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Abstract. Deviations in component dimensions are unavoidable due to manufacturing and
measurement imperfections. Tolerance analysis evaluates how these variations impact the func-
tionality of a mechanism by ensuring the stack-up of deviations remains within acceptable lim-
its. The tolerance zone defines the permissible range of variations concerning the nominal
dimension of the components, establishing boundaries for their acceptable deviations.
In statistical tolerance analysis, the variability of components is represented using statistical
distributions that model the spread and likelihood of component dimensions within a defined
tolerance zone. The choice of distribution is crucial, as there may be an infinite number of
probabilistic distributions that could fit the tolerance information. Traditional statistical tol-
erance methods often rely on precise probabilistic models that do not account for epistemic
uncertainty due to a lack of knowledge about the exact distribution of deviations. Making ar-
bitrary choices concerning the distribution of the deviations can affect the accuracy and the
validity of the tolerance analysis.
The APTA method, developed in [5], is applicable to scenarios where variations in the mean
and/or standard deviation need to be considered. This paper aims to determine the worst-case
non-conformity rate by accounting for epistemic uncertainty to build the probability box (P-
Box) that represents all the possible distributions of the cumulative stack-up of deviations for
mechanical systems.
The method presented in this paper is applied to specific study cases, demonstrating its ability to
provide a comprehensive understanding of the influence of epistemic uncertainty on tolerance
analysis, and its capacity to provide a more general representation of the cumulative stack-up
of deviations for practical engineering applications.
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1 INTRODUCTION

Dimensional and geometric deviations introduced during manufacturing are inevitable and
directly impact the functional performance of assembled products. To control unintendedpart
deviations, the designer must specify and allocate tolerances to guarantee that specifi quality
requirements are met [9]. Nevertheless, definin tolerances is a complex task because the as-
signed values not only affect the functionality and manufacturing cost of the design, but they
are often interrelated and contribute to a given resultant tolerance [15].

The problem of tolerance design is traditionally approached in two different ways: tolerance
analysis and tolerance synthesis [10]. Tolerance synthesis is often viewed as an optimization
problem where the goal is to determine the set of tolerances that either maximizes or minimizes
a cost, quality, or a combined cost-quality function. In contrast, tolerance analysis focuses on
evaluating the compliance of a given set of tolerances with the specifie functional requirements
of the products [11].

Tolerance analysis, and tolerance design in general, can be classifie into two main ap-
proaches: statistical tolerance analysis and worst-case analysis [8]. The worst-case analysis
assumes that all dimensional deviations will occur at their maximum allowable limits, ensuring
that even under the worst combination of deviations, the assembled product will still meet its
functional requirements [3]. The primary benefi of this approach is its robustness–providing
deterministic outcomes and guaranteeing product performance. However, it often leads to un-
necessarily tight tolerances, as it does not account for the probabilistic nature of manufacturing
variations. This can increase manufacturing costs, as tighter tolerances typically require more
precise, and therefore more expensive, productionprocesses.

In contrast, statistical tolerance analysis considers a probabilistic approach, treating dimen-
sional variations as random variables that follow define distributions (often normal). This
method estimates the likelihood that an assembly will meet functional requirementsby consid-
ering the combined effects of part deviations [16]. One of its main advantages is the ability to
relax tolerances, compared to worst-case analysis, which can lead to cost savings in manufac-
turing. It also more accurately reflect the variation typically found in productionenvironments.

However, statistical tolerance analysis has some limitations. It does not guarantee that every
part will meet specifications making it less suitable for high-reliability applications requiring
strict functional compliance [14]. Additionally, its effectiveness depends on the accuracy of
statistical data, such as part variation distributions and correlations, which can be difficul to
defin due to limited productiondata. Traditional methods, like the Root Sum Squared (RSS)
model [6] and second-order tolerance-analysis techniques [1], assume precise defect distribu-
tion models, which may not always be available. To overcome these challenges, more advanced
methods have been developed, focusing on definin the admissible conformity space using tol-
erance intervals and statistical characteristics. These approaches enable the simulation of a
broader range of statistical cases, offering more robust solutions by better-incorporatinguncer-
tainty in process variability [5].

Managing uncertainty in process variability inherently requires addressing epistemic uncer-
tainty. In this context, methods based on imprecise probabilities - such as interval theory, P-
Boxes, and fuzzy set theory - have gained popularity [4]. These approaches incorporate the
lack of precise knowledge about the system into the analysis, ensuring that uncertainty is sys-
tematically propagated to the results. These methods allow engineers to estimate upper and
lower bounds on defect probabilities, leading to more robust and realistic assessments of design
tolerances.
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This paper presents an approach integrating epistemic uncertainty into statistical tolerance
analysis using probability boxes. The proposed methodology estimates the worst-case non-
conformity rate of a system, without requiring precise assumptions about defect distributions,
making it more adaptable to real-world manufacturing variability. To demonstrate its practical
benefit in mechanical design, the approach is applied to two real-world case studies, highlight-
ing its effectiveness in addressing uncertainty and improving reliability.

The article is subdivided into three major parts. Firstly, Section 2 presents the framework
of the statistical tolerance analysis problem, focusing on the propagation of variability through
the stack-up (assembly response) function and the general calculation of the non-conformity
rate. Then, Section 3 introduces imprecise probability analysis for obtaining the worst-case
non-conformityrate for each single componentand, in general, for an assembly response func-
tion. Section 4 illustrates the use of imprecise probability for calculating the worst-case non-
conformity rate in two case studies and compares the results with those presented in [5]. Fi-
nally, the discussion and conclusions are presented. It should be noted that, unless otherwise
specified all dimensions are assumed to be in millimeters (mm).

2 FRAMEWORK OF STATISTICAL TOLERANCE ANALYSIS

From a mathematical point of view, the functional relationship between the tolerances of the
individual componentsand the behaviour of the fina assembly can be expressed as:

Y = f(X1, X2, · · · , Xn) = f(X) (1)
where, Y is the assembly response function (also known as the performance characteris-

tic), and X are random variables representing the individual dimensions or tolerances of the
components. The values of each random variable Xi are typically derived from the drawing
dimensions and lie within a specifie range, bounded by a lower specificatio limit LSLi and
an upper specific tion limit USLi. The assembly quality is determined by whether Y meets
the functional condition, usually represented by functional variable bounds (LSLY , USLY ).
The non-conformityrate P Y

nc represents the probability thatY falls outside its acceptable range,
which depends on the variability of the random variables. To compute this non-conformity
rate, it is necessary to know the probability density functions (PDFs) of each Xi. Since these
distributions are not always readily available, certain assumptions must be made [13]. Some
models that can be considered are: uniformly distributed statistical model, non-shifteddistribu-
tion, shifted distribution and dynamic shifted distribution. These models are briefl explained
in [5].

In most of the cases, each variable Xi is assumed to follow a normal distribution. Under the
non-shifted distribution model, the nominal value corresponds to the mean, and the standard
deviation is define in terms of the componenttolerance Ti as:

σi =
Ti

k
(2)

where k is a constant associated with the quality, and its value influence the percentage of
realizations within the specifie tolerance zone. For instance, if it is set to 6, approximately
99.9% of the values of Xi will fall within the tolerance limits.

Manufacturing processes inherently exhibit natural variability, which significantl impacts
the quality of a batch of components in mass production[12]. The natural process tolerance is
generally define as ±3 times the standarddeviation of the manufacturing process [13]. Conse-
quently, the specifie tolerance zone Ti for each componentXi must be smaller than the natural
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tolerance ti associated with its respective manufacturing process, hence the capability index of
the manufacturing process Cp,i can be calculated as follows:

Cp,i =
Tolerance width

Process variation
=

Ti

ti
=

Ti

6σi

(3)

where σi is the standard deviation of a batch of Xi. Due to the natural process variability, the
mean of the batch can be shifted. This mean shift can be modelled through the constant Cpk,i

which also includes the effect of the absolute mean shift δi from the nominal value [7]:

Cpk,i =
Ti/2− |δi|

3σi

(4)

Since the capability of a manufacturing process directly influence the variability of Xi,
the minimum capability indices C

(r)
p,i and C

(r)
pk,i must be established as requirements. Using

Equations (3)-(4), the conformity region for any Xi can be determined. Figure 1a illustrates the
conformity region for a given variable Xi when the feasibility constraints are:

C
(r)
p,i = C

(r)
pk,i, Cp,i(σi) = C

(r)
p,i , Cpk,i(σi, δi) = C

(r)
pk,i, and C

(r)
p,i < C0

p < ∞ (5)

It is important to note that while C
(r)
pk,i is not required to be equal to C

(r)
p,i , it must not be

greater than it. When C
(r)
pk,i < C

(r)
p,i , the representation of the conformity region is no longer

a triangle but a trapezoid, see Figure 1b. Furthermore, as C0
p tends to infinit , the maximum

mean shift δmax(σmin) approaches t/2, while σmin tends to zero. A batch of Xi is considered
compliant if its σi and δi associated are inside the conformity region.

2.1 Propagation of variability and the non-conformity rate of Y

Once the conformity region for each of the individual process variables is determined, it
is important to understandhow the variability in these input variables propagates through the
functional relationship. The distribution of Y depends on the nature of the function f(X) and
the statistical properties of the individual input variables.

For a linear relationship, where Y =
∑n

i=1Xi, the resulting distributionof Y will also follow
a normal distribution with the mean and variance determinedby the mean and variance of each
Xi:

µY =
n∑

i=1

(µi + δi)

σ2
Y =

n∑
i=1

σ2
i

(6)

In the case of having a non-linear function, the distribution of Y cannot be easily derived, and
methods such as Monte-Carlo simulation are often employed to estimate it.

The non-conformityrate P Y
nc of Y is then define as the probability that it falls outside the

specifie tolerance limits for the fina product. Specificall , given the functional limits LSLY

andUSLY the non-conformityrate is calculated as:

P Y
nc = P (Y ≤ LSLY ) + P (Y ≥ USLY ) (7)
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To calculate this, the probability distribution of Y must be known. If Y is normally dis-
tributed, the non-conformityrate is given by:

P (Y ≤ LSLY ) = Φ

(
LSLY − µY

σY

)
P (Y ≥ USLY ) = 1− Φ

(
USLY − µY

σY

) (8)

where Φ is the Cumulative Density Function (CDF) of the normal distribution. These calcu-
lations allow for an estimation of the likelihood that the assembly will fail to meet the required
specifications

When Equation (1) takes a non-linear form, the distribution of Y is not normal. How-
ever, the non-conformityprobability P Y

nc() can always be estimated using Monte Carlo simula-
tions. While this method provides accurate results, it is computationally expensive. To address
this, some authors suggest alternative approaches, such as the First-Order Reliability Method
(FORM) [2] or the Second-Order Taylor Approximation(SOTA) method. The latter is based on
a second-order Taylor expansion of Y and approximates its distribution using the generalized

δi

σi

(0, σmax,i)

(δmax,i(σmin,i), σmin,i)(−δmax,i(σmin,i), σmin,i)

(a) C(r)
p,i = C

(r)
pk,i

δi

σi

(δmin,i(σmax,i), σmax,i)(−δmin,i(σmax,i), σmax,i)

(δmax,i(σmin,i), σmin,i)(−δmax,i(σmin,i), σmin,i)

(b) C(r)
p,i ≥ C

(r)
pk,i

Figure 1: Conformity region or Variability Domain (V D).
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lambda distribution. Then, knowing the mean and standard deviation of each component, the
calculation of P Y

nc is performed using the cumulative density function of the generalized lambda
distribution [1].

In [5], the authorspropose a methodology to take into account the process variability in order
to calculate the non-conformityrate P Y

nc:

P Y
nc =

∫
V D

P Y
nc|δ,σ(σ, δ)

n∏
i=1

hδ,σ(δi, σi)dδidσi (9)

where V D represents the variability domain within the conformity region (Figure 1), n is the
number of variables X , and hδ,σ(δi, σi) denotes the joint probability density function of the
mean shifts δi and standard deviations σi.

When there is not explicit knowledge of hδ,σ(δi, σi), due to dependencies on process con-
ditions and potential correlations, it is still possible to calculate the upper bound of the non-
conformity rate:

P Y (U)
nc = max

(δ,σ)∈V D
P Y
nc|δ,σ(σ, δ) (10)

The former equation particularly useful, as it allows to estimate the worst-case non-conformity
rate without the need for precise modeling.

3 IMPRECISE PROBABILITY ANALYSIS

As already stated, due to the natural variability in manufacturing processes, the parameters
that defin each Xi cannot be known exactly, moreover, they can fluctuate When the require-
ments for the capability indices, C(r)

pk,i and C
(r)
p,i , are set, and the maximum capability of the

process, C(0)
p,i , is known, it becomes possible to calculate the ranges of variation for each σi and

δi. With this information it is possible to build the credal set that includes the unknown CDF
of each Xi. In the same way, knowing the interaction between the Xi it is then possible to
calculate the credal set of Y . P-Boxes are commonly used in engineering applications to rep-
resent a set of possible probability distributions for F (Xi) bounded by a lower F (Xi)

L and an
upperF (Xi)

U CDF. P-Boxes are computationally efficient easy to build, and provide a simple
graphical representation[4].

3.1 Modelling a single component

Consider a componentXi of dimension6.±0.3, with C
(r)
p = 0.5, C(r)

pk = 0.2 andC(0)
p = 1.5.

Since Cp ≥ Cpk, the representationof the variability domain is a trapezoid, see Figure 1b. The
P-Box that represents the credal set of Xi, Figure 2a, is bounded by the CDFs associated with
the mean shift and standarddeviations of the vertices, see Figure 3, in other terms, the the upper
bound and the lower bound of the P-Box of Xi can be calculated as:

F (Xi)
U =

Φ
(

x−(µi−δmin,i(σmax,i))

σmax,i

)
, if x < µi − 3C

(r)
p,i σmax,i

Φ
(

x−(µi−δmax,i(σmin,i))

σmin,i

)
, if x ≥ µi − 3C

(r)
p,i σmax,i

F (Xi)
L =

Φ
(

x−(µi+δmax,i(σmin,i))

σmin,i

)
, if x < µi + 3C

(r)
p,i σmax,i

Φ
(

x−(µi+δmin,i(σmax,i))

σmax,i

)
, if x ≥ µi + 3C

(r)
p,i σmax,i

(11)
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U F (Xi)

L F (Xi)

(a) Analytical P-Box

5 5.5 6 6.5 7
0

0.2

0.4

0.6

0.8

1

Xi

C
D
F

FU
Xi

FL
Xi

FU,Opt
Xi

FL,Opt
Xi

(b) Optimized P-Box

Figure 2: P-Box for a vairable Xi representing all the possible CDF within the variability do-
main for C

(r)
p,i = 0.5, C(r)

pk,i = 0.2 and C
(0)
p,i = 1.5. In (b), the square markers represent the

results of the maximization of the CDF, while the triangle markers represent the results of the
minimization.

when C
(r)
pk,i = C

(r)
p,i the former set of equations is simplifie because δmin,i(σmax,i) = 0.

When the calculation of the P-Box is not straightforward, numerical methodsfor propagating
P-Boxes can be used [4]. In our case, we use the double-loop approach, in which FU

Xi
and FL

Xi

are obtained by solving an optimization problem that maximizes and minimizes the CDF of Xi,
respectively:

5 5.5 6 6.5 7
0

0.2

0.4

0.6

0.8

1

Xi

C
D
F

(a) Analytical P-Box

−0.2 0 0.2

0.1

0.2

δi

σ
i

(b) Variability Domain

Figure 3: Association of the CDFs that constitute the P-Box for a variable Xi, with their respec-
tive mean shifts and standarddeviations from the Variability Domain (the square and triangular
markers are associated with the upper bound and the lower bound, respectively).
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FU,opt
Xi

=max FXi
(σi, δi)

subject to: σmin,i ≤ σi ≤ σmax,i,

− δmax,i(σi) ≤ δi ≤ δmax,i(σi)

(12)

FL,opt
Xi

=min FXi
(σi, δi)

subject to: σmin,i ≤ σi ≤ σmax,i,

− δmax,i(σi) ≤ δi ≤ δmax,i(σi)

(13)

When calculating the P-Box via optimization for the previous case, we obtain a good ap-
proximationto the analytical solution (see Figure 2b).

3.2 Illustrative example: Two-part assembly

The computationthe P-Box of Y for any assembly response function can be done using the
double loop approach. To illustrate the process, consider the mechanical assembly of two parts
shown in Figure 4. In this case, the stack-up function of the system can be written as:

Y = X1 +X2 (14)

where the nominal dimensions of the componentsX1 and X2 are 6 and 4, respectively. The
tolerances of the components are equal, with t1 = t2 = 0.6. Their capability requirements are
also equal, set as C

(r)
p1 = C

(r)
p2 = 1, C(r)

pk1 = C
(r)
pk2 = 1 and C0

p1 = C0
p2 = 1.5. The mechanical

requirementfor the assembly can be written as:

Y = X1 +X2 ∈ [9.5, 10.5] (15)

where 9.5 and 10.5 respresent the functional variable bounds, LSLY and USLY , respectively.
Figure 5a shows the calculated P-Box for Y given the tolerances and the capability require-
ments. The worst-case non-conformity rate can be calculated by means of an optimization
process

P Y (U)
nc =max (FY (σi, δi, LSLY ) + (1− FY (σi, δi, USLY )))

subject to: σmin,i ≤ σi ≤ σmax,i,

− δmax,i(σi) ≤ δi ≤ δmax,i(σi)

(16)

It is importantto note that, in this case, the previous optimizationprocess, Equation (16) dif-
fers from the optimizationused to generate the P-Box of the stack-up function (Equations (12)-
(13)). As seen in Equation (15), the functional condition includes both a lower and an upper

Part 1 Part2

Y

X1

6± 0.3
X2

4± 0.3

9.5

10.5

Figure 4: Simple mechanical assembly of two parts in a serial configuratio
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bound, meaning the worst-case non-conformity rate is influence by both boundaries of the
P-Box.

For the functional condition, Equation (15), the worst-case non-conformity rate P
Y (U)
nc is

approximately 731 ppm. In this case, the mean shift and standard deviation for both variables
associated with the calculation of P Y (U)

nc are presented in Figure 6.
Figure 5b illustrates the evolution of the maximum non-conformity rate as the functional

variable bounds, LSLY and USLY , vary—expanding the range of the functional condition.
Specificall , LSLY ranges from [9.6, . . . , 9.2] and USLY from [10.4, . . . , 10.8], resulting in a
tolerance zone for Y of [0.8, . . . , 1.6], computed as S = USLY − LSLY .

In Figure 6, we observe how the mean shift and standarddeviation associated with the max-
imum non-conformity rate evolve, shifting toward the upper vertex of the triangle when the
tolerance zone is less than 1.1. This is noteworthy because it suggests that the worst-case non-
conformity rate is not always linked to the minimumstandard deviation and an extreme mean
shift. Instead, an alternative configuratio may yield an even higher non-conformityrate, indi-
cating that the optimization problem becomes nontrivial in more complex systems.

4 CASE STUDIES

Let’ s consider the two industrial applications presented in [5]. Both industrial cases are
provided by RADIALL; the firs one is a linear application, while the second one is non-linear.

4.1 Linear industrial application

This example consists of an electrical pin whose functionality depends on a variable Y that
represents the contact length of the pin in its socket. Y depends on 17 dimensions linked
together by the following stack-up function:

Y = f(Xi) =
17∑
i=1

kiXi, ki = ±1 (17)

The functional requirement of the system is to ensure that the contact length of the pin (Y )

9 9.5 10 10.5 11
0

0.2

0.4

0.6

0.8

1

Y

C
D
F

FU,Opt
Y FL,Opt

Y

(a) P-Box of Y

0.8 1 1.2 1.4 1.6

100
101
102
103
104
105

S

P
Y n
c
(p
p
m
)

PY
nc at Upper Vertex

PY
nc at Lower-Left Vertex

P
Y (U)
nc Optimization

(b) Non-conformityrate

Figure 5: (a) P-Box of Y for the simple mechanical assembly of two parts in a serial configura
tion, and (b) sensitivity of the non-conformityrate regarding the functional conditionS.
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−0.1 0 0.1

7 · 10−2

8 · 10−2

9 · 10−2

0.1

δ1

σ
1

X1

−0.1 0 0.1

7 · 10−2

8 · 10−2

9 · 10−2

0.1

δ1

σ
1

−0.1 0

7 · 10−2

8 · 10−2

9 · 10−2

0.1

δ1

σ
1

X2

−0.1 0 0.1

7 · 10−2

8 · 10−2

9 · 10−2

0.1

δ1

σ
1

Variability Domain

(δi, σ, i) associated to P
Y (U)
nc

FC = [9.5, 10.5]
S = 1

FC = [9.4, 10.6]
S = 1.2

Figure 6: Values of mean shift and standarddeviation of each variable that generates the P Y (U)
nc

for different functional conditions.

Dim. ki Nominal Dimension ti C
(r)
p,i = C

(r)
pk,i C0

p,i

1 -1 0.750 0.20 1.8 2.6
2 1 10.710 0.16 1.8 2.6
3 1 3.750 0.10 1.8 2.6
4 -1 5.125 0.05 n.a n.a
5 -1 3.125 0.05 n.a n.a
6 1 4.505 0.03 1.7 1.94
7 1 5.985 0.09 1.8 2.8
8 -1 21.535 0.11 0.38 1.32
9 -1 8.195 0.11 0.38 1.32

10 1 5.985 0.09 1.8 2.8
11 1 12.305 0.03 1.7 1.94
12 -1 10.325 0.05 n.a n.a
13 -1 5.125 0.05 n.a n.a
14 1 3.750 0.10 1.8 2.6
15 1 0.825 0.05 1.05 1.85
16 1 8.800 0.10 1.8 2.6
17 -1 0.400 0.20 1.8 2.6

Table 1: RADIALL Linear application: Dimension details, from [5].

is greater than or equal to a given threshold S, Y ≥ S. This requirement is considered the
minimumcontact length needed to ensure good conductivity in an electrical circuit. The values
of ki, the nominal dimension of each X , their tolerances, and the capability requirements are
given in Table 1. The parts Xi for i = [4, 5, 12, 13] are considered difficul to manufacture
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within tolerance; hence, each dimensionis verifie after fabrication. This considerationis taken
into account in the optimization process by setting σi = 0 and δi ∈ [−ti/2, ti/2] for these four
variables.

The P-Box of Y can be calculated through the double-loop optimization, as shown in Fig-
ure 7a. Since the functional condition limits only the lower bound of Y , we can calculate the
maximum non-conformityrate by considering only the upper bound of the P-Box:

P Y (U)
nc = FU,Opt

Y (S) (18)

To perform this optimization, we employ a local optimization algorithm initialized at 100 dif-
ferent random starting points. This approach helps mitigate the risk of converging to a local
minimum. For S = 1.75, the maximum non-conformity rate is approximately 98.7%. This
corresponds to the mean shift and standard deviations presented in Figure 8a. These results
are consistent with those presented in [5], with slight differences potentially arising from the
optimization process.

Additionally, Figure 7b illustrates the evolution of the maximum non-conformity rate as a
function of S, highlighting its sensitivity to this parameter. For S < 1.65, the maximum non-
conformity rate values are higher than those reported in [5]. This discrepancy arises because
that study assumes the worst-case scenario always occurs at the lower vertex of the variability
domain (smallest standard deviation and for the mean shift −kiδmax,i(σmin,i)). However, our
results demonstrate that this is not always the case. As shown in Figure 8b, for S < 1.65, the
mean shift and standard deviation that yield the worst-case value can sometimes be associated
with the upper vertex of the variability domain (componentsX8, X9).

4.2 Non-linear industrial application

This application involves modeling the amplitude of a pin’s extremity, which can lead to
assembly issues in an electrical system, see Figure 9. The function describing this variation
depends on 14 dimensions and follows the relationships provided below:

1.6 1.8 2 2.2 2.4 2.6
0

0.2

0.4

0.6

0.8

1

Y

C
D
F

FU,Opt
Y FL,Opt

Y

(a) P-Box of Y

1.6 1.7 1.8 1.9 2
101

102

103

104

105

106

S

m
ax

P
Y n
c
(p
p
m
)

PY
nc at (−kiδmax,i(σmin,i), σmin,i)

P
Y (U)
nc Optimization

(b) Non-conformityrate

Figure 7: (a) P-Box of Y for the linear case representing all the possible CDF taking into
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Figure 8: Mean shift and standarddeviation values that generate the maximum non-conformity
rate (P Y (U)

nc ) for different values of S.
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c =
cm4 + cm8 + cm7

2

i =
ima17 + ima19 + ima20

2
h = ima2 + ima3

α = arccos

(
c√

i2 + h2

)
− arccos

(
i√

i2 + h2

)
r2 =

1

tan(α)

(
ima19 + ima20

2
− cm8 + cm7

2 cos(α)

)
z =

r2
cos(α)

+

(
cm9 + cm10

2
+

cm7

4

)
tan(α)

J1 = (cm1 − cm3 − z) sin(α)

J2 =
cm7

4
cos(α)

J3 =
cm5 + cm6

2
cos(α)

Y = J1 + J2 + J3

The informationregarding componentdimensions, tolerances, and process capability indices
is presented in Table 2. The functional requirementof the system is to ensure that the amplitude
of the pin’s extremity is below a thresholdS, Y < S.

Since the stack-up function of the system is nonlinear, we will employ the SOTA method-
ology to construct the P-Box and compute the non-conformity rate. Figure 10a illustrates the
P-Box of the system. Given that the controlled bound in the functional condition is the upper
bound of Y , the worst-case non-conformity rate must be calculated using the lower bound of
the P-Box. Thus:

P Y (U)
nc = 1− FL,Opt

Y (S) (19)
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Figure 9: Non-linear industrial case, reproducedfrom [5].
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Dim. Nominal Dimension ti C
(r)
p,i = C

(r)
pk,i C0

p,i

cm1 10.53 0.2 1.1 1.6
cm3 0.75 0.04 1.1 1.6
cm4 0.643 0.015 1.1 1.6
cm5 0.1 0.2 1.1 1.6
cm6 0 0.06 1.1 1.6
cm7 0 0.2 1.1 1.6
cm8 0.72 0.04 1.1 1.6
cm9 1.325 0.05 1.1 1.6

cm10 0 0.04 1.1 1.6
ima2 3.02 0.06 0.86 1.36
ima3 0.4 0.06 0.86 1.36

ima17 0.72 0.04 0.86 1.36
ima19 0.97 0.04 0.86 1.36
ima20 0 0.04 0.86 1.36

Table 2: RADIALL Non-Linear application: component dimensions and process capability
indices, from [5].
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Figure 10: (a) P-Box of Y for the non-linearcase representing all the possible CDF taking into
account the variability of all the Xi, and (b) the sensitivity of the non-conformityrate regarding
the value of S.

For S = 0.52, the maximum non-conformity rate is approximately 4.1%, corresponding
to the mean shifts and standard deviations presented in Figure 11. Figure 10b illustrates the
evolution of the maximum non-conformity rate as a function of S, showing that it decreases
as S increases. Since this is a non-linear case, the cumulative distribution function (CDF) is
computedthroughthe SOTA methodology, using a generalized lambda distribution (GLD). The
resulting CDF serves as input for our optimization algorithm—a local optimization approach
initialized at 100 different random starting points. However, this method becomes computa-
tionally expensive, primarily due to the number of points required for GLD estimation. In our
case, 214 samples are generated using a Sobol sequence for the 14 variables.Additionally, as
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Figure 11: Values of mean shift and standarddeviation of each variable that generates theP Y (U)
nc

for different values of S in the non-linearcase.

we approach the tail of the distribution, the optimization algorithm tends to get trapped in lo-
cal minima, making it increasingly difficul to determine the worst-case non-conformity rate
beyond S = 0.55.

If we assume the worst-case configuratio to be the one presented in Figure 11 for all
values of S, we obtain results that align with our optimization outcomes (up to S = 0.55)
and with those reported in [5]. Slight differences from [5] may arise because we employ the
SOTA methodology, whereas the authors in [5] used the FORM approach to calculate the non-
conformity rate, along with different numerical approximations.

5 DISCUSSION

From the illustrative example of the two-part assembly, we observe that determining the
worst-case non-conformity rate of a system is not necessarily straightforward. Unlike previ-
ous studies, which assumed a fi ed relationship between standard deviations and mean shifts,
our results demonstrate that these parameters can vary depending on the system’s functional
condition, as shown in Figure 6.

This observation is furtherreinforced in the linear industrial application. As we move further
into the tail of the stack-up function’s distribution, the mean shift and standard deviation of
certain parts transition from the lower-left vertex to the upper vertex of the variability domain,
as shown in Figure 8. This shift highlights the complexity of accurately identifying worst-case
scenarios.

In the non-linear case study, we successfully computed the worst-case non-conformityrate
for certain values of S. However, as we progress further into the tail of the distribution, the
optimization algorithm encounters difficultie in identifying the optimal solution, Figure 10b.
This occurs because the algorithm is more likely to become trapped in local minima.

To validate our approach, we compared our results with those reported in [5] for the same
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case studies. These comparisons indicate that our methodology has significan potential. How-
ever, to improve convergence in the non-linear case, it would be necessary to implement a
global search algorithm—such as simulated annealing, genetic algorithms, or other heuristic
methods—to enhance the optimization process and address these challenges effectively.

6 CONCLUSIONS

In this work, we introducedan approach that integrates epistemic uncertainty into statistical
tolerance analysis using P-Boxes. The methodology enables the estimation of worst-case non-
conformity rates without requiring precise assumptions about defect distributions.

As an initial step, we applied the approach to a basic serial system consisting of two parts.
We computed the corresponding P-Box and analyzed the maximum non-conformity rate under
different functional conditions. This analysis revealed that the worst-case non-conformityrate
does not always correspond to the same combination of standard deviation and mean shift for
the components. This insight suggests that, in more complex systems, the optimization process
will play an even more critical role in accurately identifying worst-case scenarios.

Furthermore,in both the linear and non-linearcase studies reproducedfrom [5], we observed
some differences in the maximum non-conformityrate compared to their results. This may be
due to the fact that, when calculating the maximum non-conformity rate, the previous study
considered the worst-case to be the smallest standard deviation with the largest mean shift.
However, our analysis shows that this is not always the case.

The results from the case studies show that the pairs of mean shifts and standard deviations
associated with each componentXi, that generate the maximumnon-conformityrate are located
at a vertex of the variability domain for each component. However, we cannot ensure that this
holds for more complex systems, particularly parallel or over-constrained systems, where the
worst-case configuration may follow a different pattern. Investigating this further would be
an interesting topic for future research, as it could provide deeper insights into worst-case non-
conformity rate behavior in other architectures.
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