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Abstract

In recent years, the rapid advancement of computers and their capabilities has enabled the
solution of complex realistic problems using numerical methods, such as the finite element
method (FEM). The classical deterministic FEM ignores the inherent uncertainty in the
problem’s parameters. This unutilized information is taken into account in the stochastic finite
element method (SFEM), which is an extension of the classical method, incorporating
stochastic analysis to handle uncertainties. In the framework of SFEM, the finite elements are
characterized by random properties described by random variables. In this way, a more refined
and accurate model of the problem is created, although this leads to an increase in
computational cost.

The aim of the present work is the application of SFEM for the analysis of two concrete
structures and the extraction of useful conclusions that can lead to safer and more cost-effective
designs, as well as to the improvement of safety factors in construction codes. To this end, the
mesoscale random fields of the elasticity tensor of concrete are determined from the
reconstructed microstructure of a cubic specimen. Additionally, their statistical characteristics
are computed and sample functions are generated using the spectral representation method
and translation field theory, in order to examine the response variability of the above structures
and to understand the effect of the random microstructure on their macroscopic behavior.
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1 INTRODUCTION

Concrete is by far the dominant material in construction. It is estimated that the current global
production of concrete amounts to approximately 11 billion tons per year, making it the most
widely produced material in the world today. No other material, apart from water, is consumed
by humans in such astonishing quantities. Additionally, concrete is the primary material that
determines the economic development of a region, as most infrastructure projects are built with
it. However, its highly heterogeneous and complex microstructure makes it very difficult to
reliably predict its behavior, since theoretical models and analytical methods in mechanics of
materials are insufficient when it comes to concrete structures [1].

In this work, the response variability of two concrete structures is computed using stochastic
finite elements based on mesoscale random fields of the elasticity tensor, which are derived
from the reconstructed microstructure of a cubic specimen [2]. To achieve this, the statistical
characteristics of these fields are evaluated [3] and sample functions are generated using the
spectral representation method in conjunction with translation field theory [4,5]. The objective
IS to assess the effect of the random microstructure on the macroscopic behavior of the above
structures, with the ultimate goal of extracting useful conclusions that can lead to safer and
more cost-effective designs, as well as to the improvement of safety factors in construction
codes.

The paper is organized as follows: In Section 2, the methodology followed for determining
the mesoscale random fields of the elasticity tensor of concrete from the reconstructed
microstructure of a cubic specimen is analyzed. Section 3 focuses on the generation of sample
functions and the examination of the response variability of two concrete structures. The key
conclusions derived are presented in Section 4.

2 RANDOM FIELDS OF THE ELASTIC PROPERTIES OF CONCRETE

In this section, the methodology followed in the recent publication by Stefanou et al. [2] for
determining the spatial variation of the elastic properties of concrete at various scales is
presented, taking into account its highly heterogeneous and complex microstructure. From the
computed tomography of a cubic concrete specimen, its microstructure is reconstructed and the
mesoscale random fields of the elasticity tensor are computed by applying the moving window
method in conjunction with the computational homogenization process. The analysis of the
statistical characteristics of the mesoscale random fields enables the investigation of the effect
of the random microstructure on the macroscopic behavior of concrete.

2.1 Computed tomography

Computed tomography is an imaging method for visualizing the internal structure of an
object using X-rays. More specifically, a radiation source rotates around the object and its
attenuation is measured by a series of detectors positioned diametrically opposite, as shown in
Figure 1. Upon completing a full rotation, automated algorithms generate a two-dimensional
cross-sectional image of the object, known as a tomographic image. When a sufficient number
of consecutive tomographic images of the object are collected, they can be combined to
reconstruct its three-dimensional internal structure.

Each pixel of the tomographic image represents the measured attenuation value of the
radiation, which is converted through a linear transformation into the corresponding HU value
on the Hounsfield scale. The Hounsfield scale is a system for quantifying the density of an
object, where distilled water under standard pressure and temperature corresponds to 0 HU ,
while air under the same conditions corresponds to —1000 HU .
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Although computed tomography was initially developed and applied for medical purposes,
the gradual increase in its availability and reduction in cost today have expanded its use to other
fields, such as the study of the microstructure of heterogeneous materials.

Intensity

Source distribution

Projection surface

Figure 1: Source-detector pair and radiation attenuation.

2.2 Computational homogenization

Computational homogenization is a process used to replace a heterogeneous material with
an equivalent homogeneous one by determining its effective properties. This approach offers
an efficient alternative for analyzing heterogeneous materials, as the computational cost is
significantly reduced compared to directly simulating the microstructure at the macroscale. The
effective properties describe the macroscopic behavior of the heterogeneous material and are
linked to its microstructural characteristics through Hill's energy condition, which is also
referred to as Hill's macro-homogeneity condition by some researchers.

2.2.1 Representative and statistical volume element

In the context of computational homogenization, a representative volume element (RVE) is
considered, which sufficiently captures the microstructure of a heterogeneous material. The
RVE must be large enough to incorporate all essential microstructural characteristics, while
remaining small enough to allow efficient computational handling.

According to Hashin [6], the determination of the RVE is based on the assumption of
statistical homogeneity, which states that the statistical characteristics of a heterogeneous
material are similar throughout its extent. In the case of heterogeneous materials with a periodic
or nearly periodic microstructure, the RVE can be explicitly defined, whereas for heterogeneous
materials with a random microstructure, the RVE is determined approximately.

According to Hill [7], the existence of the RVE requires a separation of scales in
the form:

d <Ll (1)

where d the characteristic dimension of the microstructure, such as the average size of the
aggregates, L the characteristic dimension of the RVE at the mesoscale and L, the
characteristic dimension of the problem at the macroscale. Figure 2 depicts an illustration of
scale separation.
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Figure 2: Illustration of scale separation.

The RVE is characterized by constant and deterministic properties. To account for the spatial
variation of properties at the mesoscale, the concept of the statistical volume element (SVE) is
introduced [8,9]. The SVE is always smaller than the corresponding RVE and is described by
the non-dimensional parameter & =L/d with & €[1,20], which is called the scale factor. The
properties derived from an SVE are referred to as apparent properties. When & — oo, the SVE
approaches the corresponding RVE and the apparent properties converge to the effective
properties.

2.2.2 Computation of the apparent elasticity tensor

Let a random mesoscale realization of the microstructure of a heterogeneous material B, (8),
which is defined in a coordinate system Y . The stress and strain fields, expressed as a
superposition of means (& and &) and zero-mean fluctuations (o’ and &'), are written as:

o (0.Y)=5+0'(6,Y) £(0.Y)=F+£'(0,Y) 0)

The means of stress and strain tensors at some point X of the macroscale are
computed as:
&(X)=2- [ o(6.Y)av, F(X)=c- [ &(0,Y)av, 3
5 8,(0) Vs 8(0)

The volume average of the strain energy is given by:

U=— | a(e,v):g(e,v)dv5=%E= G:e+-0'1¢ (4)

N |-
N |-

where the notation o : ¢ represents o;¢; . For 6 — oo the term o':&" becomes negligible and
it follows that:

ciE=GF (%)
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Equation (5) is known as Hill’s energy condition and is also valid when the following constraint
Is satisfied:

| (t-&n)(u-gY)ds =0 (6)

0By

where t the traction vector and u the displacement vector. Equation (6) is a priori satisfied by
the following boundary conditions:
e Uniform strains (otherwise known as kinematic, essential or Dirichlet)

e Uniform stresses (otherwise known as static, natural or Neumann)
¢ Uniform orthogonal-mixed
e Periodic

The elasticity tensor, being a 4" order tensor, contains 3* =81 components, which are
reduced to 21 independent components due to symmetry. The matrix form of the elasticity
tensor is given by:

Ch C, Cy C, Cy Gy
Cyh Cp Cp Cp Ci Cy
C-— Ca C; Gy Gy Cy Gy 7
Cu Cp Cp Cp Cp Cy
G Ci G Gy Gy Gy
_CGl Co Cos Couu Cg Ceg i

In order to determine the apparent elasticity tensTor, it is necessary to impose a prescribed
uniform strain tensor £ =[&, &, & &, & &) ontheboundary nodes of the discretized
microstructure model through the following uniform displacements:

U, =D, & (8)

where D, a geometric matrix which depends on the coordinates Y,,Y,,Y, of the boundary node
b and is defined as:

2Y, 0 O

0 2, O

0O 0 2.
p, -1 : ©

2lY, Y, O

0 Y, Y,

Y, 0 Y
The apparent elasticity tensor is now computed as:

C,(0)= vi DK,,D’ (10)

9

where K, = K,, — K, K;'K, the condensed stiffness matrix resulting from the separation of
the internal nodes i and the boundary nodes b and D=[D, D, ...| a matrix containing the
geometric matrices D, of the boundary nodes b [10].
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2.3 Determination of mesoscale random fields

The determination of the mesoscale random fields of the elasticity tensor of concrete is
achieved through the application of the moving window method to a cubic specimen, whose
microstructure has been reconstructed based on a set of tomographic images.

2.3.1 Reconstruction of concrete microstructure

The cubic concrete specimen used had dimensions of approximately
136.724x136.724x131.25 mm® . From its computed tomography with a constant slice
thickness of 0.625 mm, 211 tomographic images were obtained with a resolution of 281x 281
pixels, meaning a pixel spacing of 0.4883x0.4883 mm?. Figure 3 depicts a tomographic image
of the cubic concrete specimen.

These data are utilized for the reconstruction of its microstructure, which is divided into a
set of SVEs, as shown in Figure 4, by applying the moving window method. Each SVE is
discretized with hexahedral elements corresponding to the voxels of the reconstructed
microstructure. In order to reduce the computational cost, the hexahedral elements consist of a
grid of 2x2x2 voxels. At the integration points of the hexahedral elements, the appropriate
material is assigned depending on the HU values of these points, which are computed based
on the corresponding nodal quantities through the shape functions.
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Figure 3: Tomographic image of the cubic concrete specimen.
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Figure 4: Reconstructed microstructure of the cubic concrete specimen, which has been divided into a set of SVEs.

The distinction of concrete constituents lies in defining representative HU value ranges for
each of them. More specifically, for the pores, cement and aggregates the ranges [-960,800],
[800,2000] and [2000,2974] are selected respectively, as shown in Figure 5. Additionally, for
the cement the modulus of elasticity and Poisson’s ratio are considered to be 20 GPa and 0.2
respectively, while for the aggregates the same properties are considered to be 100 GPa and
0.2 respectively. The pores are modeled as an almost incompressible material with a modulus
of elasticity equal to 1% of that of cement, meaning a modulus of elasticity and Poisson’s ratio
of 0.2 GPa and 0.45 respectively.
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Empirical distribution
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o
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Cement Aggregates

Hounsfield units

Gray scale level

Figure 5: Empirical distribution of HU values.
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2.3.2 Moving window method

In the moving window method, an initial window of dimensions L, xL, xL, is shifted with
a fixed step A& in all three directions, fully covering the microstructure. In this way, a set of
windows is extracted, each containing a small portion of the microstructure. For every window,
the apparent properties are computed through the procedure described in Section 2.2.2. These
properties are then combined with the positions of the window centers to form the
corresponding random fields. Figure 6 depicts an illustration of the moving window method.

L

Figure 6: Illustration of the moving window method.

From the random fields, histograms of their values can be obtained and their spatial
correlation functions can be determined for every lag (§X,§y,§z) as:

5 1 Nux Moy My
Pa (égx,fy,fz):m;;g
A(Xi1yj’zk)_:uA B(Xi+§x’yj+§y’zk+§z)_:u8 (11)
o, o

-n, A& <& <n, A&, -n, AE<E <n, AE,—n, ,AE<E <n AL

where u,,u; the mean values and o,,0, the standard deviations of quantities A B
respectively. When A=B, p; denotes auto-correlations, otherwise cross-correlations are
defined.

It is noted that the moving window step was selected equal to its size to avoid extracting
overlapping windows. The examined mesoscale sizes, the dimensions of the moving window
and the total number of SVEs are provided in Table 1.

Ji LxxLyxL;(mm®  No.SVEs
01 4.88 x 4.88 x 6.25 16464
02 9.77 x9.77 x 8.75 2940

03 19.53 x 19.53 x 18.75 343
04 27.34 x 27.34 X 26.25 125

Table 1: Examined mesoscale sizes, dimensions of the moving window and total number of SVEs.
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2.3.3 Results

In this work, the mean xy plane of the three-dimensional concrete specimen is considered
and the two-dimensional random fields of the elasticity components C;; and C,, are computed
for all examined mesoscale sizes. These fields are depicted in Figures 7 and 8. The elasticity
components C,; and C,, represent the axial and shear stiffness respectively and are measured
in GPa. Lengths are measured in mm.
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Figure 7: Random fields of the elasticity component C11 .
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Figure 8: Random fields of the elasticity component C44

Figure 9 depicts the cross-correlations between the elasticity components C,; and C,, for
lag values along x (&,, &, =0)and y (&, =0, &,), while Figure 10 depicts their scatter plots.
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From Figure 10, it follows that the elasticity components C,, and C,, exhibit a strong
correlation with each other, as expected.
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Figure 9: Cross-correlations between the elasticity components C, and C,, for lag values along x (&, & =0)
and y (£, =0,¢)).
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Figure 10: Scatter plots of the elasticity components C, and C,, .

The correlation lengths of the random fields of the elasticity components C,, and C,, are
obtained by fitting a predefined correlation model to their auto-correlations, as shown in Figures
11 and 12. In this work, the squared exponential model is used, as it represents a realistic choice
for concrete and is given by:

Rf‘f (gxlfy) = 0-2 eXp _(%J _(éJ (12)

X y

where b,,b, the parameters which are proportional to the correlation lengths of the random
fields along the x,y axes respectively.
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Figure 12: Fitting of the squared exponential model to the auto-correlations of the elasticity component C,, .

Additionally, the fitting of both the normal and the lognormal distribution to the histograms
of the elasticity components C,, and C,, is examined, as shown in Figures 13 and 14. It is
observed that the lognormal distribution provides a satisfactory approximation of these
histograms and therefore non-Gaussian fields are required for the simulation of the random
fields of the elasticity components C,; and C,, , particularly at smaller scales. Another reason
for preferring the lognormal distribution is that it eliminates the possibility of negative values
for the elasticity components C;, and C,, .
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Figure 14: Fitting of both the normal and the lognormal distribution to the histograms of the elasticity
component C,, .

3 RESPONSE VARIABILITY OF CONCRETE STRUCTURES

This section focuses on generating sample functions of the random fields of the elasticity
tensor of concrete by applying the spectral representation method in conjunction with the
mathematical theory of translation fields. This method is well suited in the context of Monte
Carlo simulation, which is used for computing the response variability of two concrete
structures [11]. Useful conclusions are derived regarding the effect of the random
microstructure on the macroscopic behavior of concrete.

3.1 Spectral representation method

The i-th sample function of a two-dimensional
given by [4]:

homogeneous Gaussian field is

N 1N, -1

where ()"

1
Ny

distributed in the range [0, 27]

£0) (X,

n,=0n, =0

(2)
+ A]Xny cos (Kxnx X=Kyp Y+,

(2)(0)

nyn,

Aﬂy = \/ZSﬁ (KXnX’Kyny )AK‘XAK‘y

A = 25 [ o,

375

V)=32 ) 3| A, cos(x, x4k, y+olh))

)]

the i-th sample of the independent random phase angles uniformly
. The coefficients A} , A”) are written as:

(13)

(14)

(15)
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where
K = NAK, Ky =NAK, (16)
K K
Ak, =4 Ak, == 17
N, YN, (17
n,=01..N, -1 n,=01..N, -1 (18)
and
An =Al =0 (19)
AD =A% =0 (20)
or
Sy (0.%,) =S (x,,0)=0 (21)

The terms N,,N, represent the number of intervals in which the wave number axes are
subdivided, whlle the terms x,,,x,, represent the cut-off wave numbers beyond which the
power spectral density function of the random field is assumed to be zero. The cut-off wave
numbers are computed as:

[ 8¢ (x0x,)didr, =(1-2)[ [ Sy (x,.x, )dr,dx, (22)
0 —o

0 —xy

where ¢ an arbitrarily small positive number, such as £ =0.001.

The fulfillment of Equations (19)-(21) is necessary to ensure that the mean value and
auto-correlations of any sample function are identical to those of the original field. Additionally,
to avoid the aliasing effect, the space increments Ax and Ay, separating the generated values
of any sample function along the x,y axes respectively, must satisfy the conditions:

<X Ay < z (23)

Ky Kyu

The power spectral density function corresponding to the squared exponential model is

given by:
b.b 2 (b,
o é)‘:ﬁy exp{ (bxng _( y;yj J 24)

It is noted that the same set of phase angles was used for generating the sample functions of
the elasticity components C,;, and C,, . This is in accordance with the observation that the
elasticity components C,, and C,, exhibit a strong correlation with each other. The terms
N,, N, were selected equal to 20.

wn
=
—_
tﬁ
A
~<
~
I
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3.2 Translation fields

The generation of sample functions of a non-Gaussian field is based on a simple
transformation of some underlying Gaussian field. If g(x, y) a homogeneous zero-mean
Gaussian field with unit variance, then a homogeneous non-Gaussian field f(x,y) is
defined as:

f(xy)=F"®[g(xy)] (25)

where @ the standard Gaussian cumulative distribution function and F the non-Gaussian
marginal cumulative distribution function of f(x,y). The transformation F'® is a
memory-less translation, since the value of f (x,y) at an arbitrary point (x,y) depends on the
value of g (x, y) at the same point only. The resulting non-Gaussian field is called a translation
field [5].

In the case of lognormal translation fields, Equation (25) becomes:

f(xy)=exp|u+og(xy)] (26)
where 4 and o the auxiliary parameters of the transformation.

3.3 Monte Carlo simulation

In the Monte Carlo simulation method, NSIM samples of a deterministic problem are
generated and the problem is then solved as many times as the number of samples. The response
variability of the problem is determined using well-known relationships of statistics. For
example, the mean value and variance of the displacement u, at degree of freedom i are
computed as:

1 NSIM

E(Ui):NSW 2 Ui(j) (27)

) 1 NSIM 5/ ,
u)=——— u —NSIM E- (u., 28
It is obvious that the accuracy of the estimation depends on the number of samples, which was
selected equal to 1000.

3.4 Numerical examples

In this section, the generated sample functions of the elasticity components C,, and C,, are
compared with the original fields and the response variability of two concrete structures is
examined. More specifically, the analyzed structures include a simply supported and a
cantilever beam subject to a uniform and a concentrated load respectively.

3.4.1 Generated sample functions

Figures 15a and 16a depict the generated sample functions of the elasticity components C,,
and C,, in the same domain as the original fields, while Figures 15b and 16b depict their
auto-correlations for lag values along x (¢&,, §,=0)and y (&, =0, &,). It is observed that
the first two statistical moments and the auto-correlations of the sample functions of the
elasticity components C,; and C,, are almost identical to those of the original fields.
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3.4.2 Simply supported beam

The simply supported beam analyzed is depicted in Figure 17. The beam has a unit thickness
and is modeled with four-node quadrilateral isoparametric elements under plane stress
conditions. The element size is chosen between b/4 and b/2 with b=min(b,,b, ), to
sufficiently capture the variation of the random fields of the elasticity components C,, and C,, .
The generated values of the sample functions correspond to the centroids of the elements. It is
noted that the monitored response quantity is the vertical displacement u, at the midpoint of
the bottom edge of the beam.

The mean and COV of the displacement u, are plotted in Figure 18 with respect to the
number of Monte Carlo simulations, along with the response histogram. Statistical convergence
of the results is achieved and it is observed that the structural response is influenced by the
statistical characteristics of the random fields of the elasticity components C,, and C,, and
particularly by the examined mesoscale sizes.
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Figure 17: Simply supported beam subject to a uniform load.
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Figure 18: Mean and COV of the displacement u with respect to the number of Monte Carlo simulations, along
with the response histogram.

3.4.3 Cantilever beam

The cantilever beam analyzed is depicted in Figure 19. The beam has a unit thickness and is
modeled with four-node quadrilateral isoparametric elements under plane stress conditions. As
in the previous example, the element size is chosen between b/4 and b/2 with b=min(b,,b, ),
to sufficiently capture the variation of the random fields of the elasticity components C, and
C,, - The generated values of the sample functions correspond to the centroids of the elements.
It is noted that the monitored response quantity is the vertical displacement u, at the free end
of the bottom edge of the beam.

The mean and COV of the displacement u, are plotted in Figure 20 with respect to the
number of Monte Carlo simulations, along with the response histogram. Statistical convergence
of the results is achieved and it is again observed that the structural response is influenced by
the statistical characteristics of the random fields of the elasticity components C,, and C,, and
particularly by the examined mesoscale sizes.
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Figure 19: Cantilever beam subjected to a concentrated load.
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Figure 20: Mean and COV of the displacement u ~with respect to the number of Monte Carlo simulations, along
with the response histogram.
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4 CONCLUSIONS

In this work, the mesoscale random fields of the elasticity tensor of concrete were determined
by applying the moving window method to the reconstructed microstructure of a cubic
specimen. Additionally, their statistical characteristics were computed and the methodology for
generating sample functions was described, in order to examine the response variability of two
concrete structures and to understand the effect of the random microstructure on their
macroscopic behavior. The key conclusions derived are as follows:

e The random fields of the elasticity components C,, and C,, become less variable and
histograms narrower, as the scale factor increases. More specifically, the COV reduces
from 63% to 16% for both elasticity components C,, and C,, , as the scale factor increases.

e The elasticity components C,, and C,, exhibit a strong correlation with each other, as
expected.

e The correlation lengths of the random fields of the elasticity components C,, and C,,
increase, as the scale factor increases. In other words, the random fields tend to a random
variable, as the scale factor increases.

e The random fields of the elasticity components C,, and C,, are statistically isotropic at
smaller scales, whereas a slight deviation from statistical isotropy is observed at larger
scales.

e The elasticity components C,, and C,, are well described by the lognormal distribution.

e The first two statistical moments and the auto-correlations of the sample functions of the
elasticity components C,; and C,, are almost identical to those of the original fields.

e The selected number of samples is sufficient to achieve statistical convergence of the
results.

e The structural response is influenced by the statistical characteristics of the random fields
of the elasticity components C,, and C,, and particularly by the examined mesoscale sizes.

e The response COV tends approximately to the COV of both elasticity components C,, and
C,, atlarger scales [3], while a reduction with respect to the input uncertainty is observed
at smaller scales.

The combination of the above observations can lead to safer and more cost-effective design
of concrete structures, as well as to the improvement of safety factors in construction codes.
The consideration of the interfacial transition zone for determining the spatial variation of the
elastic properties of concrete and the conduction of experiments to select the appropriate scale
factor [12] are subjects of further research that will contribute even more in this direction.
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