can
thus leverage on this upper bound to determine how effective an algorithm is at improving the
transfer of knowledge across domains. For example, if the aim is to use data from the source
domain to improve the generalisation performance in the target domain, some algorithm could
be devised with the objective to minimise the terms in equation (7).

Unfortunately, these terms cannot be (rigorously) computed, for two main reasons:

1. The target conditional pt(y|x) is unlikely to be known.

2. The marginal distributions ps(x) and pt(x) are only possible to estimate either by having
an infinit amountof data or knowledge about the distributions.

Nevertheless, an attempt to approximate the upper bound with finit samples may offer so-
lutions that could be useful from a more pragmatic point-of-view. In fact, it is often the case in
which statistical algorithms are employed without explicitly acknowledging converging guar-
antees. A paradigmatic example that may be of relevance here relates to Variational Auto-
Encoders (VAE) [6]. In fact, the terms in (8) resemble those used in the objective function
of a VAE, with the main difference being that VAEs use the KL divergence to regularise the
inference of some posterior distribution with respect to a corresponding prior distribution in a
Bayesian framework. While it is emphasised that a non-rigoroushandling of this problem will
require some form of empirical validation, if sufficien data are available, the result of minimis-
ing (8) may still provide a valuable outcome in an engineering application.
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2.4 Towards a neural network approach

Looking closely into the parallels such an approach would have with a VAE, it is similarly
proposed here to have a deep neural network minimise the RHS of (8). There is, however,
a prevalent limitation preventing a conventional VAE from taking over such an objective. In
particular, the objective-function formulationof VAEs is often derived by assuming an isotropic
Gaussian prior distribution, which simplifie the KL divergence metric to a tractable closed-
form solution (as long as the likelihood is also assumed Gaussian). It is desired to relax these
assumptions for the domain adaptation problem, since the shape of both the source marginal
ps(x), and target marginal pt(x), are unlikely to be known in advance.

This limitation has been acknowledged in the literature, and adversarial networks have been
proposed as an alternative to improve the fl xibility of VAEs when inferring complex latent
distributions. Of particular interest here is the approach proposed by Meschder et al. [7]. Their
model preserves the essence of a VAE while incorporating a discriminative network trained to
distinguish samples drawn either from the inferred posterior or from the prior distribution. The
encoder is then tuned to produce samples aimed at fooling the discriminator without compro-
mising the likelihood maximisation, and thus produce samples that resemble those from the
prior distribution, regardless of their shape.

By adopting the network framework used in [7], the terms in (8) can be similarly minis-
mised. The difference here, however, is that the marginals are transformed to be aligned in a
reduced latent space, rather than inferring a posterior distribution that assimilates to a given
prior distribution.

3 CASE STUDY

The current demonstration involved simulating an impulse response of some structure S,
modelled as a lumped-mass model consisting of five masses {mi}5i=1 = 1, with spring coef-
ficient {ki}5i=1 = 105, and damping coefficient {ci}5i=1 = 20. Three different states were
considered in the simulation; corresponding to one healthy (normal) operating condition, and
two different damaged conditions. In this case, one of the damaged states was simulated by de-
grading the stiffness of spring k3 to 75% of its original value. Similarly, the remaining damaged
state was simulated by degrading the stiffness of spring k5 by the same amount. The features
of interest were the damped natural frequencies at each health state, which were extracted from
the system parameters via eigendecomposition. Finally, different sequences of n i.i.d. Gaussian
samples were added to each of the natural frequencies to introduce noise corresponding to 1%
RMS of the damped-natural frequencies. These quantities thus comprise the source features
used for analysis, Xs ∈ Rn×5.

In order to generate the target data, a modifie structureS ′ was also constructedby including
additional connections to the original lumped-mass model of S. Concretely, the connections
here were included to masses m2 and m5. The models are shown in Figure 1a and Figure 1b,
respectively. Following the same steps as before, a healthy state and two damaged states were
then simulated for S ′.

The premise of the transfer task being pursued here is to make use of the data gathered from
S, to improve the predictive ability of the learner when presented with data from S ′. To illus-
trate the benefit of employing the algorithm outlined above, a classifie was firs trained only
using source domain data; or similarly, by training the neural network without the adversarial
discriminator.

Therefore, for the firs part of this demonstration,the main architecture of the neural network
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Figure 1: Lumped mass-damper-spring models: (a) Structure S and (b) Structure S’

consisted of multi-layer perceptronsused to model the feature extractorgϕ and classifie hθ. The
feature extractor was designed with three hidden layers, each containing 128 nodes with elu
activation functions, followed by a two-node linear output layer. The outputs from the feature
extractor were then fed into the classifie , which also had three hidden layers of 128 nodes, each
using elu activations. Since this task involved classification a softmax output layer with three
nodes was used-one for the healthy class and two for the damage classes, labelled as damage
class 1 and damage class 2.

The source data deriving from structureS were split into a training set and a validation set.
A simple preprocessing step was conducted in which the empirical mean was subtracted from
the data. Additionally, the set of weights {ϕ} and {θ} were initialised with a He standard
initialiser [8], andL2-regularised to mitigate the network from overfittin the training data. An
early-stopper was also enabled for this purpose.

Although this exercise may seem trivial, the problem took a more interesting turn when
feeding in data from the modifie structureS ′. On can note in Figure 2a the discrepancy that
exists between source and target representations,which it is not all that surprising given that the
feature extractor learnt from source data alone.

This approach required the addition of a discriminatorto the main architecture of the neural
network. Here, the discriminative network also consisted of a multi-layer perceptron, which
was designed with five hidden layers, each containing256 nodes and elu activations. A sigmoid
output layer with a single node was used to determine the probability of a sample originating
from the target domain. As before, the same preprocessing and regularisation measures were
enforced to mitigate the possibility of overfitting

Having trainedthe complete network, the entire validation set was fed to the feature extractor.
Visually, as shown in Figure 2b, the latent-space representationsof the domainmarginals appear
to have aligned nicely. With an accurate class alignment, the classifying network is able to
correctly assign labels to both the source data and the target data. Therefore, the model can be
said to have successfully transferred its ability to make predictions across domains.
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Figure 2: Latent-space representation: (a) pre-transfer and (b) post-transfer

4 DISCUSSION AND CONCLUSIONS

Despite the promising results shown in the previous section, there are a few considerations
worth noting. The firs and foremost, is the fact that the upper boundon the target expected risk
define in (8) is not rigorously computedby the neural network. Instead, the conductedstrategy
computes some empirical estimation of the upper bound in disregard of the model complexity
when presented with finit amounts of data. In other words, the risk estimate is inaccurate, and
therefore, no real guarantee can be made in terms of how well the model can generalise to new
data. Nevertheless, this consideration is commonly overlooked in practice, particularly when
adopting deep learning models to solve learning problems. The generalisation problem is rather
addressed implicitly by assuming that enough data are available to ensure some reasonable
degree of generalisation, in addition to regularisation measures that are often used in a more
heuristic manner.

Another important consideration worth highlighting is the challenging validation process
involved in tuning the hyperparameters of the network. Designing the architecture required
deciding on the number of hidden layers, number of nodes and activation functions among
other relevant factors. In this case, these were manually tuned to yield good-enough results for
the sake of the demonstration.The appropriatemodel validation will be pursued in future work
with more stringent strategies for optimal hyperparameter selection.

The benefit of this model over other methods for unsupervised domain adaptation will also
be explored via appropriate benchmarking tests. Current state-of-the-art models should be ex-
amined to determinethe conditionsunderwhich it is worthpreferring the currentmodel. For ex-
ample, the unsupervised framework presented above resembles that of the domain-adversarial
neural network (DANN) [9], developed from the upper bound estimates on the target expected
risk proposed by Ben David et al. [10]. An immediate distinction that can be made at this
stage, however, is that the current version can be somewhat interpreted as a generative version
of the DANN, and thus account for uncertainty in the predictions. Having a generative model in
this context may benefi regression-type problems whereby the prediction is of some dynamic
response across domains. This exercise might also be worthy of further investigation.

Finally, further developments will be investigated by adopting a semi-supervised setting via
the incorporationof the second term in (7).
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