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Abstract. Due to the inherent uncertainties in manufacturing properties and intrinsic variabil-
ity of materials, the assumption of homogeneous input variables is generally not justified. As
a result, stochastic forward problems have emerged as a tool to incorporate these uncertain-
ties into numerical simulations, improving model prediction capability in structural analyses.
Although most of the existing methods focus on the consideration of stochastic loading, the
recently developed statFEM employs a Bayesian paradigm to incorporate data and propagate
uncertainties from random physical properties in finite element models. This tool, however, is
not developed for cases when Gaussian assumptions are inadequate. The present work provides
a copula-based approach embedded into the statFEM methodology to propagate uncertainty
from arbitrarily distributed physical properties. The random variables are defined in terms
of a Gaussian Copula Process, where samples are drawn from a latent variable governed by a
Gaussian Process and then brought respectively to copula and marginal spaces, producing ran-
dom variables with the desired distribution while retaining the usually desired smooth Gaussian
dependence in the spatial domain. The quality of the approximated results is then assessed in
a simplified 1D Poisson problem by comparing with Monte Carlo sampling results for differ-
ent random diffusion coefficients, demonstrating that the method is capable of providing good
responses for non-Gaussian physical parameters.
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1 INTRODUCTION

The manufacturing of industrial components and the performance of engineering systems
usually relies on finit element (FE) models to better determine their physical behavior. These
processes are laden with uncertainties, as material properties, geometry, and loading may vary
over time and under repeated production. For that end, many physical quantities can be define
by a Gaussian randomfiel (or transformationsthereof), ensuring a smooth spatial dependence
that often reflect the natural continuity in materials [1].

Alternatively, copula-based approaches can also be used to determine a dependence structure
between multiple random variables. Despite being more commonly used in field such as risk
analysis and financia assessment to model time variability, they have also been employed for
characterizing stochasticity in the spatial domain [2]. As a feature, copula functions decouple
the dependence between random variables from their marginal distributions; but, in the trade-
off, the variations within the spatial domain usually do not present a smooth behavior.

In order to propagate the uncertainties to the analysis output, e.g. displacements, statFEM
is a statistical tool that provides a methodology for synthesizing measurement data and finit
element models [3]. It decomposes the observed data and employs a Bayesian approach to
update prior beliefs. In turn, the prior for the finit element component is obtained through a
probabilistic forward problem by adopting Gaussian parameters and solving a linear stochastic
partial differential equation. It has been used for real-world applications [4], and has also been
enhanced with other approaches to solve nonlinear PDEs [5], but solely considering stochastic
forcing.

The stochastic behavior in the physical properties is usually notaccounted for within stochas-
tic forward problem frameworks, as it complicates the uncertainty propagation process; and
even when it is, e.g., as a random diffusion coefficien in [3], it is limited to a Gaussian-
distributed variable. However, the quantities related to material properties and geometry are
often bounded by conventional standards. Moreover, if there is a lack of information on a ran-
dom variable, not assuming a bell-shaped distribution may be reasonable. In both cases, using
Gaussian marginal distributions is not suitable. To address this gap, a copula-based statFEM
approach is proposed to propagate the uncertainty from random physical properties with arbi-
trary marginal distributions, while keeping the desired smooth spatial variability on the domain.
The effectiveness of the presented methodology is assessed by a 1D Poisson toy problem with
distinct input distributions.

The rest of the paper is outlined as follows: in Section 2, the statFEM framework is ex-
plained, focusing on the stochastic forward problem. In Section 3, the concepts of copulas and
copula processes are both presented, while in 3.3, the proposed novel methodology is detailed.
The method is applied to a case study in Section 4, presenting results and discussion. Finally,
the conclusions of the paper are drawn in Section 5.

2 STATISTICAL FINITE ELEMENT METHOD (statFEM)

This section briefl expands on the statFEM original formulation, which employs a Bayesian
statistical approach to integrate finit element models and measurement data. It additively de-
composes data into three components: a scaled FE prior, a model misspecificatio error, and a
noise component. Although Bayes’ rule can then be used to infer posterior densities and hyper-
parameters, the main contribution in this study is related to the FE prior response; hence, solely
this part of the formulation is briefl introduced. The interested reader is referred to [3] for an
in-depthdescription.
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2.1 Probabilistic forward formulation

For the FE stochastic forward problem, the Poisson equation is considered on a domain
Ω ⊂ Rn and boundary∂Ω:

−∇ · (µ(x)∇u(x)) = f(x), in Ω

u(x) = 0, on ∂Ω
(1)

where u(x) ∈ R is the unknown field ∇ is the vector differential operator, µ(x) and f(x) are re-
spectively a randomdiffusion coefficien and a randomforcing term. Both diffusion coefficien
and forcing field are assumed to be Gaussian Processes:

µ(x) ∼ GP(µ(x), cµ(x, x′)

f(x) ∼ GP(f(x), cf (x, x′)
(2)

where µ(x) = E[µ(x)] and f(x) = E[f(x)] are simplifie to be mean values evaluated point-
wise, cµ and cf are the covariance kernels. A squared exponential kernel is adopted in both
cases:

cα(x, x′) = σ2
α exp

(
−∥x − x′∥

2l2α

)
(3)

in which σα ∈ R+ is the scaling parameter and lα ∈ R+ is the length scale parameter of the
randomvariable α.

After the domainΩ is subdivided into a set of non-overlapping elements, and the unknown
fiel u(x) is approximated by linear Lagrange basis functions, the discretization of the weak
form in Eq. (1) yields the linear system of equations:

A(µ)u = f (4)

where A(µ) is the system matrix, µ is the vector of diffusion coefficients u is the nodal dis-
placements vector, and f is the nodal source vector.

The diffusion coefficien is assumed constant in each element, being evaluated at the element
centroids. The diffusion coefficien vector can then be expressed by the multivariate Gaussian
density:

µ ∼ p(µ) = N
(
µ
(
X(c)

)
, Σµ

(
X(c),X(c)

))
(5)

where the mean vector µ and covariance matrix Σµ are evaluated with respect to the matrix of
centroid coordinates X(c). Then, the element system matrices are define by:

Ae
ij =

∫
Ωe

µe
∂ϕi(x)
∂x

∂ϕj(x)
∂x

dΩe (6)

in which µe is the diffusion coefficien of the element with index e andϕi,j are from the local set
of shape functions. On the other hand, the source vector is given by the multivariate Gaussian
density:

f ∼ p(f) = N (f,Σf ). (7)

Next, it is possible to express the probability density for a solution vector u in terms of a
diffusion coefficien µ by solving Eq. (4):

u = A(µ)−1f (8)
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If µ is known, the right-hand side of the equation is a linear transformation of the Gaussian
source vector f such that:

p(u|µ) = N
(
A(µ)−1f,A(µ)−1ΣfA(µ)−⊺

)
(9)

Consequently, the unconditionaldensity can be obtained by marginalizing it over µ, yielding:

p(u) =
∫

p(u|µ)p(µ) dµ (10)

This integral can be evaluated numerically using either Monte Carlo or Markov Chain Monte
Carlo sampling, for example. However, since this approach may be impractical for large scale
problems, a first-orde approximationfor p(u) is given by the multivariate Gaussian density:

p(u) = N (u,Σu) (11)

where:

u = A(µ)−1f
Σu = A(µ)−1Σf A(µ)−⊺+∑

e

∑
d

(Σµ)ed A(µ)−1∂A(µ)

∂µe

A(µ)−1(Σf + f̄ ⊗ f̄)A(µ)−⊺∂A(µ)⊺

∂µd

A(µ)−⊺

(12)

in which the indices e, d are referring to arbitrary elements, as the process is made element-wise.
The goodness of this approximation is assessed by comparing it against the much more

computationally expensive sampling output. As an example, in Fig. 1 the forcing term is
stochastic, with parametersf(x) = 1, σf = 0.1, lf = 0.4, and deterministicdiffusion coefficien
µ = 1; whereas in Fig. 2 the diffusion coefficien is stochastic, with parameters µ(x) = 0.7 +
0.3 sin(2πx), σµ = 0.1, lµ = 0.25, and deterministic forcing f = 1. It is possible to observe
that the approximation provides a good agreement with the numerical response in both cases.
The colored lines are samples drawn from Eq. (9) for Fig. 1 and from Eq. (5) then u(x, µ) for
Fig. 2, while the grey shaded areas are the 95% confidenc regions for each case.
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(a) StatFEM solution.
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(b) MC sampling solution.

Figure 1: Comparison between (a) StatFEM and (b) MC sampling for stochastic f . Grey shaded areas represent
the 95% confidenc regions.
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(a) StatFEM solution.
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(b) MC sampling solution.

Figure 2: Comparison between (a) StatFEM and (b) MC sampling for stochastic µ. Grey shaded areas represent
the 95% confidenc regions.

3 COPULA-BASED STATFEM

Throughoutthis section, a novel methodology for considering stochasticity in physical prop-
erties is proposed, with a copula approach being embedded into the previously define statFEM
formulationfor uncertaintypropagation. The concepts of copulas and copula processes are pre-
sented in Sections 3.1 and 3.2, respectively. Then, in Section 3.3, the methodology is explained
for both the numerical (sampling) and the linear approximationsolutions.

3.1 Copulas

The configuratio of scatter plots between random variables is often influence by their
scales and marginal distributions. To better assess their dependence structure, the probability
integral transformationcan be used in each as a standardization technique, which enables the
characterization between uniformly [0,1] distributed random variables. This behavior is illus-
trated in Fig. (3). Consequently, this approach decouples the dependence structure between
random variables from their marginal distributions. More specificall , in this context, the cor-
responding joint distribution function employed to defin the dependence structure between
randomvariables with uniform marginals is known as a copula [6].

Delving into the mathematical foundation, copulas are based on Sklar’ s Theorem [7]. This
theorem states that any multivariate joint distribution can be expressed in terms of both uni-
variate marginal distributions and a copula that captures the dependence structure between the
randomvariables:

H(y1, y2, ..., yn) = C(F1(y1), F2(y2), ..., Fn(yn)) = C(z1, z2, ..., zn) (13)

where H represents the joint distribution function, C is the copula, and Fi denotes the cumula-
tive distribution function (CDF) of each random variable. It is importantto remark that, if all
Fi are continuous, the copula C is unique.

Furthermore,the inverse relation also holds, allowing the copula to be define as:

C(z1, z2, ..., zn) = H(F−1
1 (z1), F

−1
2 (z2), ..., F

−1
n (zn)) (14)

This formulation can then be used to construct various types of copulas [8]. This work, how-
ever, focuses on the Gaussian copula due to its simplicity and computational efficien y. The
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multivariate Gaussian copula is given by:

C(u; Σ) = ΦΣ(Φ
−1(z1),Φ

−1(z2), ...,Φ
−1(zn)) (15)

where Φ−1 denotes the inverse standardnormal CDF, andΦΣ represents the standardmultivari-
ate normal distribution with a zero mean vector, unit variances, and symmetric positive definit
correlation matrix Σ. Consequently, by substituting zi = Fi(yi), the joint distribution H is
define by a Gaussian dependence and arbitraryFi marginals, as long as they are continuous.

y1

y 2

p(y1)

p(
y 2

)

(a) Scatter plot based on probability distribu-
tion functions.

z1

z 2

F(z1)

F(
z 2

)

(b) Scatter plot based on cumulative distribu-
tion functions.

Figure 3: Schematic example of a copula function.

3.2 Copula Processes

Consider a latent variable κ(x) that follows a Gaussian process. Sampling from this process
yields a collection of Gaussian variables, with their spatial dependence structure encoded by a
chosen kernel function. More specificall , in this work, the latent variable κ(x) is such that:

κ(x) ∼ GP(κ(x), cκ(x, x′)) (16)

where:
κ(x) = 0, cκ(x, x′) = exp

(
−∥x − x′∥

2l2κ

)
(17)

Thus, the dependence structure is solely influence by the length scale lκ. These sampled
values are then transformedusing a Gaussian CDF, providing a collection of Z uniformly [0,1]
distributed latent randomvariables:

Z = Φ(κ) (18)

Consequently, although the samples transition from the latent space to the copula space, their
dependence structureremains governed by the underlying Gaussian process. Thus, these result-
ing uniform samples can be define as a draw from a Gaussian Copula Process, due to both the
inherited dependence structure and the type of CDF used [9].
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Moreover, these samples in copula space can also be mapped to another arbitrary marginal
distribution by applying the desired CDF, transitioningfrom copula space to marginal space:

κ(x) ∼ GP
(
0, cκ(x, x′)

)︸ ︷︷ ︸
Step 1: Sample from latent GP

Gaussian CDF−−−−−−−→ Z = Φ(κ)︸ ︷︷ ︸
Step 2: Map to copula space

Inverse CDF−−−−−−→ Y = F−1(Z)︸ ︷︷ ︸
Step 3: Transform to marginals

(19)

For instance, if a beta inverse CDF is used, the transformed samples will follow a beta distri-
bution while still maintaining the underlying Gaussian dependence structure. Therefore, this
methodology provides an efficien approach to generate samples from any desired marginal
distribution while promotinga smooth variation within the spatial domain.

3.3 Incorporating copulas in statFEM

The question that remains is how to arrive at a formulationthat provides a version of statFEM
that incorporates the Copula Process approach. Primarily, it is necessary to determine how it
affects the evaluation of the mean approximation. Given that the diffusion coefficien follows
an arbitrary marginal distribution, it is possible to evaluate the expected value over the domain
µ(x) = E[µ(x)]. Then, this value can be substituted in Eq. (12) to assemble the system matrix
and subsequently evaluate the approximated mean.

Next, for the evaluation of the approximatedcovariance, Σµ needs to be determined. Since a
perturbationmethod is used to evaluate the firs order approximationin statFEM [10], the same
approach is employed to fin the relation between Σµ and Σκ. Given that there is a mapping
such thatµ(x) = g(κ(x)), a first-orde Taylor expansion aroundκ (with zero mean in this case)
results in:

g(κ(x)) ≈ g(0) + g′(0)κ(x) (20)
where g(0) is the expected value of µ when κ(x) = 0, and g′(0) addresses how a small pertur-
bation in κ(x) leads to a change in µ. The perturbationof µ is:

δµ = µ− g(0)
Linearization−−−−−−→ δµ ≈ g′(0)κ(x) (21)

Then, the covariance of δµ is given by:

Σµ = Cov(δµ, δµ) ≈ (g′(0))
2 Cov(κ(x), κ(x)) = (g′(0))

2
Σκ (22)

Thus, the propagated uncertainty in µ can be define in terms of the latent variable κ and the
sensitivity g′(0), which depends on the chosen marginal distribution function. Finally, Σµ can
be substituted into Eq. (12), along with the previously obtained system matrix, and be used to
evaluate the outputcovariance Σu.

Furthermore, once the response is obtained, the goodness of the approximation can be as-
sessed by comparing it with MC sampling from the probability p(u) define in Eq. (10). In
each run, a single realization from κ(x) in Eq. (16) is drawn, and the procedure define in Sec-
tion 3.2 is employed to obtain samples from the desired marginal space, which are then used to
assemble the system matrix.

4 APPLICATION CASE

In this section, the proposed Copula-based statFEM is applied to a one-dimensional Pois-
son problem, where the domain is discretized into 32 elements using linear Lagrange shape
functions. In Section 4.1, the governing equations and stochastic variables are defined and in
Section 4.2 the employment of the copula process to the problem at hand is discussed. The
results are presented in Section 4.3 and discussed in Section 4.4.
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4.1 Case definition

The one-dimensionalPoisson-Dirichlet problem is define based on Eq. (1):

− d

dx

(
µ(x)

du

dx

)
= f(x), in Ω = (0, 1)

u(x) = 0, on x = 0 and x = 1

(23)

where the diffusion coefficien µ(x) is random, and the forcing term f(x) = 1 is deterministic.
The solution u(x) is evaluated using the copula-based statFEM approach, while the quality
of the approximations is assessed by comparing with MC sampling results and employing the
Wasserstein 2-distance (W2) as a dissimilarity metric. This is particularly advantageous when
dealing with MC samples as it can be directly applied to pointclouds, notrequiringthe empirical
distribution to be functionally described [1].

4.2 Probabilistic FE analysis

Since the proposed approach is supposed to deal with arbitrary marginal distributions, two
different ones are used to represent the random diffusion coefficient In both cases, however,
µ is assumed to have a known expected value (µ = E[µ(x)] = 1) and bounds (± 0.2µ). For a
diffusion coefficien that follows a uniform distribution:

µ(x) ∼ U(0.8, 1.2) =⇒ g(κ) = µmin + (µmax − µmin) Φ(κ) (24)

The evaluation of the approximated mean and covariance from Eq. (12) requires the definitio
of:

µ = E[µ(x)] = 1

Σµ ≈
(
µmax − µmin√

2π

)2

Σκ

(25)

where bothµmin, µmax refer to the bounds. Alternatively, for the case it follows a beta distribu-
tion:

X ∼ Beta(5, 5)
µ(x) = 0.8 + (1.2− 0.8)X =⇒ g(κ) = µmin + (µmax − µmin)F

−1
Beta(Φ(κ); 5, 5)

(26)

where F−1
Beta(·;α, β) is the inverse beta CDF. Thus:

µ = E[µ(x)] = 1

Σµ ≈

(
µmax − µmin√

2π

1

fBeta

(
F−1
Beta(0.5; 5, 5)

))2

Σκ

(27)

in which fBeta is the beta probability distribution function. Finally, to completely defin the
stochastic variables in the proposed model, the kernel function of the latent variable κ(x) can
be modeled solely in terms of the length scale, as previously defined. In both cases, Σκ is
computed for lκ = 0.2.
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4.3 Results

Since it is now possible to evaluate second-order statistics, i.e., mean and covariance, of the
approximatedsolution fiel p(u) = N (u,Σu), and also to sample from the inputdistributionfor
the MC solution, the methodology described in Section 3.3 can be employed. The displacements
for the uniformand beta distributed diffusion coefficient are illustrated, respectively, in Figs. 4
and 5. Then, the moment-matcheddistribution is sampled and the Wasserstein 2-distances are
shown in Table 1 to indicate the dissimilarity between the results and the MC samples in both
cases. The colored lines are realizations of u(x, µ) from samples drawn from Eq. (5), and the
shaded areas are the 95% confidenc regions for each case.
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(a) StatFEM solution.
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(b) MC sampling solution.

Figure 4: Comparison between (a) StatFEM and (b) MC sampling for uniformly distributed µ. The shaded areas
depict the 95% confidenc regions.
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(a) StatFEM solution.
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(b) MC sampling solution.

Figure 5: Comparison between (a) StatFEM and (b) MC sampling for beta distributed µ. The shaded areas depict
the 95% confidenc regions.

Furthermore,the diffusion coefficien profile along the domain for the highlighted samples
are shown in Fig. 6. The shaded areas are related to the aforementionedconfidenc interval.

4.4 Discussion

Observing both Figs. 4 and 5, the mean, due to the same expected values in both distri-
butions, is in excellent agreement with reference results. However, the uniformly distributed
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µ(x) W2

Uniform 0.069
Beta 0.031

Table 1: Wasserstein 2-distances for different input distributions.
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0.80 0.85 0.90 0.95 1.00 1.05 1.10 1.15 1.200

1

2

3

4

5

6

De
ns

ity

MC samples histogram
Input PDF

(d) Beta-distributed µ histogram.

Figure 6: Characterization of µ samples with different marginal distributions.

diffusion coefficien propagates a higher uncertainty to the outputthan the beta distributed one.
This behavior is expected, since the uniformprobability density is higher for values fartherfrom
the mean than the beta one, resulting in more scattered realizations of µ, as seen in Fig. 6.

Moreover, the approximation in both cases results in higher uncertainty than the reference
(Σu > ΣMC). This difference is noticeably higher in the uniformly distributed case, while pre-
senting a better agreement for the beta one. The goodness of these approximations is measured
in Table 1, which shows that the Beta’ s W2 is much lower. This is expected, since the beta
distribution is symmetric and bell-shaped, resembling well the assumed Gaussian behavior in
the output. However, it is valid to remark that the provided linear approximation for the Uni-
form marginal can still be used, since the reasonability of the W2 distance absolute value is
context-dependent.
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5 CONCLUSIONS

In this work, a Gaussian Copula Process approach is used to generate random physical pa-
rameters with arbitrary marginal distributions and a latent, usually desired, Gaussian spatial
dependence. It is embedded into the original statFEM framework to have the uncertainty prop-
agated, being seamlessly integrated into numerical simulations. This statistical approach is as-
sessed by solving a probabilistic forward problem for beta and uniformly distributed diffusion
coefficient of a 1D Poisson toy problem, with the obtained approximationsbeing compared to
MC sampling solutions.

Although the developed copula-based statFEM approach allows for the use of arbitrary
marginal distributions, the quality of the resulting Gaussian approximationof the non-Gaussian
statFEM marginal over the FE solution is observed to be dependent on the input distribution.
Due to the higher resemblance with a Gaussian behavior, the results for the beta distributed µ
present a much better agreement with the MC sampling solution. On the other hand, although
the approximation for the Uniform marginal case can still be considered reasonable, it is of
substantially lower quality. Furthermore, it is importantto remark that the majority of this dif-
ference is due to the approximated covariance, which was, in both cases, greater than the one
obtained from MC sampling. This would, however, be desirable e.g., in the context of structural
design, acting as a safety factor regarding the propagated uncertaintywhile still providing close
approximations.

Therefore, this work highlights the suitability of the proposed copula-based statFEM frame-
work to solve probabilistic forward FE problems for non-Gaussian distributed diffusion coeffi
cients, as the presented results demonstratea good agreement with reference values for different
input distributions. The goodness of the linear approximations, however, was shown to be de-
pendenton the marginal distribution of µ. Thus, an improvement on the approximationmethod
to further enhance the framework seems feasible. Additionally, since this work focuses only on
the forward problem with smoothly varying randomvariables, the demonstrationof the copula-
based statFEM in inverse problems is left for future studies. Other possible extensions are the
GP characterization by a Gaussian Copula-based Bayesian Network and the consideration of
variables with non-Gaussian dependence.
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[3] M. Girolami, E. Febrianto, G. Yin, F. Cirak, The statistical finit element method (stat-
FEM) for coherent synthesis of observation data and model predictions, Computer Meth-
ods in Applied Mechanics and Engineering, 375, 113533, 2021.

[4] E. Febrianto, L. Butler, M. Girolami, F. Cirak, Digital twinning of self-sensing structures
using the statistical finit element method, Data-Centric Engineering, 3, e31, 2022.

[5] A. Glyn-Davies, C. Duffin I. Kazlauskaite, M. Girolami, Statistical Finite Elements via
Interacting Particle Langevin Dynamics, arXiv:2409.07101, 2024.

[6] C. Czado, Analyzing dependent data with vine copulas: A practical guide with R, Springer,
2019.

[7] A. Sklar, Fonctions de repartitiona n dimensions et leurs marges, Publ. Inst. Statist. Univ.
Paris, 8, 229–231, 1959.

[8] R. B. Nelsen, An introduction to Copulas, Springer Series in Statistics, 2006.

[9] A. G. Wilson, Z. Ghahramani, Copula Processes, Advances in Neural Information Pro-
cessing Systems, 23, 2010.

[10] W. K. Liu, T. Belytschk o, A. Mani, Random fiel finit elements, International Journal
for Numerical Methods in Engineering, 23, 1831–1845, 1986.

42


