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1 INTRODUCTION

In computational engineering, machine learning (ML) approaches are gaining increasing
attention as alternatives and extensions to traditional simulation techniques [1} 2 3]. Data-
driven methods are successfully used in material modeling [4, |5, [6] and characterization [7,
8], whereas a growing variety of physics-informed methods emerges for the solution of the
static equilibrium condition [9} [10} [11]. The present contribution describes the general, unifie
neural network approach CANN-DEM [12] for elastostatic simulations. Analytic expressions
for the material model [13} [14} [15] are replaced by an Artificia Neural Network (ANN) and an
integrated procedure for training based on a small extent of data is suggested to automatize the
material characterization. This results in a material-specifi neural solver ready to be used in
simulations at the structurallevel.

The current contribution is structured as follows: Section 2 (Methods and Materials) ex-
plains the Neo-Hookean models used in the case studies, as well as the basics of neural meth-
ods (CANN and DEM). The proposed setup is outlined in Section 3 (Integration of DEM and
CANN). The validation of the proposed setup is shown in Section 4 (Case Study), which is
followed by a discussion of advancements, limitations and challenges of implementation in
Section 5 (Results). Finally, Section 6 summarizes conclusions and possible future directions
of the research work.

2 METHODS AND MATERIALS
2.1 Constitutive modeling of hyperelastic materials

In the hyperelastic theory [16, 17, (18], the material behavior is prescribed by the strain energy
density W [19} 20] from which the stress tensor is determined by derivation with respect to
the kinematic quantities. In the present contribution, a compressible Neo-Hookean solid is
investigated, namely

U(L,J) = %)\(log(J))2 — plog(J) + 5(I —2), forC e R2x2 | (1)

with I; the firs invariant of the right Cauchy-Green tensor C = FTF, F the deformation gradi-
entand J = det F. \ and ;s are Lamé material parameters that are determined experimentally.

2.2 Artificial Neural Networks (ANNs)

Artificia Neural Networks (ANNs) [21}122] with parameter set © consisting of the weights w
and biases b representarbitrary mappings R : R" — R™ [23] with n and m the inputand output
layer width, respectively. For the DEM, a Fully Connected Neural Network (FCNN) is applied,
whereas the CANN requires a custom architecture. The training uses gradient descent based
optimization algorithms like Adam. Data-driven loss contributions are computed by means of
the Mean Square Error (MSE) function

11 = k D k\\2
MSE:NEZZ(&(P)—RKP )T (2)

Here, P denotes the input to the ANN, R the target outputand R the actual ANN output of
dimension m with NV entries. In the following, quantities denoted with a tilde indicate ANN
outputs or quantities that are calculated based on ANN outputs.
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2.2.1 The Deep Energy Method (DEM)

The original PINN formulation [24] suggests a loss function based on the squared residual
N of the PDE that is specifie on the collocation points inside the body while the BCs are
formulated as another, scaled contribution to the loss function, computed at the collocation
points on the boundary [25, 9]. For the solution of coupled problems, several additional terms
can be accounted for in the loss function [26]. This approach is adopted by the DEM, which
has been introducedspecificall for coupled boundaryvalue problems including damage phase
fiel modeling and piezoelectricity [27, 28]. Opposite to the standard PINN, the DEM only
requires firs derivatives of the displacement fiel @ (X ) to compute the total potential energy 1
as the loss function, thus reducing the numerical complexity. The input of the ANN are points
in the reference configuratio X € B UT, in the domain B and on its boundary' =T'p UT'y
consisting of the Dirichlet boundary part ', and the Neumannboundary partI'y.

A transformationcombines the prescribed displacements on the boundaryup(Xp), Xp €
I'p and the ANN outputz2(X) to calculate the displacement fiel 4 (X). To this end, a continu-
ously differentiable mapping A(X) independentfrom the ANN parameters with A(X p) = 0
is introduced. In a furtherstep, the definitio of up is extended by setting entries corresponding
to free collocation points to zero: up(Xpr) = 0, Xp € BUI'y, X ¢ I'p, such that the
displacement fiel reads:

a(X) = up(X) + AX)2(X) . (3)

Accordingly, u fulfill the Dirichlet BCs andis differentiable w.r.t. X so thatthe NN parameters
are are trained as the solution of an unconstrainedoptimization problem.
The correspondingloss function to minimize is

o2 (@) =1 = [

U(F)—b-a)dV - | T-udA (4)
(v (F)-ba)jav- |

with the deformationgradient F' = %, body forces b and the tractionT = P-N define as

the 1°* Piola-Kirchhoff stress tensor P projection on the outward normal N of T'. The described
informationfl w is illustrated in Fig.
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Figure 1: Informationfl w in DEM [12].

2.2.2 Constitutive Artificial Neural Networks (CANN)

Constitutive Artificia Neural Networks (CANNs) [29] 30} 31] replace the conventional ap-
proach of fittin the stress-strain curves of hyperelastic materials by a manually chosen set of
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analytic expressions with a generalized ANN approach. The activation functions in the CANN
are oriented on typical function types in conventional hyperelastic material laws and summed
up in order to retain polyconvexity. Alternatively, Kolmogorov-Arnold-Networks (KANs) and
more generic ANN architectures combined with automatic pruningcan be applied [32} 33} 34]

CANN learn the strain energy density ¥ depending on the deformation gradient F which
inherently provides thermodynamicconsistency. This way, the firs Piola-Kirchhoff stress ten-
sor can be obtained via autograd according to P = g—g . On the inputside, the invariants of F
are calculated and passed into the ANN which enforces material objectivity, frame indifference,
material symmetry and isotropy.

3 A NEW GENERIC ANN-APPROACH FOR SIMULATION IN SOLID MECHAN-
ICS: INTEGRATION OF DEM AND CANN IN A NESTED SETUP

In order to replace the analytical expressions for the material model in the DEM, a generic,
neural approach is suggested in the following. The aim is to set up a completely automated
process which integrates the material characterization and the simulation step and requires only
a small number of experiments and no explicit knowledge of an material model. The struc-
ture is moreover designed to allow the application of the obtained material model in further
simulations. The completely ANN based nature of this approach finall allows to perform the
computationon the same highly parallelized and optimized hardware, such as graphics or spe-
cialized ML accelerator cards.

3.1 Training stage

In the training stage, the material characterization is carried out in a nested setup of DEM
and CANN depicted in Fig. [2| resulting in two nested training loops. Input to the coupled
CANN-DEM training are coordinates in the undeformed configuratio X, one or more sets of
BCs and the displacements u of the measured deformation. The inner training of the DEM is
runto predict the deformations based on the given BCs and the randomly initialized state of the
CANN. From the difference between the DEM outputw; and the measured deformation state u;
caused by the prescribed BCs, the loss value for the outer training of the CANN is calculated as

N
1 .
Loann = N E (u; — ;)? (5)
=1

with N the number of grid points in the geometry. In this setup, every epoch of the CANN
training requires training of the DEM to compute the predicted deformations . Since the
CANN values are updated adaptively, the DEM training load is reduced in later epochs of
the CANN training, comparable to the process of transfer learning. Fig. [2| shows the detailed
structureof the CANN-DEM trainingstage. During the initial training phase, the DEM network
requires significantl more epochs to converge. Even withoutthe CANN optimizer being active,
the CANN loss changes significantl duringthe firs epochs due to variations in the calculated
displacement fields This introducesconsiderable noise in the CANN loss at the beginning of the
training, thus jeopardizing the efficien y of the coupled training. To address this issue and better
separate the effects of inner and outer training processes, a starting phase is introduced, where
the CANN optimizer remains inactive until the last ten CANN losses are below a threshold
(outer_loss_conv_crit).
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Figure 2: Nested structureof the CANN-DEM. The red path s the calculation path requiringdifferentiation through
the DEM optimization process [12].

3.2 Application stage

After the training, the neural network approach can be used for simulations on the structural
level where the inputs are sample points in the new domain as well as both Dirichlet and Neu-
mann BCs. In this stage, the parameters of the CANN stay fi ed and are not anymore subject
to optimization. Only the optimizer of the DEM is applied to fin a displacement fiel which
satisfie the equilibrium conditionbased on the correspondingstresses calculated by the CANN.
This training is the counterpartof the Newton-Raphson scheme in the FEM and visualized in

Fig.
4 CASE STUDY

4.1 Data generation

A multiaxial static tension-testing machine and an optical system to measure the surface
displacements of the test specimen as described in [35} 36} 37] is simulated by a conventional
run of the DEM in the present study in order to generate the training data. To this end, N, =
20, N, = 5 equidistant collocation points have been used. The ANN consists of three hidden
layers with Tanh activation function with 8 neuronsper hiddenlayer. The accuracy of this setup
is investigated on a 2D cantilever beam from [28] thatis made of a Neo-Hookean material with
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Figure 3: Structure of the CANN-DEM application phase. The CANN parametersare now fi ed [12].

E = 1000 Pa and v = 0.3 and has length L = 4 m, height # = 1 m and width D = 1 m. The
beam is clamped at the left side and subjected to a uniform tractionload with the resulting force
R = —5.0 N at the right end.

Note that the training data can also be generated by the traditional FEM, however the DEM
simulation allows for direct analysis of the results at the same collocation points, thus facilitat-
ing their.

4.2 Hyperparameter

The model requires several hyperparameters to be set in order to run the simulation [12].
Besides conventional values such as the learning rates for the inner and outer optimizer, the
layer widths for both ANNs and the numbers of layers and types of activations functions need
to be defined The nested setup requires to introduce further parameters such as a convergence
criterion for the inner DEM training loop, weighing parameters of the inner against the outer
loss function and adapted parameters during the starting phase and to determine when to end
the starting phase.

The CANN layer width is varied in the case studies and stated for each numerical sample
separately, together with the function that the CANN represents in symbolic form. Similar to
[30], the CANN takes the deformation gradient as input, calculates its invariants, then passes
them through a mixed layer with linear and quadratic functions, followed by another mixed
layer with linear and exponential functions. A fina linear layer combines all values into the
scalar value for the strain energy density. The convergence criterion for each DEM training
checks if the difference of the last end_length = 4 losses is less than conv_crit.

5 RESULTS

A twelve-parameter CANN with linear, quadratic, and exponential activation functions to
capture complex material behaviors is trained based on the compressible Neo-Hookean model,
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whereas additional case studies concerned with alternative material types are presented in [12].
The compressible Neo-Hookean model [28] follows the equation

W(T,,.J) = A (log(/))* — pulog(]) + Lyl —2) ©)

The prescribed values for the Lamé parameters in the simulated example are A\ = 16443 X and
v = 336 5. The training utilizes six deformation states based on the load cases given in Table

Table 1: The six different load cases used for the twelve parameter CANN-DEM training.

Load case to t1 ta 13 ta ts
Load in x-direction/ N 0 0 0 100 300 400
Load in y-direction/N 3 -15 50 -50 0 -100

The training process reduced the loss steadily, identifying the material law of the form

(I, J) = 157.54 - (I; — 2) + 0.00 - (exp (0.00 - (I; — 2)) — 1)
+0.00 - (J — 1) +0.00 - (exp (0.00 - (J — 1)) — 1) 7)
+2.57 (I; —2)* 4+ 0.00 - (exp (0.00 - (I; —2)*) — 1)
+1166.02 - (J — 1)? 4+ 600.47 - [exp(5.03 - (J — 1)%) — 1]

The identifie material model closely approximates the expected factor at the term (/; — 2)
(Eq. [6) and fina deformations accurately match the numerical surrogate simulations shown in
Fig. 4] The stretch-stress behavior confirm that the twelve-parameter CANN (Eq. [7) closely
replicates the behavior of the underlying material model over a broad range of deformations.

uniaxial tension shear
1000 1 3001
© h
= 5001 - e 200
o X
= S
3 ]
S 0 ||? 100
7
» 500 1 g 0
>
~1000 ] —100 7
0.50 0.75 1.00 1.25 1.50 1.75 2.00 0.50 0.75 1.00 1.25 1.50 1.75 2.00
stretch A stretch A

----- compressible Neo-Hookean model
—— twelve-parameter CANN: batch-optimized on six deformations in x- and y- directions

Figure 4: Comparison of stretch-stress behavior between the compressible Neo-Hookean model and the twelve-
parameter CANN model trained on six deformations [[12].

To assess the generalization capability of the trained twelve-parameter CANN, the approach
is tested against three load conditions which are not part of the training data set, namely the
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loads at the right end of the beam
to=[ON, 8N], t; =[100N, ON], ty=[200N, 100N].

The results show that the predicted deformations closely match the numerical surrogate sim-
ulations (Fig. [5). The calculated loss values are within the same range as during the training.

deformed beam (t, =200 N, t, =100 N)

—— undeformed

deformed beam (t,=0N, t, =8 N)
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Figure 5: Comparison of the resulting deformation from given material model and predicted material model for
three different load conditions that are not used in training [12].

6 CONCLUSIONS

In this study, a generic ANN-approach consisting of DEM and CANN in a nested setup has
been investigated for elastostatic simulations. No explicit material model is required, as the
CANN replaces analytical expressions to describe the material behavior. The model is trained
based on a small number of deformation states and corresponding boundary conditions and
can be used in further simulations on a structural level. The test presented in the contribution
applies a twelve-parameter CANN for a compressible Neo-Hookean material. The CANN-
DEM training has been conducted with six deformation states on 100 sample points.

The achieved results have shown that the coupled CANN-DEM architecture works robustly
and performs comparable to a conventional method with an analytical constitutive model. The
nested approach is shown to be able to identify hyperelastic material models within a space
spanned by up to twelve parameters given training data that incorporates sufficientl different
stress-strain states. The test results show a high accuracy in all case studies. Both the given dis-
placement field and the stretch-stress behavior of the given material models are approximated
closely. The resulting CANN models generalize well for loading conditions which are not part
of the training data. Accordingly, the presented CANN-DEM approach allows to conduct a
completely ANN based simulation of structural behavior without a conventional constitutive
model. Instead, a data-driven approach based on a small number of experiments is sufficien
to reliably depict the material behavior and subsequently perform simulations at the structural
level.

In conclusion, the integrated process is promising for application in a fully automatized lab
setting, from the specimen to the fina material model and simulation setup. Still, specimen of
more complex shape, e.g. containing a hole or an L-shape sample, and more complex loading
conditions, which lead to stress concentrations and a variety of multiaxial stress states, are
expected to reduce the required number of load cases further [38, 39/ 40]. To allow a complete
3D characterization of the material, a multi-camera setup could give the necessary data in a
single pass. Moreover, deformation data should be included that contains larger stretches. This
could help to reduce unexpected parameter combinationsin the resulting CANN model.
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