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Abstract. Neural networks excel at capturing complex data relationships across di-
verse fields, yet they often lack the ability to quantify prediction uncertainties—a critical
requirement for applications like medical diagnosis and autonomous driving. While ex-
isting solutions like Bayesian neural networks and interval-based methods address this
issue, they typically demand substantial computational resources, large data sets, and
often rely on stochastic assumptions that may not suit scenarios with both aleatoric and
epistemic uncertainties. This paper introduces possibilistic neural networks (PNNs), a
novel approach for providing reliable confidence predictions with limited data. Based
on possibility theory, PNNs offer more flexible uncertainty modeling than traditional
probabilistic methods while maintaining stochastic guarantees. The method employs a
simple architecture of fully connected layers and introduces a novel three-part loss func-
tion to ensure nested confidence intervals of decreasing width. The network is trained
to predict a plausibility function, which is then transformed into a possibility function
using either approximate or reliable transformations. The effectiveness of the proposed
approach is demonstrated through experiments with both Gaussian and non-Gaussian
noise scenarios, using only 80 training samples. Results show that PNNs can success-
fully generate valid nested confidence intervals without requiring prior knowledge of
the underlying distributions. The reliable transformation extends the method to provide
guaranteed confidence predictions even with limited data sets, making it particularly
suitable for real-world applications where data scarcity and uncertainty quantification
are crucial concerns.
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1 INTRODUCTION

Machine learning, and particularly neural networks, have revolutionized numerous
field by providing powerful tools for modeling complex relationships in data. From
medical diagnosis to autonomous systems, these methods have demonstrated remark-
able capabilities in pattern recognition and prediction tasks. However, as these applica-
tions increasingly impact critical decision-making processes, the need for reliable un-
certainty quantificatio has become an area of major interest. Traditionalneural network
approaches focus primarily on minimizing predictionerrors, resulting in point estimates
that may appear deceptively precise. This limitation becomes particularly problematic
in safety-critical applications, where understandingthe confidenc level of a prediction
is as crucial as the prediction itself. Furthermore,real-world applications often face the
dual challenge of limited training data and the presence of both aleatoric and epistemic
uncertainties.

There are various approaches to capture uncertainty in machine learning tasks and
neural networks using interval arithmetic, Bayesian neural networks, or robust train-
ing based on Lipschitz bounds [10, 8, 9, 3]. These neural networks can be trained on
noisy data and capture underlying relations to outputs which enables quantifie state-
ments in the prediction step. However, these methods often require prior assumptions
or information on the underlying noise distribution, prior guesses on appropriate basis
functions or they suffer from a complex network structure.

In contrast, we propose a novel approach for neural network training with uncertain
data based on possibility theory. Possibility theory, as a theory of imprecise probabili-
ties, grants a fl xible tool to describe uncertaintywithout the need of prior assumptions.
This allows to model aleatoric and epistemic uncertainty sufficientl while still being
able to provide stochastical guarantees. The proposed method, called Possibilistic Neu-
ral Networks (PNNs), is designed to provide reliable confidenc predictions for regres-
sion tasks with limited data. The network is trained to predict a plausibility function
which is then transformed into a possibility function by the use of either either approx-
imate or reliable transformations. The main contribution of this paper is the derivation
of a suitable cost function for the neural network training. The effectiveness of the
proposed approach is demonstratedin scenarios with both Gaussian and non-Gaussian
noise, using only a limited number of training samples. The experiments demonstrate
the method’s ability to construct valid nested confidenc intervals, even without know-
ing the distributions of the input data beforehand. By incorporatinga reliable transfor-
mation technique, this approach remains effective even when working with small data
sets. This makes PNNs especially valuable for practical applications where both limited
data availability and the need to accurately measure uncertainty pose significan chal-
lenges.

44
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The remainder of this paper is organized as follows: Section 2 provides the theoretical
background of possibility theory and its application as a tool for uncertainty quantifi
cation. Section 3 introduces the architecture and training methodology of PNNs and
states the loss function as well as the analytical gradients for the network training. Sec-
tion 4 presents experimental results on both Gaussian and non-Gaussiannoise scenarios,
demonstratingthe method’s effectiveness. Finally, Section 5 discusses the implications
and potential applications of this approach, along with directions for future research.

2 POSSIBILITY THEORY

In the following paragraph, a brief introduction to possibility theory is given that
only provides the essential background for understandingthe proposed neural-network
learning scheme and the idea of confidenc predictions. This introductiondoes not aim
to be exhaustive and for a more detailed discussion the reader is referred to [5, 7].

Consider a classical random experiment with the sample space Ω and its associated
σ-algebra Σ. For an event U ∈ Σ with counter event ¬U , the so-called elementary
possibility function is any measurable functionπ : Σ → [0, 1] satisfying

sup
ω∈Ω

π(ω) = 1. (1)

Subsequently, this allows to introduce the possibility measure

Π(U) = sup
ω∈U

π(ω) ∀ U ∈ Σ, (2)

which is induced by the elementary possibility function and satisfie the following prop-
erties:

Π(∅) = 0, Π(Ω) = 1, Π(U ∪ V ) = max{Π(U),Π(V )}. (3)

There exist different characteristics of an elementary possibility function to quantify
the information with respect to a probabilistic statement. One key concept is consis-
tency [2, 1], which states that a probability measure P is consistent with an elementary
possibility function if the probability P(U) is upper-boundedby the induced possibility
measure Π(U) for all events U ∈ Σ. This concept forms the foundation for under-
standing the later proposed statement relating possibility functions to probabilities and,
thus, to confidenc predictions. An essential concluding property arises in the context
of strict superlevel sets of the elementary possibility function, given by

Cα
π = {ω ∈ Ω | π(ω) > α}. (4)

These sets are also called confidenc sets and specify regions in the sample space where
the possibility measure exceeds a given thresholdα ∈ [0, 1].
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Subsequently, when an elementary possibility function is consistent with a probabil-
ity measure, the confidenc sets can be used to derive the probabilistic guarantee from
the possibility function via

P (Cα
π ) ≥ 1− α. (5)

In the context of inferential models [4], i.e., when the distribution provides predictive
information about an unknown state, this property has to be assessed and the corre-
sponding model is called valid if it holds for the whole sample space. This formulation
is the basis for the later proposedneural-network learning scheme, which aims to predict
confidenc sets for input instances. The assessment of validity provides a more intuitive
understanding of possibility functions and facilitates comparisons between them. In
fact, there are infinit possibility functions consistent with a probability measure. This
motivates the introductionof specificit , which states that a possibility function π1 is
more specifi than another possibility function π2 if π1(ω) ≤ π2(ω) for all ω ∈ Ω.
Using the interpretation of Eq. (5), it is trivial to conclude that a more specifi pos-
sibility function yields a more informative result since the confidenc sets are tighter,
i.e. Cα

π1
⊆ Cα

π2
for all α ∈ [0, 1].

These concepts and characteristics extend to quantitative statements about imprecise
probabilities through the introduction of a subjective plausibility function ρ : Σ →
[0, 1], which quantifie event plausibility based on available information. While ρ is not
subjected to the constraints of a possibility function and, technically, does not have to
map on the same metric, it must establish a relative orderingof event plausibility. There-
fore, given a family P of probability measures, an appropriateplausibility function can
be used to defin the plausibility-to-possibility- or IP-Π-Transform [5]

π(ω) = sup
P∈P

P{ξ ∈ Ω : ρ(ξ) ≤ ρ(ω)} ∀ ω ∈ Ω. (6)

To this end, one of the crucial challenges is to identify an appropriate plausibility func-
tion. While existing approaches for data-driven applications rely on prior knowledge
of the data-generating process, we propose a neural-network-based approach to learn
plausibility functions directly from data for predicting instance-specifi confidenc sets.
Furthermore, the vaildity of the neural-network-based predictions is of utmost impor-
tance to guarantee reliable predictions on unseen data.

3 NEURAL NETWORKS AS PLAUSIBILITY MEASURES

Several approaches have been proposed to capture uncertainty in training data for re-
liable predictions of neural networks [10, 8]. However, these methods often suffer from
complex structures or require prior assumptions. The approach proposed in this paper is
a quantitative learning scheme using a classical neural network that predicts plausibility
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functions, which are then used to derive confiden e sets and, subsequently, possibility
functions.

The general neural network architecture is intentionally kept simple. It consists of an
input layer with one neuron per input dimension, followed by a series of l hidden lay-
ers, each containing kl neurons. Each hidden neuronhj

kj
is fully connected to either the

successor layer or the output layer. Finally, the output layer contains 2n neurons, with
corresponding outputsy = y1, . . . , y2n, where n ∈ N represents the desired number of
confidenc intervals. Each neuron is structured classically as a linear combination of
weighted inputs and bias terms, which are fed to a specifie activation function. The
network is trained on N pairs of data points, consisting of input instances x ∈ Rd and
noisy outputvalues ŷ ∈ R, which can be interpretedas realizations of a randomprocess.
The general structureis visualized in Figure 1. The key idea lies in the interpretationof
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· · ·
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Figure 1: General structure of the neural network with interval outputs.

the outputs: every i th and (2n− i+ 1) th neuronin the output layer defin one predic-
tion interval Ii. The challenge consists in developing an appropriate loss function that
ensures these intervals to provide a nested plausibility ordering while enabling maximal
specificit and validity of the transformedpossibility functions.

For the proposed method, consider a three-partloss

L(y, ŷ) = λ
[
Lw(y) Lo(y) Ln(y, ŷ)

]⊤
, (7)
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where Lw, Lo, Ln are individual loss terms for different optimization goals weighted by
respective hyperparametersλ = [λw, λo, λn].

The firs term Lw penalizes the width of the prediction interval. As stated earlier,
the goal is to be as specifi as possible since boundaries over the whole state space
would still be valid but contain no information. Since confidenc intervals with high α-
values should be smaller than lower ones, the partial loss of the corresponding inter-
val Ii = [yi, y2n−i+1] is scaled with an interval dependentfactor. The complete loss term
is given by

Lw(y) =
n∑

i=1

(
i

2n
+ 1

)
|y2n−i+1 − yi|. (8)

For backpropagation, the gradient of this partial loss function has to be calculated with
respect to each lower interval boundyi and upper interval boundy2n−i+1 independently.
The gradients for the successor layers are thencalculated by the chain rule. Analytically,
this can be derived as

δLw

δyi
=

(
i

2n
+ 1

)
sgn(y2n−i+1 − yi),

δLw

δy2n−i+1

= −δLw

δyi
. (9)

Furthermore,the second termLo is responsible for ordering the intervals. It is trivial to
see that the inequality yi ≤ y2n−i+1 has to hold for all Ii with i ∈ {1, . . . , n}. Besides,
it is important to ensure a hierarchical ordering between the intervals, i.e., the lower
bound of the (i + 1) th interval has to be greater than (or equal to) the upper bound of
the i th interval. These relations can be enforced by definin the second loss term as

Lo(y) =
1

2n

2n−1∑
j=1

max(0, yj+1 − yj). (10)

Note that it is sufficien to enforce yj+1 ≤ yj for all j since this implies yj+2 ≤ yj .
Analogously to the width loss, the gradient of this partial loss function with respect to
the outputs has to be calculated independently for each node with

δLo

δy1
= −1R+(y2 − y1)

2n
,

δLo

δy2n
=
1R+(y2n − y2n−1)

2n
, (11)

δLo

δyj
=

−1R+(yj+1 − yj) + 1R+(yj − yj−1)

2n
, j ∈ {2, . . . , 2n− 1}, (12)

where 1R+ is the indicator function for positive real numbers.

Lastly, the third term Ln handles prediction errors by penalizing intervals that do not
contain the true value ŷ. When the true value falls outside an interval, this loss term en-
courages two corrective actions: widening the interval and shifting its center towards ŷ.
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However, not all intervals need to provide the same level of confidence For instance,
a 99% confidenc interval should almost always contain the true value, while a 50%
confidenc interval can reasonably exclude it about half the time.

This motivates the introductionof the loss term

Ln(y, ŷ) =
1

2N

n∑
i=1

(
2n

i

)2 (
[max(0, ŷ − yi)]

2 + [max(0, y2n−i+1 − ŷ)]2
)
, (13)

where the hierarchical confidenc structure is implemented through the quadratic scal-
ing factor ((2n)/i)2. For intervals meant to provide high confidenc (small i relative
to n), this factor creates a large penalty when the true value falls outside the interval.
Conversely, for intervals meant to provide lower confidenc (large i relative to n), the
penalty is reduced, allowing these intervals to remain narrower even if they occasionally
exclude the true value.

The gradient for the currently considered interval can again be derived independently as

δLn

δyi
= − 1

N

(
2n

i

)2

max(0, ŷ − yi), (14)

δLn

δy2n−i+1

=
1

N

(
2n

i

)2

max(0, y2n−i+1 − ŷ). (15)

Finally, the total gradient

δL

δyi
= λw

δLw

δyi
+ λo

δLo

δyi
+ λn

δLn

δyi
(16)

can be calculated for each output neuron allowing to determine the gradients of each
hidden neuronaccordingly. After training, the outputsof the network defin a plausibil-
ity function ρY (y). For n total confidenc intervals, the plausibility of each interval is
define by ρY,Ii = i/n with i ∈ {1, . . . , n}.

To obtain a possibility functionconsistent with the plausibility function, the plausibility-
to-possibility transformmust be applied. However, since only limited data are available
for training and transformation, different approaches can be considered. The firs ap-
proach is the approximate transformation[5], which define the unbiased estimator

π̄Y (y) =
K(y)

N
, K(y) = |{Yk : ρY (Yk) ≤ ρY (y); k = 1, . . . , N}|, ∀y ∈ Y , (17)

where K(y) counts the numberof samples with plausibility less than or equal to ρY (y).
As shown in [6], this counting mechanism provides a sufficien statistic for the trans-
formation. However, while this approach maintains validity on the training data set,
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Jan Schneider, Tom Könecke, and Michael Hanss

it cannot provide guaranteed coverage for unseen data. Hence, as stated in [6], a reli-
able transformationcan be applied using the inverse of the beta cumulative distribution
function beta−1, resulting in

π̂Y (y) = beta−1(γ,K(y) + 1, N −K(y)), ∀y ∈ Y , (18)

where the reliability level γ ∈ [0, 1] states that π̂Y (y) is point-wise less specifi thanπY (y)
with a probability of

P (π̂Y (y) ≥ πY (y)) ≥ γ. (19)

With the reliable extension, it is possible to loosen the specificit learned by the network
on the trainingdata set and generalize the predictionto unseen data while still being able
to give guarantees on the predictions. The γ-level define a trade-off parameterbetween
specificit and conservatism and can be tuned to the desired level of reliability.

4 RESULTS

To verify the proposed method, two neural networks are trained for different test
cases. As a firs example, consider a data set drawn from a linear function ŷ = 0.2x+1+
w with a Gaussian distributed noise termw ∼ N (0, 0.1) to simulate aleatory measure-
ment noise. The training set comprises N = 80 randomly sampled values of x ∈ [0, 5]
and the correspondingnoisy measurements ŷ which are normalized to the interval [0, 1].
Both networks share the same architecture of two hidden layers with k1 = 2 and k2 = 6
neurons using the ReLu activation function, but differ in their output layers: the firs
network has m = 20 neurons to predict n = 10 confidenc intervals, while the second
has m = 100 outputs to predict n = 50 intervals. In their output layers, both networks
employ linear activation functions and undergo training for 25.000 epochs with a learn-
ing rate of 0.0008. Since the networks performanceis highly sensitive to hyperparameter
selection, a grid-based optimization procedure is employed, yielding optimal hyperpa-
rameters λ = [0.0005, 0.001, 1.5] for the firs network and λ = [0.001, 0.003, 1.5] for
the second network. As shown in Figure 2(a) and Figure 3(a), the networks are able
to produce confidenc intervals which are nested, have a decreasing width and bound
the data set tightly. In order to achieve a possibilistically valid result, K(y) is deter-
mined through a post-processing analysis that quantifie the number of training data
points contained within each interval. This allows to derive the approximate and re-
liable possibility function, which use the same interval boundaries but with respective
possibilistic values. The differences can be observed when considering the prediction
on a specifi x-value. The results for the approximate and reliable transformationwith
different γ-levels at x = 0.4 are shown in Figure 2(b) and Figure 3(b).

After verifying the nominal performance on the training data set, the next step is to
analyze the network’s predictive capabilities on unseen data and compare the reliable
and approximate transformations. To do so, the consistency of confidenc predictions
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Figure 2: Prediction and validity results of network with ten confidenc intervals.

is evaluated on an unseen data set by checking Eq. (5) for different transformations.
When assessing the numberof correct predictionsper interval, the correspondinggraphs
should remain above the (1 − α)-line. This indicates that for any arbitrary α-level, the
network is overly conservative but does not produce false predictions. The results for
the same networks are shown in Figure 2(c) and Figure 3(c). As expected, the reli-
able transformationwith increasing γ-levels is more conservative than the approximate
transformationand allows to provide confiden predictions for unseen data. Note that
with an increasing number of intervals, the possibility functions start to converge to
the result of the Optimal Transform [4] of a normal distribution, which implies that the
network is able to capture the underlying relationships between the probabilistic and
possibilistic space.
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Figure 3: Prediction and validity results of network with fift confidenc intervals.
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Furthermore, the great benefi of using this neural network structure under limited
data is shown in a second example, where the network is trainedon a data set which is in-
fluence by two combined uniform noise terms W1 ∼ U(−0.2, 0) and W2 ∼ U(0, 0.4).
The random variable w is drawn from W1 for one half of the total samples and from
W2 for the remaining half. As in the previous example, N = 80 randomly sam-
pled input values x with their corresponding noisy measurements ŷ are used. The
same network architecture is maintained, but the hyperparameters are now optimized
to λ = [0.0021, 0.003, 1.5]. The results for the network prediction and the reliable and
approximate transformationare shown in Figure 4. The network demonstratesthat com-
parable performance to the Gaussian noise case can be achieved. This shows that the
proposed method is able to provide reliable confidenc predictions under limited data
and without any prior informationabout the underlying distribution.
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Figure 4: Prediction and validity results of network with fift confidenc intervals with
uniform noise distribution.
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5 CONCLUSION

In this work, a novel framework for uncertainty-aware neural-networks using possi-
bility theory is introduced. The proposed methodology successfully quantifie uncer-
tainty in training data by giving nested prediction intervals for possibilistic interpreta-
tions. While the main contribution is from the derivation of a suitable loss function for
such specifi desires, the trained output can be extended by using the approximate and
reliable transformation principles found in possibility theory. Especially the latter is
meant to give reliable confidenc predictions on an unseen data set.

Empirical results demonstrate constant performance across diverse data sets, even for
non-Gaussian noise distributions. It is especially remarkable that the network does not
need any prior information or assumptions about the underlying distribution. While
such characteristics show promise for applications in safety-critical environments like
autonomous driving, challenges remain in capturing highly-nonlinear and/or multidi-
mensional data distributions. Future research could be directed towards improving the
convergence behavior and extending the proposed methodology, especially the sensitiv-
ity and optimization of the hyperparameters, which, so far, is the most challenging part
for more complex data sets. One promising approach is to formalize different loss terms
explicitly in the network architecture to reduce the sensitivity and number of hyperpa-
rameters while keeping the same guarantees. It is especially challenging to guarantee
nested intervals over the whole domain rather then only on the training set, which could
be resolved by this enhancement.

In general, possibilistic neural networks provide a promising alternative to traditional
probabilistic methods, offering a principled approach to uncertainty representationthat
supports the development of more reliable AI systems.
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