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Abstract

This study investigates the dynamic response of composite plates under epistemic uncertainties,
focusing on confidence bounds for vertical displacements. A composite plate with a clamped-
free-free-free boundary condition is modeled using the Finite Element Method (FEM) based on
Mindlin plate theory. The material properties and loadings are characterized using
probabilistic distributions and contain epistemic uncertainty. To approximate the confidence
bounds (envelopes) for output variables, Non-Intrusive Imprecise Stochastic Simulation (NISS)
method is applied, and the resulting High-Dimensional Model Representation (HDMR)
equations are optimized to obtain the confidence limits for CDFs. This procedure provides a
computationally efficient approach compared to the resource-intensive nested double-loop
Monte Carlo Simulation (MCS) for epistemic variables. The results provide a comparative
analysis of confidence bounds generated by both methods, highlighting the efficiency and the
associated error of the proposed NISS based framework.
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1 INTRODUCTION

In the fields of engineering and material sciences, understanding the behavior of composite
materials under uncertain conditions is a growing concern. Composite materials are known for
their lightweight combined with high-strength properties and are widely used in applications
such as aerospace, automotive, and civil engineering. However, their performance is influenced
by a multitude of factors, ranging from material properties to excitation forces, many of which
are inherently uncertain [1, 2]. These uncertainties stem from complex manufacturing
processes, variations in constituent material properties, inherent defects, and diverse excitation
loads and boundary conditions.

Probabilistic descriptions of uncertainties in composite materials are often hindered by
insufficient data [3]. As a result, epistemic uncertainty presents a significant challenge,
potentially compromising the safety and efficiency of critical designs. Direct approaches to
propagating epistemic uncertainty, such as the nested double-loop Monte Carlo Simulation
(MCS) method, require an exceptionally large number of deterministic simulations, which often
lead to computationally intractable procedures [4]. This issue is made worse in engineering
applications where the deterministic simulations are computationally demanding, such as those
based on the finite element method (FEM). To reduce computational costs, metamodels are
frequently employed, such as Kriging, Radial Basis Function, Polynomial Chaos Expansion,
and Neural Networks, as detailed in [1].

Approaches for problems involving epistemic uncertainties include the interval method [5-
8], fuzzy theory [9-13], among others. These are called non-probabilistic methods and have
been popularly adopted in structural dynamics [14]. The approach named imprecise
probabilistic method, also called P-box, has also gained attention [15, 16], where a distribution
with uncertain statistics is assumed. Among the recent advancements in this category, the Non-
Intrusive Imprecise Stochastic Simulation (NISS) has emerged as a promising technique, as
demonstrated in [17-20]. According to [21], the P-box model is still rarely applied to analyze
the uncertainty of composites. This study aims at this gap by proposing a novel framework to
efficiently tackle dynamic problems involving epistemic uncertainties. This work represents the
first attempt in the literature to apply NISS to composite vibration problems solved in the time
domain to the best of the author's knowledge.

This study is organized into five sections, beginning with this introduction as the first
section. The second section provides an overview of the theoretical framework related to the
simulation of the composite plate used in this work. The third section introduces the methods
for addressing epistemic uncertainty, specifically NISS and MCS. An illustrative example with
the corresponding solution is described in the fourth section. Finally, the study concludes with
a summary of findings and insights in the fifth section.

2 COMPOSITE PLATES THEORY

Composite materials are engineered by combining two or more constituent substances with
significantly different mechanical properties. This combination results in a material with
characteristics distinct from those of its individual components. While composites exhibit
exceptional mechanical properties, their complex heterogeneous structures and anisotropic
nature pose unique challenges for traditional analytical methods. The FEM overcomes these
challenges by discretizing the material into smaller, manageable elements [22], allowing for
detailed simulations of stress distribution, deformation and failure mechanisms.
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2.1 Finite Element Method for Mindlin Plates

The composite plate in this study is simulated using FEM by means of Mindlin plate theory
(first-order shear deformation theory, FSDT). According to [23], the displacement field, in this
case, is

U(X,y, Z) = uo(x'Y) + ng(x!y)' (1)
v(x,y, Z) = UO(xﬂy) + Zey(x!y)' (2)
1V(x»y,z):: Wb(x,Y)' (3)

where u, v, and w are the displacements in x, y, and z, respectively, 8, is the rotation on the x
axis, and 6, is the rotation on the y axis.
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To define the stiffness matrix, one should start from the strain energy and integrate it
throughout each layer over the thickness direction. The membrane part of the stiffness matrix
K'¢) the membrane-bending coupling components K and K'©) the bending K\ and the
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shear component Kg? are obtained as follows
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where nc is the number of layers, D is the rotated constitutive matrix, z, is the coordinate for
the k" layer in the thickness direction with the reference being the middle plane of the
composite plate as shown in Figure 1 (starting at k = 1 from the bottom). B,,,, B, and B are
the strain-displacement matrices for membrane, bending and shear, respectively, which hold
information regarding the shape function. For this study, the shape function is assumed as a
bilinear four-noded Q4 element as shown in [23].
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layer k

Figure 1: Laminated plate layer diagram. Based on Ferreira, 2014 [23].

Thus, the element stiffness matrix results in

K© =K + K9+ Ko + K + K. (10)

m

The global stiffness matrix K is then assembled through superposition. The corresponding
global mass matrix M is obtained in an analogous way.

2.2 Micromechanics for Elastic Properties

Using the constituents’ properties it is possible to derive the mechanical properties of the
composite plate. The elastic properties can be estimated by means of the Rule of Mixtures [24],
defined as a function of the volume fraction of fibers and matrix.

1/E; = Vi /E; + Vi /Em (12)
Vp=1-V; (13)

where E; and E;, are the longitudinal and transversal elastic modulus, V; and 1, are the volume
fraction of fiber and matrix, and Ef and E,, are the elastic modulus of fiber and matrix,
respectively.

Viz = VeV + vV (14)
Vo1 = VipEy /By (19
1/Gq, =Vf/Gf+Vm/Gm (16)

with v,; and vy, being the major and minor Poisson’s ratio. Gy and G, are the shear modulus
of the fiber and matrix, and G, is the in-plane shear modulus.
3 SIMULATION METHODS FOR DEALING WITH EPISTEMIC UNCERTAINTY

Epistemic uncertainty arises from a lack of knowledge or incomplete information in
modeling complex systems. This chapter focuses on NISS and MCS approaches, providing a
foundation for their application in subsequent sections of this study.
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3.1 Nested Double-Loop Monte Carlo Simulation

A nested double-loop Monte Carlo simulation is the brute force approach when dealing with
epistemic uncertainties. The following pseudocode in Table 1 portrays the code implemented
in Matlab, used to generate the results in this study.

Define the number of samples for the inner loop, N, and outer loop, N yy,¢.
Outer loop: fori = 1to N,y

Sample the epistemic interval of each epistemic parameter.

Inner loop: for j = 1to Ny,

Sample the uncertain variables using the epistemic parameters i.

end

Apply the N, sampled uncertain variables in the desired function.
end
Generate one CDF for each set of N, samples of the desired function.
Find the minimum and the maximum from all CDFs in each PQ (probability quantile).
Output: Build the graphical representation of the p-box using the set of minima and maxima
extracted from the CDFs in each PQ.

Table 1: Pseudocode for double-loop Monte Carlo.

3.2 Non-intrusive Imprecise Stochastic Simulation

To deal with epistemic uncertainty while avoiding the high cost of the double-loop MCS,
the NISS framework may be used. This method was proposed by Wei et al. [17] and uses a
combination of mathematical techniques like HDMR decomposition (High Dimensional Model
Representation), and importance sampling to approximate quantities of interest such as mean,

standard deviation, and failure probability. In Wei et al. [17], local (cut-HDMR) and global
(RS-HDMR) approaches are presented, where the local approach is more precise around the
chosen combination of epistemic parameters, called 8~ (i.e. the mean point of the interval).

For either cut-HDMR or RS-HDMR, the final equation for the quantity of interest should be
built as

d
EyO) =By + Y B+ Y Eyy(0y)++Eyaa(®), (1)
i=1

1<i<j=d

which, for cut-HDMR, follows

N
( . 1
Ecutyo(e*) = Nz y(k)
k=1
1 N
{ Ecut yi(gi) = Nz y(k) rcuti(x(k)lgi, 0*) ’ (18)
k=1

N

N 1
kEcut yij(eij) = NZ y(k) Teut ij(x(k)leij' 9*)
k=1
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x®|6;, 07
( Teue 1 (29916, 07) = s (x(!c)le*)l) !
X
o' . oy (19
(x®)6;;,07) = fx(x%9104;,0%)  fu(x®]6,6) fx(x*]6;,0;)
reut (% v fx(x(k) 0*) fx(x(k) 9*) fx(x(k) 9*)

here, the indexes i and j may assume values between 1 and the total number of epistemic
parameters. Hl.(k) denotes the k-th sample point of 8;, drawn from the joint samples. Similarly,
08.‘) represents the k-th sample point of 8,;, also drawn from the joint samples. The term ;;
refers to the 2-dimensional vector composed of 8; and 6;, 0 is the vector of epistemic
parameters, while 6_; denotes this same vector containing the epistemic parameters except for
6;. E is the approximation for the quantity of interest, which in this case is the mean.

Other quantities of interests such as probability of failure and variance may be defined, and
then, Equations 25 to 27 can be rewritten foIIowing Equation 28

,
fx(x '|6)
— 2 (7]
15%y(0) = NZ(Q (x%) - Ey) ;X((;C(k) |9*)) (20)
< (x®|0
P:(0) = Z Is(x ™) / ((;(k) |0*))

where I is the indicator function of failure expressed as I(x) =1 if x € F (failure), and
Iz(x) =0 if x ¢ F (safety), P is the approximated failure probability, and §7y is the
approximation of the variance (second moment about the mean). For more details about cut-
HDMR or complete equations for RS-HDMR, please refer to [17].

3.3 Confidence bounds and failure probability in dynamic problems using NISS and
MCS

The application of NISS and MCS to static problems is straightforward. However, certain
adjustments are required for dynamic problems. The proposed framework for calculating the
confidence bounds involves the following steps:

1. Generate Time Signals: For each sample of the input variables, generate a time signal
using deterministic simulation.

2. Group Solutions by Time Step: Organize the solutions from all time signals into
groups corresponding to each time step, resulting in as many sets as there are time
steps.

3. Process the data: Use each set of solutions as input for NISS (cut-HDMR or RS-
HDMR) or the subsequent steps of Double-Loop MCS.

In the case of Double-Loop MCS, confidence bands (also called envelopes) can be
constructed by determining the desired Probability Quantile (PQ) from the data collected at
each time step. For the NISS-based approach, an additional hypothesis of normal distribution
output is made. With that in mind, an optimization algorithm is needed to solve the following
problems
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Minimize f;;,(0),
(21)
Subjected to 0; min < 0; < 0 max i =1,...,0,
Maximize f,;,(0),
(22)

Subjected to 0; min < 0; < 0 max i =1,...,0,

here, p denotes the total number of epistemic parameters. For each epistemic parameter i, 8; jin
and 6; a4 represent the lower and upper limits, respectively. The functions f;;, (8) and f,,;, (8)
are defined as follows

fin(8) = E,(8) — X5,(8), (23)

fur(0) = Ey(e) + XSy(e)- (24)

In this context, E,, and S,, represent the output equations of the NISS method that approximate
the mean and standard deviation, respectively, as detailed in Equations 17 to 20. These
equations are computed in this study using the second-order cut-HDMR approach. For X = 2,
the resulting bounds (envelopes) are expected to achieve approximately 95.45% confidence.
The solutions to these minimization and maximization problems at each time step form the sets
that constitute the final confidence bounds.

4 NUMERIC EXAMPLE: DISPLACEMENT CONFIDENCE BOUNDS

The dynamic structure simulated in this work consists of a Graphite AS4/Epoxy 3501-6 plate
with a volume fraction of fibers V; = 0.6. The laminate has a stacking sequence of
[30,—30,—30, 30] and is subjected to clamped-free-free-free boundary conditions.

The excitation force F is a sustained load applied at the tip of the plate described as normally
distributed F~N (ug, o) with mean value of ur = F'[0.8,1.2] N and standard deviation of
or = F'[0.1,0.2] N, where F’' = —0.1 N. The longitudinal elastic modulus E; is also defined
as normally distributed E;~N(ug,,o0g ) With epistemic parameters mean ug =
E,'[0.8,1.2] GPa and standard deviation o5, = E;'[0.1,0.2] GPa. The value for E;" is derived
using the rule of mixtures and properties from Table 2, resulting in E{ = 138.2 GPa. Thus, the
vector of epistemic parameters is defined as @ = [ug,, pr , 0g,, OF].

The quantity of interest, that is the vertical displacement z, along with a schematic
representation of the composite plate is illustrated in Figure 2.

Figure 2: Composite plate diagram.
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E [GPq] vio[=] G, [GPa] p[kg/m®]
Fiber (Graphite AS4) 227.527 0.2 24.8211 1800
Matrix (Epoxy 3501-6) 4.2 0.340 1.567 1300

Table 2: Material Elastic properties extracted from MechG-Comp [25].

Newmark integration algorithm is applied to solve the finite element problem in time
domain. The optimization algorithm used in the results presented in this work is the PSO [26]
with the following parameters: number of particles, n = 64; momentum, w = 0.95; cognitive
component 1 and 2, C; = C, = 2.01; tolerance, tol = 10~°; maximum number of iterations,
nmax = 1,000; random decay «= 0.9; and random perturbation, o= 0.01.

The final confidence bounds (envelopes) for the displacement can be seen in Figure 3, where
the second order cut-HDMR was able to successfully capture the general behavior of the bound
resulted by the Double Loop MCS. The total number of samples for the double-loop MCS was
800x800, while cut-HDMR was set to 2,000. Increasing the number of samples of NISS did
not improve the solution, and the number of MCS samples was limited by the available
computational resources.

“““““““ Double-Loop MCS - Upper Bound

NISS (cut-HDMR) - Lower Bound

NISS (cut-HDMR) - Upper Bound
L "

0 0.05 0.1 0.15 0.2 0.25 0.3
Time (s)

Figure 3: Displacement bounds for 95.45% confidence.

The RMS (root mean square) values of the time signals presented in Figure 3 can be checked
in table 3, where the higher associated error found was 9.26% (RMSg,ror = (RMScyt—upMr —
RMSycs)/RMSycs). This difference is attributed mainly to NISS precision and the normality
hypothesis.

RMSMCS (m) RMScut—HDMR (m) RMSError (%)

Upper Bound 0.1017 x 1073 0.1111 x 1073 9.26
Lower Bound 0.3838 x 1073 0.3695 x 1073 —3.72

Table 3: RMS values of the 95.45% confidence bounds found by Double-Loop Monte Carlo and NISS (second
order cut-HDMR).
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Figure 4 shows the design variables found by the optimization algorithm in each time step,
revealing that some values of ug, did not adhere to the maximum and minimum of the interval
bound. While this behavior is atypical for static problems of the same nature, it can be attributed
to the dynamic characteristics of the system. Variations in stiffness lead to shifts in the natural
frequency of the system, resulting in intermediate values of ug, as solutions to the optimization
problem at specific time steps. Lastly, the confidence and behavior of each cut-HDMR in time
domain for the mean E () can be checked in Figure 5.

Optimized variable MF/F' - Design Space Optimized variable . IE1' - Design Space
1
1.2 1.2
° .
145§ ®_ Cub-HDMR Lower Bound 1151 ©  Cut-HDMR Lower Bound
11 1.1
_ 1.056 E 1.05
3 S
L 1 - 1
e u
0.95 [ Q{u 0.95 [
.
L L ° o ° .
09 09 4 tegan ..'.”:‘.. .o
0.85 0.85
0.8 0.8
0 0.05 0.1 0.15 0.2 0.25 0.3 0 0.05 0.1 0.15 0.2 0.25 0.3
Time (s) Time (s)

Figure 4: Optimized variables g, and u in design space.

Results uwa“(fJ]) Results of Ecutz(‘ul)

cut2

0.2
0.1

Time (s)

/E.! 120 Time (s)

Results uwaﬂ((I]) Results of Ecum(ﬁzi

-6 N n
=10 timated component functions
i .45% confidence intervals

cut3

a /E" 02 0 Time (s) UF:'F‘ 02 0 Time (s)

Figure 5: Confidence of each cut-HDMR component in time domain.

5 CONCLUSION

This study explores the confidence bounds and reliability problems in dynamic composite
plates under epistemic uncertainties using NISS (cut-HDMR). The numerical example
demonstrates the effectiveness of the presented framework employing cut-HDMR to estimate
confidence bounds for vertical displacements in dynamic problems involving composite plates.
Cut-HDMR successfully captures the overall behavior of the confidence bounds with great
computational efficiency, requiring only 2,000 deterministic evaluations compared to 640,000
for double-loop MCS.
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Future works may explore extending this framework to more complex structures and loading

scenarios, incorporating advanced uncertainty modeling techniques. Additionally, further
research could use the presented tools to investigate failure probability in composite plates.
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