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Abstract. Traditional topology optimization techniques enable the development of structurally
efficient designs subject to specific constraints, loads, and boundary conditions. These methods
typically involve continuous modifications of the topology throughout the optimization process.
In this work, we introduce an innovative multiscale structural optimization framework, based
on the minimization of compliance, that decouples design across scales: the microscale topol-
ogy is optimized using a multi-material strategy, while the macroscale geometry of the domain
remains fixed. This formulation takes advantage of embedding optimized hierarchical material
architectures at the microscale, thereby enabling exploration across a broad range of structural
configurations. Meaningful numerical examples are provided to demonstrate the capabilities
and relevance of the proposed method.
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1 INTRODUCTION

Topology optimization is a computational design methodology used to determine the most
efficien material layout within a define domain, based on specifi boundary conditions and
loading scenarios, while optimizing a particular objective under given constraints. Historically,
research in this area focused largely on theoretical developments due to the difficult in man-
ufacturing the complex geometries produced by these methods. However, with the advent of
advanced manufacturing technologies, particularly 3D printing, many of these limitations have
been mitigated. This progress has enabled the application of topology optimizationacross vari-
ous engineering disciplines, including automotive, aerospace, and biomedical sectors.

The shift from traditional manufacturing to additive manufacturing (AM) has also opened
new opportunitiesin industry. The motivation for this transitionis driven by the need to reduce
the environmental footprintand lower productioncosts. Integrating topology optimizationwith
AM is therefore seen as a signifi ant advancement, as it promotes energy efficien y and re-
duces carbon emissions. Topology optimization helps achieve material efficien y by designing
structures that use the minimumnecessary material, following the principle of ”limits of econ-
omy” [1]. Concurrently, AM minimizes waste and supports the use of sustainable and recycled
materials, such as natural aggregates combined with environmentally friendly binders.

The synergy between AM and topology optimization has encouraged exploration into struc-
tural design across multiple scales. Control at the microscale has enabled the development of
lightweight cellular materials with tailored properties at the macroscale. Nevertheless, common
periodic microstructures, such as truss or plate-based designs, often suffer from stress concen-
trations at junctions, affecting their strength and reliability.

An effective alternative is found in triply periodic minimal surfaces (TPMS) [2], which avoid
stress concentrations through smooth geometries and offer superior scalability thanks to their
doubly curved surfaces. More recently, attention has shifted to non-periodic stochastic struc-
tures inspired by spinodal decomposition processes during phase separation. These spinodal
architectures also exhibit smooth, non-intersectinginterfaces between material phases, akin to
TPMS [3].

In this study, we introduce a volume-constrained, multiscale, multi-material topology opti-
mization framework aimed at maximizing structural stiffness by optimally distributing various
types of material architectures with different densities and orientations [4], such as TPMS [5]
or spinodal architectures [6]. This framework can be integrated with large-scale additive man-
ufacturing using a voxel-based post-processing approach [6].

This paper is structured as follows: Section 2 presents the optimization formulation, the
characteristics of non-periodic architected materials, and the applied additive manufacturing
techniques. Section 3 discusses numerical results, and Section 4 concludes with fina thoughts
and directions for future research.

2 MATERIALS AND METHODS

The presented topology optimization framework adopts a multi-material strategy grounded in
homogenization, enabling the integration and manipulationof various microstructuresthrough-
out the iterative design process. As define in Eq. 1, the objective is to minimize structural
compliance, 𝐽, while satisfying a set of volume constraints, 𝑔𝑘 .
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min
Z,𝜌,𝛼,𝛽,𝛾

𝐽 = F𝑇 U(Z, 𝜌,𝜶, 𝜷, 𝜸),

s.t. 𝑔𝑘 =

∑
𝑚∈G𝑘

∑
ℓ∈E 𝑗

𝐴ℓ𝑚𝑣 (𝑦ℓ𝑚)∑
ℓ∈E𝑘

𝐴ℓ
− 𝑣𝑘 ≤ 0, 𝑘 = 1, ..., 𝑁c,

𝑍ℓ𝑚 ∈ [0, 1], ℓ = 1, ..., 𝑁el, 𝑚 = 1, ..., 𝑁mat,

𝜌ℓ ∈ [𝜌, 𝜌], {𝛼ℓ𝑚, 𝛽ℓ𝑚, 𝛾ℓ𝑚} ∈ [−𝜋, 𝜋],
with K(Z, 𝜌,𝜶, 𝜷, 𝜸) U(Z, 𝜌,𝜶, 𝜷, 𝜸) = F,

(1)

The volume constraintis define with fl xibility, allowing for either global or localized material
limitations. Local constraints are implemented by restricting material choices within specifi
subdomains, identifie through lists of element indices. Specificall , each material index list,
G𝑘 , specifie the materials permitted during optimization, and is associated with an element
index list, E𝑘 . For global constraints, E𝑘 refers to the entire domain, whereas for local con-
straints, it targets define subdomains. Additionally, passive regions can be designated within
the domain—these can either be voids or regions composed of a specifi material, referred to
respectively as passive-void and passive-solid zones.
The design variable space includes material presence Z, spinodal density 𝝆—bounded between
𝜌 and 𝜌 to ensure manufacturability—and spinodal orientation angles 𝜶, 𝜷, 𝜸. The material
distribution fiel Z is regularized using a linear filte [7], which applies a specifie radius to en-
sure mesh independence and well-posedness of the optimization problem. To promote distinct
material–void transitions, this filte is combined with a Heaviside projection [8]. The result-
ing filtere density fiel 𝑌 is further processed using a SIMP (Solid Isotropic Material with
Penalization) interpolationscheme [9] to discourage intermediate density values.
To progressively refin the solution, continuationmethodsare applied to gradually increase both
the material penalization factor 𝑝 and the material mixing parameter 𝜏 until target values are
reached, either upon convergence or after a specifie number of iterations. Once the optimal
material layout is obtained, the solid boundaries are smoothed appropriately. A post-processing
step is then necessary to both visualize and incorporate the designed microstructures.
The computational domain is discretized using finit elements, with each element linked to a
corresponding set of design variables. The displacement field U, is calculated by solving the
linear elastic equilibrium equation K(Z, 𝝆,𝜶, 𝜷, 𝜸),U(Z, 𝝆,𝜶, 𝜷, 𝜸) = F, where F is a pre-
scribed, design-independentvector of nodal forces. The global stiffness matrix K is assembled
from the elemental stiffness contributions [10] as described below:

Kℓ =

∫
Ωℓ

B𝑇Dℓ (Zℓ, 𝜌ℓ,𝜶ℓ, 𝜷ℓ, 𝜸ℓ)B𝑑x,, (2)

The element-strain displacement matrix is B and the material matrix, D, is calculated by multi-
material interpolationof the𝑚-candidate materials material matrix, 𝐷𝐻

𝑚 , according to:

Dℓ =

𝑁𝑚∑︁
𝑚=1

𝑤ℓ𝑚

𝑁𝑚∏
𝑞=1
𝑞≠𝑚

(1 − 𝜏𝑤ℓ𝑞)M(𝛼ℓ𝑚, 𝛽ℓ𝑚, 𝛾ℓ𝑚)D𝐻
𝑚 (𝜌ℓ)M𝑇 (𝛼ℓ𝑚, 𝛽ℓ𝑚, 𝛾ℓ𝑚). (3)

The optimal orientationof spinodal architectures reference frame is obtained by tensor transfor-
mation laws, M(𝛼ℓ𝑚, 𝛽ℓ𝑚, 𝛾ℓ𝑚), for stress and strains. The angles (𝛼ℓ𝑚, 𝛽ℓ𝑚, 𝛾ℓ𝑚) are updated
by Eq. 6. The 𝑚-candidate materials are included by a homogenized material elasticity tensor,
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𝐷𝐻
𝑚 , calculated by classical homogenization theory [11] for assigned densities and topologies.

The stochastic and non-periodic nature of spinodal topology is considered in the implemen-
tation by calculating the elastic tensor by means of 15 spinodal architectures. Each topology
is calculated by applying level-set function to Eq. 11 and the computational homogenization
is performed by discretizing the topology in 150x150x150 elements with Young’s modulus, E
= 1, and Poisson’s ratio, 𝜈 = 0.3 for the bulk material. The problem in Eq. (1) is solved by
a gradient-based approach. The optimal solution is ruled by the sensitivities of objective and
constraint functions with respect to design variables. The augmented lagrangian method [12] is
adopted with the Steepest Descent Method (SDM) [13] to iteratively guide the design toward an
optimal solution, a local minimum. The augmented lagrangian function is minimized in each
inner iteration 𝑡 as the sum of objective function and the penalty term and reads:

L(x) (t) = 𝐽 (x) +
𝐾∑︁
𝑗=1

[
𝜆
(𝑡)
𝑗

max
(
𝑔 𝑗 (𝑥),−

𝜆
(𝑡)
𝑗

𝜇(𝑡)

)
+ 𝜇

(𝑡)

2
𝑚𝑎𝑥

(
𝑔 𝑗 (𝑥),−

𝜆
(𝑡)
𝑗

𝜇(𝑡)

)2
]
, (4)

The penalization parameters, 𝜆(𝑘)
𝑗

and 𝜇(𝑘) , are updated every 5 outer iterations, 𝑘 , as:

𝜆
(𝑘+1)
𝑗

= 𝜆
(𝑘)
𝑗

+ 𝜇(𝑘) max
(
𝑔
(𝑘)
𝑗

(x),−
𝜆
(𝑡)
𝑗

𝜇(𝑘)

)
𝑎𝑛𝑑 𝜇(𝑘+1) = 1.25𝜇(𝑘) . (5)

At each inner optimization iteration, 𝑡, the variables x are updates following the rule:

x(𝑡+1) = max

[
min

(
x(𝑡) − 𝜏(𝑡) 𝜕L

(𝑡)

𝜕x
, x(𝑡) + 𝑚𝑜𝑣𝑒

)
, x(𝑡) − 𝑚𝑜𝑣𝑒)

]
, (6)

where 𝑚𝑜𝑣𝑒 is move limit and 𝜏(𝑡+1) = max (0.99𝜏(𝑡) , 0.01) is the step size with 𝜏(0) = 1.
The sensitivities involved in the update scheme are the objective and penalty function and they
are computed as follows:

𝜕𝐽

𝜕z𝑚
=
𝜕𝑦ℓ𝑚

𝜕𝑧ℓ𝑚

𝜕𝑦̃ℓ𝑚

𝜕𝑦ℓ𝑚

𝜕𝐽

𝜕𝑤ℓ𝑚
,
𝜕𝐽

𝜕𝜶𝑚
=

𝜕𝐽

𝜕𝛼ℓ𝑚
,
𝜕𝐽

𝜕𝜌
=
𝜕𝐽

𝜕𝜌ℓ
𝜕𝑔 𝑗

𝜕z𝑚
=
𝜕𝑦ℓ𝑚

𝜕𝑧ℓ𝑚

𝜕𝑦̃ℓ𝑚

𝜕𝑦ℓ𝑚

𝜕𝑣ℓ𝑚

𝜕𝑦̃ℓ𝑚

𝜕𝑔 𝑗

𝜕𝑣ℓ𝑚
,
𝜕𝑔 𝑗

𝜕𝝆
=
𝜕𝑣ℓ𝑚

𝜕𝜌ℓ

𝜕𝑔 𝑗

𝜕𝑣ℓ𝑚
,

𝑚 = 1, ..., 𝑁𝑚, 𝑗 = 1, ..., 𝑁𝑐

(7)

where:
𝜕𝑦𝑚

𝜕𝑍𝑚
= P𝑇 ,

𝜕𝑤

𝜕𝑦̃ℓ𝑚
= 𝑝𝑦

𝑝−1
ℓ𝑚
,
𝜕 𝑦̃

𝜕𝑦ℓ𝑚
=
𝜉 (1 − tanh2(𝜉 (𝑦ℓ𝑚 − 𝜂)))

tanh (𝜉𝜂) + tanh (𝜉 (1 − 𝜂)) ,

𝜕𝑣ℓ𝑚

𝜕𝑦̃
= 𝜌ℓ,

𝜕𝑣ℓ𝑚

𝜕𝜌𝑘
= 𝑦̃ℓ𝑚,

𝜕𝑔 𝑗

𝜕𝑣ℓ𝑚
=

𝑉ℓ∑
ℓ∈𝐸 𝑗

𝑉ℓ

(8)

The componentsof each objective and constraint sensitivities are define as:

𝜕𝐽

𝜕𝑤ℓ𝑚
= −U𝑇 𝜕K

𝜕𝑤ℓ𝑚
U,

𝜕𝐽

𝜕𝜌ℓ
= −U𝑇 𝜕K

𝜕𝜌ℓ
U,

𝜕𝐽

𝜕𝛼ℓ𝑚
= −U𝑇 𝜕K

𝜕𝛼ℓ𝑚
U (9)

where the stiffness sensitivities are computedfrom the material elasticity tensor, with respect to
the design variable, w, the spinodal density, 𝜌, and the orientationangle (𝛼):
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𝜕Dℓ

𝜕𝑤ℓ𝑚
=

𝑁𝑚∏
𝑞=1
𝑞≠𝑚

(1 − 𝜏𝑤ℓ𝑞)Mℓ𝑚D𝐻
𝑚 (𝜌ℓ)M𝑇

ℓ𝑚 −
𝑁𝑚∑︁
𝑞=1
𝑞≠𝑚

𝛾𝑤ℓ𝑞

𝑁𝑚∏
𝑟=1
𝑟≠𝑞
𝑟≠𝑚

(𝜏ℓ𝑟)Mℓ𝑚D𝐻
𝑚 (𝜌ℓ)M𝑇

ℓ𝑚,

𝜕Dℓ

𝜕𝜌ℓ
=

𝑁𝑚∑︁
𝑚=1

𝑤ℓ𝑚

𝑚∏
𝑞=1
𝑞≠𝑚

(1 − 𝜏𝑤ℓ𝑞)Mℓ𝑚

𝜕D𝐻
𝑚 (𝜌𝑘 )
𝜕𝜌ℓ

M𝑇
ℓ𝑚,

𝜕Dℓ

𝜕𝛼ℓ𝑚
=

𝑁𝑚∑︁
𝑚=1

𝑤ℓ𝑚

𝑁𝑚∏
𝑞=1
𝑞≠𝑚

(1 − 𝜏𝑤ℓ𝑞)
[
𝜕Mℓ𝑚

𝜕𝛼ℓ𝑚
D𝐻
𝑚M𝑇

ℓ𝑚 + M𝑘D𝐻
𝑚

𝜕M𝑇
ℓ𝑚

𝜕𝛼ℓ𝑚

]
(10)

with 𝜕D/𝜕𝛽ℓ𝑚 and 𝜕D/𝜕𝛾ℓ𝑚 and of similar form.

3 NUMERICAL RESULTS

The optimization formulation described in Eq. 1 is coupled with a homogenization strat-
egy that facilitates the incorporation of microstructural features into the design of multiscale,
hierarchical structures. In this work, we adopt spinodal architected materials as the microstruc-
tural design basis. These materials derive their topology from the thermodynamic phenomenon
of spinodal decomposition [16], wherein a homogeneous phase at peak free energy undergoes
spontaneous separation into two distinct phases. This separation is initiated by small fluctua
tions in concentration,which lower the system’s free energy.

Spinodal decomposition was originally modeled by the Cahn–Hilliard equation [17], which,
while accurate, is computationally intensive and offers limited control over the resulting mi-
crostructure. To address this, a more practical phase-fiel approximation based on Gaussian
randomfield (GRFs) has been proposed [18].
The introduction of a GRF, 𝜔, sets anisotropic features by manipulating the stochastic distribu-
tion of a set of wave vectors, n𝑖, 𝑖 = 1, ...𝑁𝑤, on a unit sphere n𝑖 ∈ U[S2]. The GRF in the
Cartesian space R3 with basis {ê1, ê2, ê3} is computed as follows:

𝜔(x) =
√︂

2
𝑁w

𝑁𝑤∑︁
𝑗=1

cos 𝛽n 𝑗 · x + 𝜁 𝑗 , (11)

with amplitude, 𝑁𝑤 , wavelength, 𝛽 and phase shift 𝜁 𝑗 ∈ U[0, 2𝜋) of the 𝑗-th wave vector
sampled as:

n 𝑗 ∈ U[{m ∈ S2 : ( |m · ê1 | > cos 𝜃1) ⊕ (|m · ê2 | > cos 𝜃2) ⊕ (|m · ê3 | > cos 𝜃3)}], (12)

where the angle set {𝜃1, 𝜃2, 𝜃3} ∈ [0, 𝜋/2] restricts the wave vectors 12 on an unit sphere [18]
providing the desirable anisotropic features.
The numerical model and the physical sample include the lamellar spinodal architecture. The
lamellar class is generated by restricting wave vectors throughcone angles {𝜃1, 𝜃2, 𝜃3} = {0, 30, 0}.
The homogenized properties are included in the optimization formulation by the elastic matrix
𝐷𝐻 .
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Figure 1 Lamellar Catenary Arch: a) domain, b) numerical model, c) manufactured sample.

The proposed topology optimization framework has been here applied using a single material
class; specificall , the lamellar spinodal architecture—subject to a global volume constraint
𝑣. The optimization process focuses on determining the optimal spatial orientation of the mi-
crostructure within a 3D domain. The design space is define as a catenary arch, with its
geometry and boundaryconditions illustrated in Fig. 1. The central axis of the structurefollows
the inverse of the standardcatenary equation: 𝑧 = 𝑎 cosh (𝑥/𝑎) = 𝑎(𝑒𝑥/𝑎+𝑒−𝑥/𝑎)/2. To generate
the solid arch, the parameter𝑎 = 1/6 sets the vertical distance from the lowest point of the arch
to the 𝑥-axis, while a constant depth of ℓ1 = 15 cm is maintained along its axis. The structure
spans a length ℓ0 = 65 cm, yielding a total length of ℓ = 95 cm, a height of ℎ = 83 cm, and a
fi ed width of 𝑤 = 30 cm.
The optimization is initialized by assigning values to the design variables: the material volume
is define as 𝑣𝑙𝑚 = 𝑣/𝜌ℓ for all elements ℓ, with the initial density set to the midpoint value
𝜌ℓ = (𝜌 + 𝜌)/2, and all orientation angles initialized as 𝛼ℓ = 𝛽ℓ = 𝛾ℓ = 0. A linear filte
with radius 𝑅 = 0.4 is applied to the density fiel to ensure smooth transitions. The design
variables are then iteratively updated according to Eq. 6, with maximum allowable changes of
𝑚𝑜𝑣𝑒z = 0.1 for density and 𝑚𝑜𝑣𝑒ang = 0.25 for orientation angles. Convergence is assessed
by monitoring the variation in the density fiel Z until it falls below a specifie tolerance 𝑡𝑜𝑙,
with each penalization phase limited to maxiter = 150 iterations.
The search for an optimal solution is conducted through a continuationscheme involving five
stages of penalization, using material penalty values 𝑝 = [1, 2, 2, 3, 4]. Since the formulation
involves only one material class, the multi-material interpolation factor 𝜏 is not needed. The
iterative optimization routine refine the material layout, porosity distribution, and microstruc-
tural orientationthroughoutthe domain.
This methodology is specificall adapted for water jetting powder-bed additive manufacturing,
which is well-suited for producing self-supporting geometries. Due to the inherent lack of
tensile strength in the printed material, the approach favors compression-dominantstructural
forms. Both simulation results and the fabricated prototype confir the feasibility of using this
AM process to construct large-scale components from non-periodicarchitected materials.

4 CONCLUSIONS

This work demonstratesthe scalability of spinodal architectures within a large-scale additive
manufacturing context, exemplifie by the fabrication of an optimally oriented lamellar cate-
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nary arch. Given the brittle, stone-like nature of the printed materials used—characterized by
negligible tensile strength—along with the characteristics of the adopted optimization method,
a self-supporting structure was chosen as the design input. Such structures are predominantly
subjected to compressive stress, aligning with the material’s mechanical behavior. The adopted
topology optimizationapproach does not incorporateany failure criteria. Although stress-based
formulations—such as the one proposed in [19]—might be more suitable for practical appli-
cations, their integration within multiscale systems remains a significan challenge. Looking
ahead, future research will explore the incorporation of failure-based criteria, such as stress-
constrained formulations, and the use of many different classes of materials architectures at the
microscale.
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